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every DBA M can be effectively transformed into NBA M’ such that L(M') = ~L(M)

w-regular sets are closed under complement

for NBA M = (Q,X,A,S,F) and states p, g € Q

Log = {x€X*|ge A({p},x)} Lhy = U Lpf-Lrq
feF

relation ~y on £* for NBA M = (Q,X,A,S,F): u~yvifforall p,ge0

f f
Uuclpg <= VvELly and UuEL,, <= VELy,
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Lemma

@ ~y is equivalence relation of finite index

@ each equivalence class of ~y is regular

forall x € U-V“ with equivalence classes U and V of ~y

xeL(M) = U-V¥CL(M) Xx¢LM) = U-V¥C~L(M)

Lemma

for all x € X% there exist equivalence classes U and V of ~y suchthat x e U-V¥

Corollary

~L(M) =J {U-V¥| U and V are equivalence classes of ~y such that U-V* NL(M) = &}
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>

| 2

>

first—order variables V3 = {x, y, ...} ranging over natural numbers
second-order variables V, = {X, Y, ...} ranging over sets of natural numbers

formulas of monadic second-order logic (MSO)
pu= L x<y [X() | ~¢ | eV | Ixp | IX¢p
with x, y € V1 and X € \\;

assignment « is mapping from variables x € V; to N and X € V, to subsets of N

assignment « satisfies formula ¢ (a F ¢):

ak L

akFx<y << oax) <aly) a FE -y — akfFoy

a E X(x) — a(x) € a(X) aEpiVye, <= aFEpiorakg
akF3Ix.e << a[x—n]FE e forsomeneN

aF3IXp <= «a[X— N]E p for some subset N C N
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Definitions

» assignment « for MSO formula ¢ with FV(¢) = (X1, ..., Xm, X1, ..., Xn)
is encoded as infinite string « € ({0, 1}™")«:
a(x;)) =j if i-th entry of j—th symbol in « is 1
a(Xi) = {Jj| (m+i)-th entry of j—th symbolin o is1}

» infinite string over {0,1}™" is m-admissible if first m rows contain exactly one 1 each

» La(p) = {x € ({0,1}™")¢ | x is m-admissible and x F ¢}

La(¢) is w-regular for every MSO formula ¢

set A C Y is w-regular if and only if A is MSO definable
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> ( alternating)

>

» (alternating) Bichi automata

»
>

» linear-time temporal logic
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2. Biichi Automata
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minimal DBAs are not unique

B universitat 25W  Automata and Logic  lecture 11 2. Biichi Automata 9/34
innsbruck



minimal DBAs are not unique

» L={xe{a,b}¥||x]a = c0 and |x|p = 0}
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minimal DBAs are not unique

» L={xe{a,b}¥||x]a = c0 and |x|p = 0}

» L = L(M;) for DBA M;

b a
» COZ__—GD»
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minimal DBAs are not unique

» L={xe{a,b}¥||x]s = co and |x|p = o}
» L = L(M;) for DBA M;

b J a
a@@@@@ab

» L = L(M,) for DBA M,

ﬂ
%@@
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minimal DBAs are not unique

» L={xe{a,b}¥||x]a = c0 and |x|p = 0}
» L = L(M;) for DBA M;

b J a
a@@@@@ab

» L = L(M,) for DBA M,

ﬂ
%@@

» M; and M, are not isomorphic
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minimal DBAs are not unique

» L={xe{a,b}¥||x]a = c0 and |x|p = 0}
» L = L(M;) for DBA M;

b J a
a@@@@@ab

» L = L(M,) for DBA M,

ﬂ
%@@

M; and M, are not isomorphic

v

v

no DBA with 2 states accepts L
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» generalized Bichi automaton (GBA) is automaton M = (Q, X, A,S,{F1, ..., Fc}) with
Fla 000y Fk co
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» generalized Bichi automaton (GBA) is automaton M = (Q, X, A,S, {F1, ..., Fc}) with
Fla 000y Fk co

» oo(r) = {g € Q| g occurs infinitely often in run r}
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» generalized Bichi automaton (GBA) is automaton M = (Q, X, A,S, {F1, ..., Fc}) with
Fla oooag Fk € o

» oo(r) = {g € Q| g occurs infinitely often in run r}

» run r of GBA is accepting if oco(r) N F; # @ forall 1 </ < k
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» generalized Bichi automaton (GBA) is automaton M = (Q, X, A,S, {F1, ..., Fc}) with
Fla 000y Fk co

» oo(r) = {g € Q| g occurs infinitely often in run r}
» run r of GBA is accepting if oco(r) N F; # @ forall 1 </ < k

GBA M = ({1,2,3},{a,b,c}, A, {1},{{2},{3}})
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» generalized Bichi automaton (GBA) is automaton M = (Q, X, A,S, {F1, ..., Fc}) with
Fla 000y Fk co

