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» generalized Bichi automaton (GBA) is automaton M = (Q, X, A,S,{F1, ..., Fc}) with
F17 000y Fk co

» oo(r) = {g € Q| g occurs infinitely often in run r}
» run r of GBA is accepting if co(r) N F; # @ forall 1 <i < k

NBA (Q,X,A,S.F) is equivalent to GBA (Q,X,A,S,{F})

every GBA can be transformed into equivalent NBA

minimal DBAs are not unique
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LTL (linear-time temporal logic) formulas are built from propositional atoms, logical
connectives and temporal connectives X, F, G, U, W, R, according to following grammar:

pu=L1L|T|pl-plenpleoVele—=0|Xe|Fo|Gp|oUp|oWe|pRy

Definitions

» transition system (model) is triple M = (S, —, L) with
@ set of states S
@ transition relation — C S x S suchthat Vse€S JteS with s —t ("no deadlock")
® labeling function L: S — 23©ms

» path in model M is infinite sequence s; — s, — - --

» Vpaths m =51 =25, = Vi>1 nl =5, —5;47 — -
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satisfaction of LTL formula ¢ (7 F ¢) with respect to path 7 = s; — s, — --- in model
M = (S, —, L) is defined by induction on ¢:

m™E T mFE L TEeAY <= wF¢p and ®F ¢
TEpP <— pel(s) TEeVY << 7wTE@ or wmkEY
m™E p = TF TEp—oY <= aTF¢p or mEFEy
TEXp — wEp TEFo — 3Jiz1l o' Eop
TFE Gy — Vizl rEp
T E Uy — 3Jix>1 a'E4¢ and Vj<i 7k
TE Wy < (3/21 7' E 4 and Vj<i7rfh<p) or Viz1l nlEg
T F Ry = (3i21 7' E ¢ and Vjéiﬂjhw) or Vi1l nlEqy
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» model M = (S, —, L), states € S, LTL formula ¢

M,sEp <+ Vpathsm=s—--- 7wEQp "formula ¢ holds in state s of M"

» LTL formulas ¢ and ¢ are semantically equivalent (¢ =¢) if 7 E¢ << 7wE
for all models M = (S, —, L) and paths 7 in M

X =Xop pUP = 2(2pU(mp A Y)) AFY

-Fp=G-op Fo=TUp Flp VY) =Fep VF

-Gy =F-p Gy = 1Ry GleAY)=Gp NGy
=(pU®) = =R eW1 =R (o V) wU = oW A Fap
“(¢RY) = ~pU-9 PRY =W (p A7) pWyp =pUypP V Gy

{X,U}, {X;W} and {X,R} are adequate sets of temporal connectives for LTL
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> ( , alternating)

>

» (alternating) Bichi automata

»
>

» linear-time temporal logic
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Outline

2. LTL Model Checking
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Basic Strategy
M,sE p?
@ construct GBA A, for —¢
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AP is (finite) set of propositional atoms used in M and ¢
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trace is infinite string over alphabet 24P
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Basic Strategy
M,sE p?
@ construct GBA A-, for —p

® combine A_, and M, s into single automaton A_, X Axq,s

® test emptiness of L(A-, X Apg,s)

AP is (finite) set of propositional atoms used in M and ¢

trace is infinite string over alphabet 24P

GBA A_ accepts all traces that violate ¢
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formula ¢ in LTL fragment with U and X as only temporal operators
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formula ¢ in LTL fragment with U and X as only temporal operators

> L(p) = {xe (@®)* |x F ¢}

B universitat i i
thhebruck 25W Automata and Logic lecture 12 2. LTL Model Checking 10/32



formula ¢ in LTL fragment with U and X as only temporal operators

> L(p) ={xe (@¥)*|x F ¢}
» X E ¢ is defined inductively

XET
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formula ¢ in LTL fragment with U and X as only temporal operators

> L(p) = {xe @*)* | x & o}
» X F ¢ is defined inductively (x = XxoX1X2---)

XET

XEp < pPEXo
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formula ¢ in LTL fragment with U and X as only temporal operators

> L(p) = {xe @*)* | x & o}
» X F ¢ is defined inductively (x = XxoX1X2---)

