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Theorem

every DBA M can be effectively transformed into NBA M’ such that L(M") = ~L(M)

Theorem

w-regular sets are closed under complement

for NBA M = (Q,X,A,S,F) and states p, g € Q

Lpg={xex*|geA{p},x)} Lhe = Lo Lrq

feF

relation ~y on X* for NBA M = (Q,%X,A,S,F): u~yv if forall p, g€ Q

UElpyy <= VELlyy and wuell, <« vell,
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@ -~ is equivalence relation of finite index

@ each equivalence class of ~y, is regular

forall x € U-V* with equivalence classes U and V of ~y

XeLM) = U-V¥CL(M) X¢LM) = U-V¥C~L(M)

for all x € ¥ there exist equivalence classes U and V of ~y such that x e U- V¥

Corollary

~L(M) = {U V¥ | U and V are equivalence classes of ~y such that U-V* NL(M) = &}
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http://cl-informatik.uibk.ac.at/teaching/ws25/al
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» first-order variables V; = {x, y, ...} ranging over natural numbers

» second-order variables V, = {X, Y, ...} ranging over sets of natural numbers

» formulas of monadic second-order logic (MSO)

S

pu= L[ x<y | X(X) [ -o|pVe | Ixe | IX0e
with x, y € V3 and X € V,

» assignment « is mapping from variables x € V; to N and X € V, to subsets of N

» assignment « satisfies formula ¢ (aF ¢):

ak L
akEx<y <<= ax) <aly) aFE -p — akFoyp
a E X(x) — a(x) € a(X) akF iV, < akFpiorakF g
akF3dx.e <= a[x—n]E e forsomeneN
aF3IX.¢e <= a[X— N]E ¢ forsome subset N C N
AM_
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> ( alternating)
>

» (alternating) Biichi automata

»>
»>

» linear-time temporal logic
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Definitions

» assignment a for MSO formula ¢ with FV(¢) = (X1, ..., Xm, X1, .-, Xp)
is encoded as infinite string « € ({0,1}m")«:
alxi)) =j if i—th entry of j—th symbol in « is 1
a(Xj) = {j| (m+i)-th entry of j-th symbol in a is 1}

» infinite string over {0,1}™*" is m-admissible if first m rows contain exactly one 1 each

» La(p) = {x € ({0,1}""M)« | x is m-admissible and x E ¢}

La(¢) is w-regular for every MSO formula ¢

set A C ¥ is w-regular if and only if A is MSO definable

AM_
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2. Biichi Automata
AM_
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minimal DBAs are not unique

v

L={xe{a,b}¥||x]s = 00 and |x|p = o}
» L = L(M;) for DBA M,

|
a c@@$@3 b

» L = L(M,) for DBA M,
b . a
0 ——— 0
—@__®_0O

M; and M, are not isomorphic

v

» no DBA with 2 states accepts L
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NBA (Q,X,A,S,F) is equivalent to GBA (Q,%,A,S,{F})

every GBA can be transformed into equivalent NBA

I
» GBAM = (Q,%,A,S,{F, ..., F})
» L(M) = L(M') for NBA M’ = (Q',%,A’,S',F') with

» Q'=0x{1,...,k}

» S =Sx{1}

> A'((g,7),3) = A(g,a) x {4} with j =

» F = F x {1}

(i mod k) +1 if geF
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» generalized Buchi automaton (GBA) is automaton M = (Q,X, A, S, {F1, ..., Fc}) with
[Fily oca e € @

» oo(r) = {g € Q| g occurs infinitely often in run r}

» run r of GBA is accepting if co(r) N F; # @ forall 1 <i <k

GBA M = ({1,2,3},{a,b.c},A {1}, {{2},{3}})

L(M) = {x € {a,b,c}¥ | |X|p = |X|]c = oo and each b and c in x is followed by a}

AM_
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GBA M = ({1,2,3},{a,b,c}, A, {1},{{2},{3}})
a a
— —
G~ =0 G
b U ¢
a
NBA M’ = ({11,21,31,12,22,32},{a,b,c}, A", {11},{21})
”\@”\@
@\/®\/@
a
AM_
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‘g]rtICIfy with session ID
(Queston .|

Which statements about the following GBA M = ({1,2,3,4},{a,b},A,{1},F) are true ?

, |
\/aj@a/@\\a@

B L[(M) ={aa,aab}v if F = {{2},{3}}

B L(M) ={aa,aab}v if F = {{2,3}}

it does not matter whether state 3 or 4 is final

B thereis only one possible choice for F such that L(M) = {aa,aab }*
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Formal Verification comprises

» framework for modeling systems (description language)
» specification language for describing properties to be verified

» verification method to establish whether description of system satisfies specification

Model Checking

automatic formal verification approach for concurrent systems based on temporal logic

Temporal Logic

» formulas are not statically true or false in model
» models of temporal logic contain several states and truth is dynamic

» formula can be true in some states and false in others
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Model Checking

» models are transition systems M
» properties are formulas ¢ in temporal logic

» model checker determines whether M & ¢ is true or not

Two Temporal Logics

» computation tree logic (CTL)

» linear-time temporal logic (LTL)

both logics have been proven to be extremely fruitful in verifying hardware and communication
protocols, and are increasingly applied to software verification

AM_
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5. Linear-Time Temporal Logic (LTL)
Syntax Semantics Adequacy
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Revolutionized computer

\
program analysis with
temporal logic

EDMUND M. CLARKE, E. ALLEN EMERSON, JOSEPH SIFAKIS
Model Checking: An Automated Quality Assurance Method