» oo(r) = {g € Q| g occurs infinitely often in run r}
» run r of GBA is accepting if oco(r) N F; # @ forall 1 </ < k

GBA M = ({1,2,3},{a,b,c}, A, {1},{{2},{3}})

L(M) = {x e {a,b,c}* | |x|p = |x|c = oo and each b and c in x is followed by a}
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NBA (Q,X,A,S F) is equivalentto GBA (Q,X,A,S,{F})
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NBA (Q,X,A,S F) is equivalentto GBA (Q,X,A,S,{F})

every GBA can be transformed into equivalent NBA
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NBA (Q,X,A,S F) is equivalentto GBA (Q,X,A,S,{F})

every GBA can be transformed into equivalent NBA

» GBAM = (Q,%,A,S,{F1, ..., F})
» L(M) = L(M’) for NBA M’ = (Q',%,A,S',F)
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NBA (Q,X,A,S F) is equivalentto GBA (Q,X,A,S,{F})

every GBA can be transformed into equivalent NBA

» GBAM = (Q,%X,A,S,{F1, ..., F})
» L(M) = L(M') for NBA M = (Q/, X, A’, S’ F') with
S Q’:Qx{l,...,k}
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NBA (Q,X,A,S F) is equivalentto GBA (Q,X,A,S,{F})

every GBA can be transformed into equivalent NBA

» GBAM = (Q,%,A,S,{F1, ..., F})
» L(M) = L(M') for NBA M’ = (Q,%,A’,S',F') with
» O'=0x{1,...,k}
» S =Sx{1}
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NBA (Q,X,A,S F) is equivalentto GBA (Q,X,A,S,{F})

every GBA can be transformed into equivalent NBA

» GBAM = (Q,%X,A,S,{F1, ..., F})
» L(M) = L(M') for NBA M = (Q/, X, A’, S’ F') with
S Q/:Qx{l,...,k}

» S =Sx{1}

» A'((g,i),a) = A(g,a) x {j} with j = if g ¢ Fj
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NBA (Q,X,A,S F) is equivalentto GBA (Q,X,A,S,{F})

every GBA can be transformed into equivalent NBA

» GBAM = (Q,%X,A,S,{F1, ..., F})
» L(M) = L(M') for NBA M = (Q/, X, A’, S’ F') with
S Q/:Qx{l,...,k}

» S =Sx{1}

» A'((g,i),a) = A(g,a) x {j} with j = if g ¢ Fj

(i mod k) +1 if g€F,
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NBA (Q,X,A,S F) is equivalentto GBA (Q,X,A,S,{F})

every GBA can be transformed into equivalent NBA

» GBAM = (Q,%,A,S,{F1, ..., F})

» L(M) = L(M') for NBA M’ = (Q,%,A’,S',F') with
» O'=0x{1,...,k}
» S =Sx{1}

(i mod k) +1 if g€F,

> A'((q,7),a) = A(g,a) x {j} with j =
> F' = Fx {1}
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GBA M = ({1,2,3},{a,b,c},A, {1},{{2},{3}})

B0

a
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GBA M = ({1,2,3},{a,b,c},A, {1},{{2},{3}})

B

a

NBA M’ = ({11,21,31,12,22,32},{a,b,c}, A/, {11},{21})
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GBA M = ({1,2,3},{a,b,c},A, {1}, {{2},{3}})

B

a

NBA M’ = ({11,21,31,12,22,32},{a,b,c}, A/, {11},{21})

, 1
S 0e=0

B universitat i tichi
B hhebruck 25W  Automata and Logic lecture 11 2. Buchi Automata 12/34



GBA M = ({1,2,3},{a,b,c}, A, {1},{{2},{3}})

B

a

NBA M’ = ({11,21,31,12,22,32},{a.b.c}, A, {11},{21}) ]
a
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3. Intermezzo
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E]"ﬁCify with session ID
(Question |

Which statements about the following GBA M = ({1,2,3,4},{a,b},A,{1},F) are true ?

|
?@a/é\a@

B L(M) ={aa,aab}¥ if F = {{2},{3}}

B L(M)={aa,aab}¥ if F = {{2,3}}

it does not matter whether state 3 or 4 is final

Bl thereis only one possible choice for F such that L(M) = {aa, aab }*
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4. Model Checking
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Formal Verification comprises

» framework for modeling systems (description language)
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Formal Verification comprises

» framework for modeling systems (description language)

» specification language for describing properties to be verified
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» framework for modeling systems (description language)

» specification language for describing properties to be verified

» verification method to establish whether description of system satisfies specification
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Formal Verification comprises

» framework for modeling systems (description language)
» specification language for describing properties to be verified

» verification method to establish whether description of system satisfies specification

Model Checking

automatic formal verification approach for concurrent systems based on temporal logic
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Formal Verification comprises

» framework for modeling systems (description language)
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automatic formal verification approach for concurrent systems based on temporal logic
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» formulas are not statically true or false in model