XET
XEp < pPEXo
XE —p = XFop
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formula ¢ in LTL fragment with U and X as only temporal operators

> L(p) = {xe @*)* | x & o}
» X F ¢ is defined inductively (x = XxoX1X2---)

XET
XEp < pPEXo
XE —p = XFop

XEpANYy <<= xFpand xFE Y
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formula ¢ in LTL fragment with U and X as only temporal operators

> L(p) = {xe @*)* | x & o}
» X F ¢ is defined inductively (x = XxoX1X2---)

XET

XEp < pPEXo

XE —p = XFop
XEpANYy <<= xFpand xFE Y
X E Xop = X1x2---F o
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formula ¢ in LTL fragment with U and X as only temporal operators

Definitions

> L(p) = {xe @*)* | x & o}
» X F ¢ is defined inductively (x = XxoX1X2---)

XET

XEp < pPEXo

XE —p = XFop

XEpANYy <<= xFpand xFE Y

X E Xop = X1x2---F o

XEpUy << 3Fiz0 (XiXg1--- F ¥ and Vj<i XjXjy1--- F ¢)

B universitat i i
thhebruck 25W Automata and Logic lecture 12 2. LTL Model Checking 10/32



formula ¢ in LTL fragment with U and X as only temporal operators

Definitions

> L(p) = {xe @*)¥ | x & o}
» X F ¢ is defined inductively (x = XxoX1X2---)

XET

XEp < pPEXo

XE —p = XFop

XEpANYy <<= xFpand xFE Y

X E Xop = X1x2---F o

XEpUy << 3Fiz0 (XiXg1--- F ¥ and Vj<i XjXjy1--- F ¢)

GBA A, will accept L(¢p)

AM_
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Basic Idea

» given infinite string x = XoX1X2 -+ € L(p)

expand x; € AP by subformulas 1 of ¢ to obtain infinite string y = yoyi1y>--- such that

YEY = XiXigiXig2- - E Y
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Basic Idea

» given infinite string x = XoX1X2 -+ € L(p)

expand x; € AP by subformulas 1 of ¢ to obtain infinite string y = yoyi1y>--- such that
YEY <= X XpgiXigz2 - F

negations of subformulas are also considered
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Basic Idea

» given infinite string x = XoX1X2 -+ € L(p)
expand x; € AP by subformulas 1 of ¢ to obtain infinite string y = yoyi1y>--- such that
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Basic Idea

» given infinite string x = XoX1X2 -+ € L(p)
expand x; € AP by subformulas 1 of ¢ to obtain infinite string y = yoyi1y>--- such that

YEY = XiXigiXig2- - E Y

negations of subformulas are also considered

p=aU(-aAb)and x={a}{a,b}{b}---
yoz{av"baﬁ("a/\b)a@} yl:{avbaﬁ("a/\b)ﬁp} YZ:{ﬁaabyﬁa/\bv@}

AM_

B universitat i i
thhebruck 25W Automata and Logic lecture 12 2. LTL Model Checking 11/32




Basic Idea

» given infinite string x = XoX1X2 -+ € L(p)

expand x; € AP by subformulas 1 of ¢ to obtain infinite string y = yoyi1y>--- such that
YEY <= X XpgiXigz2 - F

negations of subformulas are also considered

> Yo, Y1, ... arestatesin A,

p=aU(-aAb)and x={a}{a,b}{b}---
yoz{av"baﬁ("a/\b)a@} yl:{avbaﬁ("a/\b)ﬁp} yzz{"aab7ﬁa/\bv@}
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Basic Idea

» given infinite string x = XoX1X2 -+ € L(p)

expand x; € AP by subformulas 1 of ¢ to obtain infinite string y = yoyi1y>--- such that
YEY <= X XpgiXigz2 - F

negations of subformulas are also considered
> Yo, Y1, ... arestatesin A,

» transition relation and acceptance conditions of A, ensure that y is accepting run for x

p=aU(-aAb)and x={a}{a,b}{b}---
yoz{av"baﬁ("a/\b)a@} yl:{avbaﬁ("a/\b)ﬁp} yzz{"aab7ﬁa/\bv@}