MIR PNUELI

ACM Turing Awards

1996 Amir Pnueli
2007 Edmund M. Clarke, E. Allen Emerson, Joseph Sifakis
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» LTL (linear-time temporal logic) formulas are built from
» atoms P, q,r,pi, P2, ...
J*7 T? _\7 /\’ \/7 ﬁ
X, F, G, U, W, R

» logical connectives

» temporal connectives

according to following BNF grammar:

pu=L|T|pl-pleAeleVelo—=p|[Xe|Fo|Gp|pUp|pWo|pRep

» notational conventions:

» binding precedence - X, F,G > U W,R > AV > —
» omit outer parentheses

» —, A, V are right-associative
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https://amturing.acm.org/award_winners/pnueli_4725172.cfm
https://amturing.acm.org/award_winners/clarke_1167964.cfm
https://amturing.acm.org/award_winners/emerson_1671460.cfm
https://amturing.acm.org/award_winners/sifakis_1701095.cfm

formula F(p —Gr)V —-qUp

F/ \U F/%\U
VAN VAN

Fp— (GrVv —g)Up

parse tree

*>
p G q G -
r r q
X next state F  dfuture state W  weak until
U until G V states globally R  release
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transition system (model) is triple M = (S, —, L) with

@ set of states S

@ transition relation — C S x S suchthat Vs €S 3te S with s —t ("nodeadlock")

® labeling function L: S — 23toms

©) model M = (S, —, L)
//\\ $=1{1,2,3,4,5,6,7,8}
— —_—
o /@\ /@\ & L) = (e ls} L) = {Ias Pa)
L(2) ={Pa, s}  L(6) ={Ra, Ps}
O—0O—®
L(3):{RA7IB} L(7):{RA, RB}
L(4):{IA7 RB} L(S)Z{PA,RB}
AM_
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5. Linear-Time Temporal Logic (LTL)
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» path in model M = (S, —, L) is infinite sequence s; — s, — - -

» Vpaths m =5, =5, —--- Vi>1l 7l =5 =51 — -

satisfaction of LTL formula ¢ with respect to path 7 =s; =5, — -+

T E @

is defined by induction on ¢:

m™E T mE L TEEeANY <=

T™Ep <~ pel(s) TEeVY <

TE - <= T7wFop TEe—=1Y <

in model M = (S, —, L)

TF e and 7w EFE ¢
TEe or wEY
TE e or mEY
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m=1-3-2—-1-3—-2—---=(132)“
m=7—-6—-3—>7—-6—>3—--- =(763)"
7T1':IA TI'l}ﬁRA/\IB 7T1JL£IB*>PA\/RB
7T2}£IA WSF:RA/\IB 7T2':IB*>PA\/RB
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m=(132)% 1= (763)%
1 ':X(RA\/RB) 1 E FPA 7T1)£ XXPB
VW] ¥ FPA VW) E G“/A T2 E GFPB
7T]_}’5IAUPA T ':"IAWPA Wz#PBRRB
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satisfaction of LTL formula ¢ with respect to path 7 = 573 — s, — -+ in model M = (S5, —, L)
T E @

is defined by induction on ¢:

T E Xp — 7w’k

mEFp — 3Jiz1l 7 Ep

T™E Gy — Vizl 7 Egp

TEeUy <<= 3FJizl n'Ey and Vj<i nlEgp

TEeWY <« (3iz1 7' Ey and Vj<i7rj)=gp) or Vi>1 7'k

TE@eRY <« (Fiz1l 7' EFyp and ngiwjkzw) or Vi>1 n'E4

AM_
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model M = (S, —, L), state s € S, LTL formula ¢

M,sF¢p <« Vpathsmt=s—.--- 7wTF¢p "formula ¢ holds in state s of model M"

M,1 ¥ G(Rs — FPy)

M, 4 ¥ —(RgUPs)

M,4 ¥  RgUPg

M, 6 E X(Flg A (X—Ps)RR,))
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LTL formulas ¢ and ) are semantically equivalent (¢ = v) if
vV models M = (S, —, L)
YV paths 7 in M

TEe << wFEY

—Xp=X-p pUP = (-9 U(~p A=) AFY
-Fp=G-op FleVY)=Fp VFy
-Gy =F-p G AY) =G AGe

“(pUy) = —pR-y Fo=TUp

“(¢RY) = ~pU—y Gy = LRy

W = PR (p V1)
@RY =YW (p A )

pUyp =Wy AFy
eWi¢ =pUyV Gy
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5. Linear-Time Temporal Logic (LTL)
Adequacy
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pUth = =(=ypU(=p A =) AFip

see overlay version for proof
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{X, U}, {X, W} and {X, R} are adequate sets of temporal connectives for LTL

» Fo=TUp > pRY = YW (p A ) > pUy = =(-pRy)
» pUy = = (—pR-1) » Fp=TUp
» Fop=TUp » Go=-Fop

» Gp=-F-p
> pRY = ~(mpU—9)

» oWy = Uy VGop » Gp=-F-p » oWy = Uy VGop
_AM_
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http://cl-informatik.uibk.ac.at/teaching/ws25/al/slides/10x1.pdf#page=29

Outline

» Sections 11.1 and 13.2 of Automata Theory: An Algorithmic Approach (MIT Press 2023)

adequacy GBA U
generalized Blichi automaton linear-time temporal logic

F LTL X
G R

6. Further Reading

homework for January 9
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https://mitpress.mit.edu/9780262048637/automata-theory/
http://cl-informatik.uibk.ac.at/teaching/ws25/al/exercises/11.pdf
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