B universitat i i
thhebruck 25W Automata and Logic lecture 11 4. Model Checking 16/34
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Model Checking

automatic formal verification approach for concurrent systems based on temporal logic

Temporal Logic
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» models of temporal logic contain several states and truth is dynamic
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Formal Verification comprises

» framework for modeling systems (description language)
» specification language for describing properties to be verified

» verification method to establish whether description of system satisfies specification

Model Checking

automatic formal verification approach for concurrent systems based on temporal logic

Temporal Logic

» formulas are not statically true or false in model
» models of temporal logic contain several states and truth is dynamic

» formula can be true in some states and false in others
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Model Checking

» models are transition systems M

» properties are formulas ¢ in temporal logic

» model checker determines whether M E ¢ is true or not
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Model Checking

» models are transition systems M

» properties are formulas ¢ in temporal logic

» model checker determines whether M E ¢ is true or not

Two Temporal Logics

» computation tree logic (CTL)

» linear-time temporal logic (LTL)
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Model Checking

» models are transition systems M

» properties are formulas ¢ in temporal logic

» model checker determines whether M F ¢ is true or not

Two Temporal Logics

» computation tree logic (CTL)

» linear-time temporal logic (LTL)

both logics have been proven to be extremely fruitful in verifying hardware and communication
protocols
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Model Checking

» models are transition systems M
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Two Temporal Logics

» computation tree logic (CTL)

» linear-time temporal logic (LTL)

both logics have been proven to be extremely fruitful in verifying hardware and communication
protocols, and are increasingly applied to software verification
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Model Checking

» models are transition systems M

» properties are formulas ¢ in temporal logic

» model checker determines whether M F ¢ is true or not

Two Temporal Logics

» computation tree logic (CTL)

» linear-time temporal logic (LTL)

both logics have been proven to be extremely fruitful in verifying hardware and communication
protocols, and are increasingly applied to software verification

B universitat i i
innsbruck 25W Automata and Logic lecture 11 4. Model Checking 17/34



Revolutionized computer
program analysis with
temporal logic

MIR PNUELI

ACM Turing Awards

1996 Amir Pnueli
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% Revolutionized computer
program analysis with
temporal logic

MI R P N U E LI EDMUND M. CLARKE, E. ALLEN EMERSON, JOSEPH SIFAKIS
Model Checking: An Automated Quality Assurance Method

ACM Turing Awards

1996 Amir Pnueli
2007 Edmund M. Clarke, E. Allen Emerson, Joseph Sifakis
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5. Linear-Time Temporal Logic (LTL)

Syntax Semantics Adequacy
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» LTL (linear-time temporal logic) formulas are built from

» atoms p,q,r, pi, P2, ...
» logical connectives L, T, AV, —
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» LTL (linear-time temporal logic) formulas are built from

» atoms p,q,r, pi, P2, ...
» logical connectives L, T, AV, —

» temporal connectives X, F, G, U, W, R
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» LTL (linear-time temporal logic) formulas are built from

» atoms p-, Q7 r',« p17p27"'
» logical connectives L, T, AV, —

» temporal connectives X, F, G, U, W, R

according to following BNF grammar:

pu=L[TIpl-plenploVele—=e|Xo|Fe|GolpoUp|eWe|pRep
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» LTL (linear-time temporal logic) formulas are built from

» atoms p-, Q> r',« p17p27"'
» logical connectives L, T, AV, —
» temporal connectives X, F, G, U, W, R

according to following BNF grammar:

o u=L|T|p|l-plernpleVele—=o|Xe|Fp|Gp|pUp|oWe|pRp
» notational conventions:

» binding precedence X, F,G > U W,R > A,V > —
» omit outer parentheses

» —, A, V are right-associative
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formula F(p—Gr)V —-qUp

N,
N

/ N\ |

p G q

parse tree
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formula F(p—Gr)V —-qUp Fp— (Grv -q)Up

N N
AN VAN

parse tree

p G q G =
r r q
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formula F(p— Gr)V -qUp Fp— (GrvVv -q)Up

N N
AN VAN

parse tree

— p
p G q G =
r r q
X next state F  dfuture state W  weak until
U until G V states globally R release
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5. Linear-Time Temporal Logic (LTL)

Semantics
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transition system (model) is triple M = (S, —, L) with
@ set of states S
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transition system (model) is triple M = (S, —, L) with
@ set of states S

@ transition relation — C S xS suchthat Vse€ S Jte S with s — t
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transition system (model) is triple M = (S, —, L) with
@ set of states S

@ transition relation — C S x S suchthat Vse€S 3te€ S with s -t ("no deadlock")
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transition system (model) is triple M = (S, —, L) with
@ set of states S

@ transition relation — C S x S suchthat Yse€S 3te S with s -t ("no deadlock")

® labeling function L: S — 23tms
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transition system (model) is triple M = (S, —, L) with
@ set of states S