AM_
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closure C(p) of ¢ consists of all subformulas of ¢ and their negations, identifying =—1 and
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closure C(p) of ¢ consists of all subformulas of ¢ and their negations, identifying =—1 and

C(aU(—a A b)) = {a, b, ma, =b, ma A b, =(=a A b), aU(—a A b), -(aU(—a A b))}
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set B C C(y) is elementary if itis

@ consistent with respect to propositional logic
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set B C C(y) is elementary if itis

@ consistent with respect to propositional logic: forall p1 A 2 € C(y)

» mM AN €EB < i €Band p,€B
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set B C C(y) is elementary if itis

@ consistent with respect to propositional logic: forall ¢1 A ¢, € C(p) and ¢ € C(p)

» mM AN €EB < i €Band p,€B
» Y €B = - ¢B
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set B C C(y) is elementary if itis

@ consistent with respect to propositional logic: forall ¢1 A ¢, € C(p) and ¢ € C(p)
» mM AN €EB < i €Band p,€B
> peB — - ¢B
» T €C(p) — TE€EB
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set B C C(y) is elementary if itis

@ consistent with respect to propositional logic: forall v1 A ¢, € C(p) and ¢ € C(p)

» mM AN €EB < i €Band p,€B
> peB — - ¢B
» T €C(p) — TE€EB

@ locally consistent with respect to U
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set B C C(y) is elementary if itis

@ consistent with respect to propositional logic: forall v1 A ¢, € C(p) and ¢ € C(p)

» mM AN €EB < i €Band p,€B
> peB — - ¢B
» T €C(p) — TE€EB

@ locally consistent with respect to U: for all ¢1 Uy, € C(p)

» 2 €EB — @1Up, €B

B universitat i i
thhebruck 25W Automata and Logic lecture 12 2. LTL Model Checking 13/32



set B C C(y) is elementary if itis

@ consistent with respect to propositional logic: forall v1 A ¢, € C(p) and ¢ € C(p)
» mM AN €EB < i €Band p,€B
» Y B = Y ¢B
» T €C(p) — TE€EB
@ locally consistent with respect to U: for all ¢1 Uy, € C(p)
» 2 €EB — @1Up, €B
» pm»Up, €B and ¢, ¢ B = ¢ €B
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set B C C(y) is elementary if itis

@ consistent with respect to propositional logic: forall v1 A ¢, € C(p) and ¢ € C(p)

» mM AN €EB < i €Band p,€B
» Y EB — -9 ¢B
» T eC(p) — TE€EB
@ locally consistent with respect to U: for all ¢1 Uy, € C(p)

» pp €B — @1Up, €B
» pm»Up, €B and ¢, ¢ B = @1 E€B

® maximal

B universitat i i
thhebruck 25w Automata and Logic lecture 12 2. LTL Model Checking 13/32



set B C C(y) is elementary if itis

@ consistent with respect to propositional logic: forall v1 A ¢, € C(p) and ¢ € C(p)

» mM AN €EB < i €Band p,€B
» Y EB — -9 ¢B
» T €C(p) — TE€EB

@ locally consistent with respect to U: for all ¢1 Uy, € C(p)

» pp €B — @1Up, €B
» pm»Up, €B and ¢, ¢ B = @1 E€B

® maximal: forall ¥ € C(y)

» )¢B — -YEB
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closure C(p) of ¢ consists of all subformulas of ¢ and their negations, identifying =—1 and

C(aU(—a A b)) = {a, b, ma, =b, ma A b, =(=a A b), aU(—a A b), -(aU(—a A b))}
{a, b, raAb,aU(-a Ab)}

B universitat i i
thhebruck 25W Automata and Logic lecture 12 2. LTL Model Checking 14/32



closure C(p) of ¢ consists of all subformulas of ¢ and their negations, identifying =—1 and

C(aU(—a A b)) = {a, b, ma, =b, ma A b, =(=a A b), aU(—a A b), -(aU(—a A b))}
{a, b, raAb,aU(-aAb)} not elementary
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closure C(p) of ¢ consists of all subformulas of ¢ and their negations, identifying =—1 and