@ transition relation — C S x S suchthat Yse€S 3te S with s -t ("no deadlock")

® labeling function L: S — 23tms

Q) del M = (S, =, L)
AN S (1,234,5670]
AVAN o

O—0—®
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» path in model M = (S, —, L) is infinite sequence s; — s, — - --
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» path in model M = (S, —, L) is infinite sequence s; — s, — - --

» Vpaths =5 =55, = - Vi>1l nl=5 =351 = -
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» path in model M = (S, —, L) is infinite sequence s; — s, — - --

» Vpaths =5 =55, = -+ Vi>1l nl=5 =351 = -

satisfaction of LTL formula ¢ with respect to path 7 = s; —+ s, — -+ in model M = (S, —, L)

TFE @
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» path in model M = (S, —, L) is infinite sequence s; — s, — - --

» Vpaths =5 =55, = -+ Vi>1l nl=5 =351 = -

satisfaction of LTL formula ¢ with respect to path 7 = s; —+ s, — -+ in model M = (S, —, L)

TFE @

is defined by induction on ¢:

TE T Tk L

u Pnr:wlgg;lsjlctl?t 25W  Automata and Logic  lecture 11 5. Linear-Time Temporal Logic (LTL) Semantics 24/34



» path in model M = (S, —, L) is infinite sequence s; — s, — - --

» Vpaths =5 =55, = -+ Vi>1l nl=5 =351 = -

satisfaction of LTL formula ¢ with respect to path 7 = s; —+ s, — -+ in model M = (S, —, L)

TFE @

is defined by induction on ¢:
T E T T FE L

T Ep <~ peL(s)
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» path in model M = (S, —, L) is infinite sequence s; — s, — - --

» Vpaths 1 =517 -5, — ---

satisfaction of LTL formula ¢ with respectto path 7 =s; s, — - --

TFE @

is defined by induction on ¢:

T™FE T L
T Ep <~ peL(s)
TE-p <+ aFop

Vizl al=s =511 — -

in model M = (S, —, L)
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» path in model M = (S, —, L) is infinite sequence s; — s, — - --

» Vpaths =5 =55, = -+ Vi>1l nl=5 =351 = -
satisfaction of LTL formula ¢ with respect to path 7 = s; —+ s, — -+ in model M = (S, —, L)
TFE @

is defined by induction on ¢:

T™FE T L TE AP <~ wFy and ®™F 9
T Ep <~ peL(s) TEpVYy <= wTEp or wEY
TE - <+ aFop TEe—=>Y < aFe or mEY
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m=1—-+3—-+2—-1—+3—>2—.--

7T1|:IA
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m=1—-+3—-+2—-1—+3—>2—.--

7T1|:IA 7T1}£RA/\IB
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m=1—-+3—-+2—-1—+3—>2—.--

7T1|:IA 7T1}£RA/\IB 7T1}£IB—>PA\/RB
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m=1—-+3—-+2—-1—+3—>2—.--

m=7—-+6—+3—>7—+6—=>3—---

7T1|:IA 7T1}£RA/\IB 7T1}£IB—>PA\/RB
i) IA Ty RA/\IB ) IB—>PA\/RB
AM_
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m=1—-+3—-+2—-1—+3—>2—.--

m=7—-+6—+3—>7—+6—=>3—---

7T1|:IA 7T1}£RA/\IB 7T1}£IB—>PA\/RB
i) Z IA Ty RA/\IB ) IB—>PA\/RB
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B universitat 25W  Automata and Logic lecture 11 5. Linear-Time Temporal Logic (LTL)  Semantics 25/34

& innsbruck



m=1—-+3—-+2—-1—+3—>2—.--

m=7—-+6—+3—>7—+6—=>3—---

7T1|:IA 7T1}£RA/\IB 7T1}£IB—>PA\/RB
7T2}7—(IA ﬂg':RAAIB T IB—>PA\/RB
AM_
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m=1—-+3—-+2—-1—+3—>2—.--

m=7—-+6—+3—>7—+6—=>3—---

7T1|:IA 7T1}£RA/\IB 7T1}£IB—>PA\/RB
Ty ¥ Iy 7S E Ra Al m F Ig — PaV Rp
AM_
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m=1-3-22—>1=23—>2—-.-=(132)"

m=7—-6—-3—>7—-6—>3—-.-=(763)”

7T1|:IA 7T1}£RA/\IB 7T1}£IB—>PA\/RB
Ty ¥ Iy 7S E Ra Al m F Ig — PaV Rp
AM_
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satisfaction of LTL formula ¢ with respect to path 7 = s; —+ s, — -+ in model M = (S, —, L)

TFE @
is defined by induction on ¢:

™ E X — T Ep
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satisfaction of LTL formula ¢ with respect to path 7 = s; —+ s, — -+ in model M = (S, —, L)

TFE @
is defined by induction on ¢:

™ E X — T Ep
T EFp — 3Jizl 7' Eyp
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satisfaction of LTL formula ¢ with respect to path 7 = s; —+ s, — -+ in model M = (S, —, L)

TFE @

is defined by induction on ¢:

™ E X — T Ep
TEFp — 3Jixl1l 7'k
m™E Gy — Vizl nEgp
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satisfaction of LTL formula ¢ with respect to path 7 = s; —+ s, — -+ in model M = (S, —, L)

TFE @

is defined by induction on ¢:

™ E X — T Ep

TEFp — 3Jixl1l 7'k

m™E Gy — Vizl nEgp

TEeUy <<= 3Jiz2l 7'EFy and Vj<i 7k
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satisfaction of LTL formula ¢ with respect to path 7 = s; —+ s, — -+ in model M = (S, —, L)

TFE @

is defined by induction on ¢:

™ E X — T Ep

TEFp — 3Jixl1l 7'k

m™E Gy — Vizl nEgp

TE@eUY < 3Jix1 7E4¢ and Vj<i 7l E g

TEeWy << (Jizl n'F4¢ and Vj<i wlEg) or Vi1l ' Fyp
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satisfaction of LTL formula ¢ with respectto path 7 =51 -5, — ---

is defined by induction on

T E Xp
mFE Fo
mkE Gy
E Uy
E oWy
T FE @R

3

1111711

P!

7T2

3i
Vi
3i
@i
(3i

A\ VR VAR VA

WV

= T T S

7_[_i
7I_i
7Ti
7Ti

7TI

TFE @

Fo
F e
Fy and Vj<i 7w Fg
F ¢ and Vj<i7rjh<p)
Fe and Vj<i nlE¢)

in model M = (S, —, L)

or

W universitat
innsbruck
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m = (132)" m = (763)¥

1 = X(RA V RB)
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m = (132)" m = (763)¥

1 = X(RA V RB) 1 FPA 1 XXPB
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m = (132)" m = (763)¥

1 = X(RA VRB) T E FPA 1 XXPB
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m = (132)" m = (763)¥

1 = X(RA VRB) 1 E FPA 1 ¥ XXPB
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m = (132)" m = (763)¥

1 = X(RA VRB) 1 E FPA 1 ¥ XXPB
T2 FPA 2 G—|IA T2 GFPB
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m = (132)" m = (763)¥

1 = X(RA VRB) T E FPA 1 ¥ XXPB
T ¥ FPA T2 G—|IA T GFPB
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m = (132)" m = (763)¥

1 = X(RA VRB) 1 E FPA 1 ¥ XXPB
T ¥ FPA T2 E G—|IA T GFPB
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m = (132)" m = (763)¥

1 = X(RA VRB) 1 E FPA 1 ¥ XXPB
T ¥ FPA T2 E G—|IA T E GFPB
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mo=(132)% = (763)"
1 ':X(RA\/RB) 1 E FPA 7T1% XXPB
7'(‘2# FPA T2 E G—|IA T E GFPB
1 IA UPA ) _|IA WPA T PB RRB
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mo=(132) m=(763)
1 ':X(RA\/RB) 1 E FPA 7T1% XXPB
7'(‘2# FPA T2 E G—|IA T E GFPB
1 # IAUPA ) _|IAWPA T PBRRB
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mo=(132)% = (763)"
1 = X(RA V RB) 1 E FPA 1 ¥ XXPB
T ¥ FPA T2 E G—|IA T E GFPB
1 # IA UPA ) |: _|IAWPA i) PB RRB
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mo=(132) m=(763)
1 = X(RA VRB) 1 E FPA 1 ¥ XXPB
T2 ¥ FPA 2 E G—|IA T2 = GFPB
7T1#IAUPA T2 |:—|IAWPA 7T2%PBRRB
AM_
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model M = (S, —, L), state s € S, LTL formula ¢

M,sEp <+ Vpathsm=s—--- 7wEQp "formula ¢ holds in state s of model M"
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model M = (S, —, L), state s € S, LTL formula ¢

M,sEp <+« Vpathsm=s—--- 7wEQp "formula ¢ holds in state s of model M"

M,l # G(RA — FPA)
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model M = (S, —, L), state s € S, LTL formula ¢

M,sEp <+« Vpathsm=s—--- 7wEQp "formula ¢ holds in state s of model M"

M,l = G(RA — FPA)
M,4  —(RgUPs)
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model M = (S, —, L), state s € S, LTL formula ¢

M,sEp <+« Vpathsm=s—--- 7wEQp "formula ¢ holds in state s of model M"

M,l # G(RA — FPA)
M, 4 ¥ —(Rg UPg)
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model M = (S, —, L), state s € S, LTL formula ¢

M,sEp <+« Vpathsm=s—--- 7wEQp "formula ¢ holds in state s of model M"

M,l% G(RA%FPA)
M, 4 ¥ —(Rg UPg)
M., 4 Rg UPg
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model M = (S, —, L), state s € S, LTL formula ¢