C(aU(—a A b)) = {a, b, ma, =b, ma A b, =(=a A b), aU(—a A b), -(aU(—a A b))}

{a, b, raAb,aU(-a Ab)} not elementary
{a, b,aU(—-a A b)} not elementary
{a, b, =(-a A b),aU(-a A Db)} elementary

{—a, =b, =(—a A b), aU(—a A b)} not elementary
{a, b, ~(~a A b), ~(aU(~a A b))}
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closure C(p) of ¢ consists of all subformulas of ¢ and their negations, identifying =—1 and

C(aU(—a A b)) = {a, b, ma, =b, ma A b, =(=a A b), aU(—a A b), -(aU(—a A b))}

{a, b, raAb,aU(-a Ab)} not elementary
{a, b,aU(—-a A b)} not elementary
{a, b, =(-a A b),aU(-a A Db)} elementary

{—a, b, =(—a A b), aU(—a A b)} not elementary
{a, b, =(—a A b), =(aU(—a A b))} elementary
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Lemma

Uy = 9P V (¢ A X(pU))
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pUyp = ¢ V (p A X(pUY))

GBA A, = (Q,2*"°,A,S,F) for LTL formula ¢ with atoms in AP

M universitat i i
thhebruck 25W Automata and Logic lecture 12 2. LTL Model Checking 15/32



pUyp = ¢ V (p A X(pUY))

GBA A, = (Q,2*" ) A,S,F) for LTL formula ¢ with atoms in AP:
» Q = {B C C(p)|B is elementary}
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pUyp = ¢ V (p A X(pUY))

GBA A, = (Q,2*",A,S,F) for LTL formula ¢ with atoms in AP:
» Q = {B C C(p)|B is elementary}

»S ={BcQ|ypeB}
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pUy

YV (e A X(pU))

GBA A, = (Q,2*",A,S,F) for LTL formula ¢ with atoms in AP:
» Q = {B C C(p)|B is elementary}

»S ={BcQ|ypeB}

] if A# BN AP
» A(B,A) =
AM_
B universitdt 25w Automata and Logic lecture 12 2. LTL Model Checking
innsbruck

15/32



pUy

YV (e A X(pU))

GBA A, = (Q,2*",A,S,F) for LTL formula ¢ with atoms in AP:
» Q = {B C C(p)|B is elementary}

»S ={BcQ|ypeB}

A(B.A) @ if A BN AP
> s =
{C|CeQand...} ifA=BNAP
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pUyp = ¢ V (p A X(pUY))

GBA A, = (Q,2*",A,S,F) for LTL formula ¢ with atoms in AP:

» Q = {B C C(p)|B is elementary}

»S ={BecQ|peB}

%) if A# BN AP ,
» A(B,A) = with
{C|CeQand ...} ifA=BNAP
@ forall Xy € C(p) XpeB <<= el

B universitat i i
thhebruck 25W Automata and Logic lecture 12 2. LTL Model Checking 15/32



eUyp = ¢ V (¢ A X(pU))

GBA A, = (Q,2*",A,S,F) for LTL formula ¢ with atoms in AP:

» Q = {B C C(y) | B is elementary }
»S ={BecQ|peB}

& if A= BN AP
» A(B,A) = 7 with
{C|CeQand ...} ifA=BNAP
XpeB <+— el

@ forall Xy € C(p)
w2 € B or both ¢p; € B and o1 Up, € C

@ forall p1Up, €C(p) pUgpr, €B  <—

15/32
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eUyp = ¢ V (¢ A X(pU))

GBA A, = (Q,2*",A,S,F) for LTL formula ¢ with atoms in AP:
» Q = {B C C(p)|B is elementary}

»S ={BecQ|peB}

@ if A BN AP ,
» A(B,A) = with
{C|CeQand ...} ifA=BNAP

@ forall Xy € C(p) XpeB <+ yYeC
@ forall p1Up, €C(p) p1Upy €B <= ¢, €B or both p; €B and p; Uy, € C

» F ={{BeQ|p1Upr&Bor g, €B}|p1Upr €C(p)}
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= Xa
> C(¢) = {a,-a,Xa,~Xa}
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= Xa
> C(¢) = {a,-a,Xa,~Xa}

» states ©{a, Xa} ©{a,-Xa} ©{-a Xa} O{-a, -Xa}
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= Xa
> C(¢) = {a,-a,Xa,~Xa}