M,sEp <+« Vpathsm=s—--- 7wEQp "formula ¢ holds in state s of model M"

M,l% G(RA%FPA)
M, 4 ¥ —(Rg UPg)
M,4 ¥  RgUPg
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model M = (S, —, L), state s € S, LTL formula ¢

M,sEp <+« Vpathsm=s—--- 7wEQp "formula ¢ holds in state s of model M"

M,1 ¥ G(Ry — FPy)

M, 4 ¥ —(RgUPg)

M,4¥ RsUPg

M,;6  X(Flg A (X—=Pg)RRa))
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model M = (S, —, L), state s € S, LTL formula ¢

M,sEp <+« Vpathsm=s—--- 7wEQp "formula ¢ holds in state s of model M"

M,1 ¥ G(Ry — FPy)

M, 4 ¥ —(RgUPg)

M,4¥ RsUPg

M,6 E X(Flg A (X—=Pg)RRa))
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LTL formulas ¢ and ¢ are semantically equivalent (¢ = ) if

vV models M = (S, —, L)
V paths 7 in M

TEp << 7wTF4Y
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LTL formulas ¢ and ¢ are semantically equivalent (¢ = ) if

vV models M = (S, —, L)
V paths 7 in M

TEp << 7wTF4Y

—\Xip = X—\(p
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LTL formulas ¢ and ¢ are semantically equivalent (¢ = ) if

vV models M = (S, —, L)
V paths 7 in M

TEp << 7wTF4Y

—\XLpEX—\(p
- Fo=G-p
ﬁG(,’)Elzﬁg&\
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LTL formulas ¢ and ¢ are semantically equivalent (¢ = ) if

vV models M = (S, —, L)
V paths 7 in M

TEp << 7wTF4Y

—\XLpEX—\(p
ﬁG(,’)Elzﬁg&\

=(pUy) = ~pR=7
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LTL formulas ¢ and ¢ are semantically equivalent (¢ = ) if

vV models M = (S, —, L)
V paths 7 in M

TEp << 7wTF4Y

X =Xap
-Fp=G-yp FleVY)=Fp VFy
-Gp=F-p G(lp A1) =Gep A Gy
~(pU9) = ~pR-9
~(pRY) = ~pU~¢
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LTL formulas ¢ and ¢ are semantically equivalent (¢ = ) if

vV models M = (S, —, L)
V paths 7 in M

T EY

2 Xp =X
-Fp=G-yp FleVY)=Fp VFy
-Gp=F-p G(lp A1) =Gep A Gy
“(pU%y) = —pR=7 Fo=TUgp
—(pRY) = Ut Gy = 1Ry
B universitdt 25w Automataand Logic lecture 11 5. Linear-Time Temporal Logic (LTL)  Semantics Q/{ZL
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LTL formulas ¢ and ¢ are semantically equivalent (¢ = ) if

vV models M = (S, —, L)
V paths 7 in M

TEp << 7wTF4Y

X =Xap

-Fp=G-yp FleVY)=Fp VFy

-Gp=F-p G(lp A1) =Gep A Gy
“(pU%y) = —pR=7 Fo=TUgp
~(pRY) = —pU-y Gy =L1lRyp

Uy =W AFY
eWy = Uy VG
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LTL formulas ¢ and ¢ are semantically equivalent (¢ = ) if

vV models M = (S, —, L)
V paths 7 in M

TFE @

_\XQOEX_‘QD
- Fo=G-yp
ﬁG(,QEFﬁ(,O

“(pU%y) = —pR=7

“(pRY) = ~pU—9y
Uy =W AFY
eWy = Uy VG

— T FEY

FleVY)=Fp VFy
G(lp A1) =Gep A Gy
Fo=TUgp
Gy = 1Ry
PWY = YR (o V 1)
PRY = PpW(p A1)

W universitat 25W
innsbruck
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LTL formulas ¢ and ¢ are semantically equivalent (¢ = ) if

vV models M = (S, —, L)
V paths 7 in M

TFE @

_\XQOEX_‘QD
- Fo=G-yp
ﬁG(,DEFﬁ(,D

“(pUy) = —pRy

—(pRY) = ~pU—y
Uy =W AFY
oW1 =pUy V Gy

— T FEY

(= U(=p A =) AFo
FleVY)=Fp VFy
G(lp A1) =Gep A Gy
Fo=TUgp
Gy = 1Ry
W = PpR(p V)
PR =W (p A1)

pUy =
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eUy = (-9 U(mp A-9)) AFY
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eUy = (-9 U(-p A-9)) AFY

T E (29U (oo A 1))
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eUy = (-9 U(-p A-9)) AFY

TES(pU(CeAY) = T FEpU(me A YY)
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eUy = (-9 U(-p A-9)) AFY