» states ©{a, Xa} ©{a,-Xa} ©{-a Xa} O{-a, -Xa}
» startstates @ ©
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= Xa
> C(¢) = {a,-a,Xa,~Xa}

» states ©{a, Xa} ©{a,-Xa} ©{-a Xa} O{-a, -Xa}
» start states (1 3 3)
» transitions |0 ® & 0O

(1] | v v {a}
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= Xa
> C(¢) = {a,-a,Xa,~Xa}

» states ©{a, Xa} ©{a,-Xa} ©{-a Xa} O{-a, -Xa}
» startstates @ ©

» transitions | O 6 & 0O
o\ v Vv {a}
(2] v v {a}

B universitat 25W  Automata and Logic  lecture 12 2. LTL Model Checking

= innsbruck 16132



= Xa
> C(¢) = {a,-a,Xa,~Xa}

» states ©{a, Xa} ©{a,-Xa} ©{-a Xa} O{-a, -Xa}
» startstates @ ©

» transitions | o 6 & O
o|v Vv {a}
(2} v v {a}
0| v Vv %]
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= Xa
> C(¢) = {a,-a,Xa,~Xa}

» states ©{a, Xa} ©{a,-Xa} ©{-a Xa} O{-a, -Xa}

» start states (1 03

» transitions o 6 & O
o|v v {a}
e v {a}
oV Vv @
(4] v v @
B universitat 25W  Automata and Logic  lecture 12 2. LTL Model Checking ﬁa\/-sf\zl\—
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= Xa

>

>

C(p) = {a,—a,Xa,~Xa}
states ® {a, Xa}

start states (1 03

A {a, - Xa} ©{-a, Xa} O {-a,-Xa}

transitions O 6 & 0O

o|v Vv {a}

(2] v v {a}

| v Vv %)

o v 7 [
acceptance condition @ = all runs are accepting
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= Xa
C(p) = {a,—a,Xa,~Xa}

>

>

>

—

states ©{a, Xa} ©{a,-Xa} ©{-a Xa} O{-a, -Xa}

start states © @ {a}

transitions o 6 & O /\ (2}
o s Oy O
Z ‘o v v i ° A =

» acceptance condition @ = all runs are accepting @ @
%)
AM_
B universitat 25W  Automata and Logic lecture 12 2. LTL Model Checking 16/32

= innsbruck



p=aUb
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p=aUb
» C(p) ={a, —a, b, =b, aUb, =(aUb)}
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p=aUb
. C(‘/’) = {37 —a, b, ~b,aUb, _‘(an)}

> states O{a b ¢} O{-a b ¢} ©{a -b ¢} O{a -b ~p} ©{-a, ~b, ~p}
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p=aUb

. C(‘/’) = {a7 —a, b, ~b,aUb, _‘(an)}

> states O{a b ¢} O{-a b ¢} ©{a -b ¢} O{a -b ~p} ©{-a, ~b, ~p}
» startstates © @ ©
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p=aUb

. C((,O) = {a7 —a, b, ~b,aUb, _‘(an)}
> states O{a b ¢} O{-a b ¢} ©{a -b ¢} O{a -b ~p} ©{-a, ~b, ~p}
» startstates @ @& ©
» transitions | O 86 6 0 06
oV v 7 v ¥ {a, b}
AM_
= :jnnn“s/gl[lsiléﬁt 25W  Automata and Logic  lecture 12 2. LTL Model Checking 17/32



p=aUb

= C((,O) = {a7 —a, b, b, aUb, _‘(an)}

> states O{a b ¢} O{-a b ¢} ©{a -b ¢} O{a -b ~p} ©{-a, ~b, ~p}
» startstates @ @ ©
» transitions |0 o 6 0 6
o|v v v v v {a, b}
olv v v v v (b}
AM_
= :Jnnn“s/gltlsilélit 25W  Automata and Logic lecture 12 2. LTL Model Checking
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p=aUb
. C((,O) = {a7 —a, b, ~b,aUb, _‘(an)}

> states O{a b ¢} O{-a b ¢} ©{a -b ¢} O{a -b ~p} ©{-a, ~b, ~p}
» startstates © @ ©