TEa(-pU(mpAY) = mEypU(mp AY)
<~ ot 3iz1l (n' E-pA-¢ and Vj<i nlF —9)
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eUy = (-9 U(-p A-9)) AFY

T E (YU AY) = 71FpU(mpAY)
<~ ot 3iz1l (n' E-pA-¢ and Vj<i nlF —9)
< Viz1lnot (7' F-pA-9y and Vj<i n/E -y)
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Theorem

eUy = (-9 U(-p A-9)) AFY

not 3i>1 (x' F—pA-t and Vj<i 7/ F —¢)

T E (29U (oo A 1))

1117

Viz1l not (7' F-pA-9 and Vj<i nlE —9)
Vizl (7' E—=pA=t¢ or not Vj<i w/E )
AM_
B universitat 25W  Automata and Logic lecture 11 5. Linear-Time Temporal Logic (LTL) Semantics 30/34
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Theorem

eUy = (-9 U(-p A-9)) AFY

T = U (= A 27))

not 3i>1 (n/ F~pA- and Yj<i xlF —y)
not (m' F ~p A9y and Vj<i 7w/ F —9)
(7" B ~p A=y or not Vj<i mlE =)
(FEovy or 3j<i ml K —p)

T E (29U (oo A 1))

11111
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eUy = (-9 U(-p A-9)) AFY

TES(pU(CeAY) = T FEpU(me A YY)
< not 3i>1 (7' FE-pA-y and Vj<i 7 E -9)
< Viz1lnot (7' F-pA-y and Vj<i 7 E -¢)
— Vizl (rf'E-pA-¢ or not Vj<i nlE =y)
<~ Vizl (r'EeVvy or Ij<i nl ¥ -y)
— Vizl (rflEeVvy or Fj<i nlE 1)

B universitat 25w Automata and Logic  lecture 11 5. Linear-Time Temporal Logic (LTL)  Semantics ﬁl\/-s/;/\—
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eUy = (-9 U(mp A-9)) AFY

T E (YU Ay)) = Vi1l (7ri|=gov1/; or 3j<i 71-/';:1/})
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eUyp = =(-ypU(mp A -9)) AFY

TEa(mypU(RpAY) < Vizl (fEeVvey or Ij<i alkE o)

» consider arbitrary path # = s; — s, — s3 — --- in arbitrary model M
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eUyp = =(-ypU(mp A -9)) AFY

TEa(mypU(RpAY) < Vizl (fEeVvey or Ij<i alkE o)

» consider arbitrary path # = s; — s, — s3 — --- in arbitrary model M

» suppose ™ F U
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eUy = (=9 U(-p A 29)) AFY

TEa(mypU(RpAY) < Vizl (fEeVvey or Ij<i alkE o)

» consider arbitrary path # = s; — s, — s3 — --- in arbitrary model M

» suppose ™ E U and consider smallest m such that 7™ E v
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eUy = (=9 U(-p A 29)) AFY

TEa(mypU(RpAY) < Vizl (fEeVvey or Ij<i alkE o)

» consider arbitrary path # = s; — s, — s3 — --- in arbitrary model M

» suppose ™ E U and consider smallest m such that 7 E v
» T E Fq
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eUy = (=9 U(-p A 29)) AFY

TEa(mypU(RpAY) < Vizl (fEeVvey or Ij<i alkE o)

» consider arbitrary path # = s; — s, — s3 — --- in arbitrary model M

» suppose ™ E U1 and consider smallest m such that 7™ E v

» TEFyand 7' E p foralli<m
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eUy = (=9 U(-p A 29)) AFY

TE (YU AY) < Vizl (f'EeVvey or 3j<i alkE o)

» consider arbitrary path # = s; — s, — s3 — --- in arbitrary model M

» suppose ™ E U and consider smallest m such that 7™ E v
» TEFyand 7' E p foralli<m

» consider i > 1
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pUP = =(=9pU(=p A —9)) AFY

T Eo(-pU(—p A-y)) = Vizl (rlEeVvey or j<i o k)

» consider arbitrary path # = s; — s, — s3 — --- in arbitrary model M

» suppose ™ E U and consider smallest m such that 7 E v
» TEFyand 7' E p foralli<m

» consider i > 1

» ifi>mthen3j<i 7w/ Ey
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eUy = =(=ypU(p A 29)) AFY

TEa(mypU(RpA-Y) < Vizl (fEeVvey or Ij<i nl ko)

» consider arbitrary path # = s; — s, — s3 — --- in arbitrary model M

» suppose ™ E U and consider smallest m such that 7 E v
» TEFyand 7' E p foralli<m

» consider i > 1

» ifi>mthen3j<i 7/ Eandifi<mthen ' FE oV
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U = =(=ypU(=p A =9)) AFY