» transitions | O 6 ® 0 0
oW v v v V {a, b}
eol\v v v v {b}
9lv v v {a}
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p=aub
. C((,D) = {a7 —a, b, ~b,aUb, _‘(an)}

> states O{a b ¢} O{-a b ¢} ©{a -b ¢} O{a -b ~p} ©{-a, ~b, ~p}

» startstates © @ ©

» transitions O 6 ® 0 0
oW v v v V {a, b}
eol\v v v v {b}
9lv v v {a}
(4) v {a}
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p=aub
. C((,D) = {a7 —a, b, ~b,aUb, _‘(an)}

> states O{a b ¢} O{-a b ¢} ©{a -b ¢} O{a -b ~p} ©{-a, ~b, ~p}

» startstates © @ ©

» transitions O 6 ® 0 0
oW v v v V {a, b}
eol\v v v v {b}
9lv v v {a}
(4) v {a}
o\ v v v V (%]
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p=aub
. C((,D) = {a7 —a, b, ~b,aUb, _‘(an)}

> states O{a b ¢} O{-a b ¢} ©{a -b ¢} O{a -b ~p} ©{-a, ~b, ~p}
» startstates © @ ©
» transitions O 6 € 0 06

o|\v v Vv v V {a, b}

eV v v v {b}

9lv v v {a}

(4] v v {a}

o|\v v v v V (%]

v

acceptance condition {{©,© ® 6}}
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p=aub

>

>

>

C((p) = {aa —a, b, ~b,aUb, _‘(an)}

states O{a b ¢} O{-a b ¢} ©{a -b ¢} O{a -b ~p} ©{-a, ~b, ~p}

start states © @ ©

transitions OO 6 ® 0 6
oWV v v v V
oW v v v Vv
oV v Vv
(4] v v
oV v v v V
acceptance condition {{©,© ® 6}}

{a, b}
{b}
{a}
{a}

1%}

— runs cycling in state ® are not accepting
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p=aub

>

>

>

v

C((p) = {aa —a, b, ~b,aUb, _‘(an)}

states O{a b ¢} O{-a b ¢} ©{a -b ¢} O{a -b ~p} ©{-a, ~b, ~p}

start states © @ ©

transitions OO 6 ® 0 6
oWV v v v V
oW v v v Vv
oV v Vv
(4] v v
oV v v v V
acceptance condition {{©,© ® 6}}

{a} ¢ L(Ay)

{a, b}
{b}
{a}
{a}

1%}

— runs cycling in state ® are not accepting

B universitat 25W  Automata and Logic
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p=aub

| 4

>

>

v

C((,D) = {aa —a, bv _‘ba an7 _‘(an)}
states O{a b ¢} O{-a b ¢} ©{a -b ¢} O{a -b ~p} ©{-a, ~b, ~p}
start states © @ ©

transitions O 6 ® 0 0
o|\v v v v V {a, b}
eol\v v v v {b}
9lv v v {a}
o v {a}
o|\v v v v V (%]

acceptance condition {{©®,®,® &}} = runs cycling in state ® are not accepting

{a} ¢ L(Ay) and {b}a{a}” € L(A,)
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» GBA A, = (Q,2*" A,S,F)
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» GBA A, = (Q,2*" A,S,F)

» let x = XoX1X2 -+ € L(p)
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» GBA A, = (Q,2*" A,S,F)
» let x = XoXx1X2 -+ € L(¢) and define y; = {¢¥ € C(¢) | XiXjiz1--- E ¥} foralli >0
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» GBA A, = (Q,2*" A,S,F)
» let x = XoXx1X2 -+ € L(¢) and define y; = {¢¥ € C(¢) | XiXjiz1--- E ¥} foralli >0
> y07y17y2~,"'eo
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» GBA A, = (Q,2*" A,S,F)
» let x = XoXx1X2 -+ € L(¢) and define y; = {¢¥ € C(¢) | XiXjiz1--- E ¥} foralli >0
> Yo,Y1,Y2,--- € Q and yoyi1y>--- is accepting run for x
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» GBA A, = (Q,2*" A,S,F)
» let x = XoXx1X2 -+ € L(¢) and define y; = {¢¥ € C(¢) | XiXjiz1--- E ¥} foralli >0
> Yo,Y1,Y2,--- € Q and yoyi1y>--- is accepting run for x