TEa(mypU(RpAY) < Vizl (fEeVvey or Ij<i alkE o)

consider arbitrary path @ = s; — s, — s3 — --- in arbitrary model M

v

v

suppose m F U1 and consider smallest m such that 7™ E v

v

m E Fy and 7' E ¢ foralli < m

v

consider j > 1

» ifi>mthen3j<i 7/ Eandifi<mthen ' FE oV

v

7 E (Y U(—e A 1))

u ﬁwr:wlgg;lsxlctl?t 25W  Automata and Logic lecture 11 5. Linear-Time Temporal Logic (LTL) Semantics 30/34



pUP = = (-9 U(=p A =) AFY

TEa(mypU(RpAY) < Vizl (fEeVvey or Ij<i alkE o)

» consider arbitrary path # = s; — s, — s3 — --- in arbitrary model M

» suppose m E = (= U (= A =) A Fep
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U = =(=ypU(=p A =9)) AFY

TEa(mypU(RpAY) < Vizl (fEeVvey or Ij<i alkE o)

» consider arbitrary path # = s; — s, — s3 — --- in arbitrary model M

» suppose m E = (= U(—p A =) A Fep

» there exists smallest m such that #™ F ¢
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U = =(=ypU(=p A =9)) AFY

TEa(mypU(RpAY) < Vizl (fEeVvey or Ij<i alkE o)

» consider arbitrary path # = s; — s, — s3 — --- in arbitrary model M

» suppose m E = (= U (= A =) A Fep
» there exists smallest m such that #™ E ¢

» if i < m then 7/ E =9
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eUyp = =(=ypU(~p A 29)) AFY

T E (=Y U(-pA-y) = Viz1l (77"#99\/1;) or Jj<i TF/):’Q))

» consider arbitrary path # = s; — s, — s3 — --- in arbitrary model M

» suppose m E = (= U (= A =) A Fep
» there exists smallest m such that #™ F ¢

» if i < m then 7' £ =7 and hence 7' E ¢
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U = =(=ypU(=p A =9)) AFY

TEa(mypU(RpAY) < Vizl (fEeVvey or Ij<i alkE o)

consider arbitrary path @ = s; — s, — s3 — --- in arbitrary model M

v

v

suppose m E =(=pU(=p A =) AFap

v

there exists smallest m such that 7™ F

v

if i < m then 7' £ =9 and hence 7' E ¢
™ E Uy

v
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Outline

5. Linear-Time Temporal Logic (LTL)

Adequacy

B universitat i i -Ti i
B ihnsbruck 25W Automata and Logic lecture 11 5. Linear-Time Temporal Logic (LTL) Adequacy 31/34



{X, U}, {X, W} and {X, R} are adequate sets of temporal connectives for LTL
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{X; U}, {X, W} and {X, R} are adequate sets of temporal connectives for LTL

(Proof |
» Fp=TUop

» Gp=-F-p

> pRY = =(-pU~7)

» oWy = Uy V Gy
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{X,; U}, {X, W} and {X, R} are adequate sets of temporal connectives for LTL

» Fop=TUp » oRY =W (p A ¢)
» Gp=-F-p » pUyY = =(-pR-9)
» oRY = = (=pU-1) » Fo=TUp

» oWy = Uy V Gy » Gp=-F-p
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{X,; U}, {X, W} and {X, R} are adequate sets of temporal connectives for LTL

» Fop=TUp » oRY =W (p A ¢)
» Gy =-F-p > Ut = = (mpR7)
» oRY = = (=pU-1) » Fo=TUp

» oWy = Uy V Gy » Gp=-F-p

> pUyY = ~(-pR-9)
» Fp=TUop

» Gp=-F-p

» oWy = Uy VGp
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{X; U}, {X, W} and {X, R} are adequate sets of temporal connectives for LTL

» Fop=TUp » oRY =W (p A ¢)
» Gy =-F-p > Ut = = (mpR7)
» oRY = = (=pU-1) » Fo=TUp

» oWy = Uy V Gy » Gp=-F-p

> pUyY = ~(-pR-9)
» Fp=TUop

» Gp=-F-p

» oWy = Uy VGp
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6. Further Reading
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Esparza and Blondin

» Sections 11.1 and 13.2 of Automata Theory: An Algorithmic Approach (MIT Press 2023)
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https://mitpress.mit.edu/9780262048637/automata-theory/
http://cl-informatik.uibk.ac.at/teaching/ws25/al/exercises/11.pdf

Esparza and Blondin

» Sections 11.1 and 13.2 of Automata Theory: An Algorithmic Approach (MIT Press 2023)

adequacy

generalized Blchi automaton
F

G

GBA u
linear-time temporal logic

LTL X
R
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https://mitpress.mit.edu/9780262048637/automata-theory/
http://cl-informatik.uibk.ac.at/teaching/ws25/al/exercises/11.pdf

Esparza and Blondin

» Sections 11.1 and 13.2 of Automata Theory: An Algorithmic Approach (MIT Press 2023)

adequacy GBA U
generalized Blchi automaton linear-time temporal logic

F LTL X
G R

homework for January 9
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