Yir1 € A(yi, Xi)

i 18/32
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» GBA A, = (Q,2*" A,S,F)
» let x = XoXx1X2 -+ € L(¢) and define y; = {¢¥ € C(¢) | XiXjiz1--- E ¥} foralli >0
> Yo,Y1,Y2,--- € Q and yoyi1y>--- is accepting run for x

Yir1 € Ay, xi;): x; = y; N AP

i 18/32
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» GBA A, = (Q,2*" A,S,F)
» let x = XoXx1X2 -+ € L(¢) and define y; = {¢¥ € C(¢) | XiXjiz1--- E ¥} foralli >0
> Yo,Y1,Y2,--- € Q and yoyi1y>--- is accepting run for x

Yir1 € A(yi,xi): x; = y; N AP and for all X1 € C(y)

XY € y; <~ XiXjz1:+ E X

i 18/32
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» GBA A, = (Q,2*" A,S,F)
» let x = XoXx1X2 -+ € L(¢) and define y; = {¢¥ € C(¢) | XiXjiz1--- E ¥} foralli >0
> Yo,Y1,Y2,--- € Q and yoyi1y>--- is accepting run for x

Yir1 € A(yi,xi): x; = y; N AP and for all X1 € C(y)

X €y <= XiXip1-- E XY <=  Xgro F O

i 18/32
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» GBA A, = (Q,2*" A,S,F)
» let x = XoXx1X2 -+ € L(¢) and define y; = {¢¥ € C(¢) | XiXjiz1--- E ¥} foralli >0
> Yo,Y1,Y2,--- € Q and yoyi1y>--- is accepting run for x

Yir1 € A(yi,xi): x; = y; N AP and for all X1 € C(y)

X’l/J cyi <~ XiXjy1 - F Xl/) <~ Xiy1 - = 1/) <~ ’L/) € Yir

i 18/32
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» GBA A, = (Q,2*" A,S,F)
» let x = XoXx1X2 -+ € L(¢) and define y; = {¢¥ € C(¢) | XiXjiz1--- E ¥} foralli >0
> Yo,Y1,Y2,--- € Q and yoyi1y>--- is accepting run for x
Yir1 € A(yi,xi): x; = y; N AP and for all X1 € C(y)
Xpeyi <= XXijp1-FEXY <= Xp1--F¢Y <— 9Peyin
and for all v U, € C(p)
prUpz €y; =  XiXip1 - F o1Uep

i 18/32
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» GBA A, = (Q,2*" A,S,F)
» let x = XoXx1X2 -+ € L(¢) and define y; = {¢¥ € C(¢) | XiXjiz1--- E ¥} foralli >0
> Yo,Y1,Y2,--- € Q and yoyi1y>--- is accepting run for x

Yir1 € A(yi,xi): x; = y; N AP and for all X1 € C(y)

Xpeyi <= XXijp1-FEXY <= Xp1--F¢Y <— 9Peyin
and for all v U, € C(p)
prUpz €y; =  XiXip1 - F o1Uep
<= XiXjit1--- F @2 or (XiXiz1--- F 1 and X1 E 1 Ugy)

i 18/32
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» GBA A, = (Q,2*" A,S,F)
» let x = XoXx1X2 -+ € L(¢) and define y; = {¢¥ € C(¢) | XiXjiz1--- E ¥} foralli >0
> Y0,Y1,Y2,--- €0 and yoyi1y2--- is accepting run for x
Yir1 € A(yi,xi): x; = y; N AP and for all X1 € C(y)
Xpey, < XXgq1-FXYp <= Xq1--FyY <= Yeyn
and for all v U, € C(p)
prUpz €y; =  XiXip1 - F o1Uep
<= XiXjit1--- F @2 or (XiXiz1--- F 1 and X1 E 1 Ugy)
<— preyior(prey and p1Up; €yii1)

B universitat 25W  Automata and Logic  lecture 12 2. LTL Model Checking 18/32
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L(p) C L(A,)

Proof (cont’d)

» GBA A, = (Q,2*" A,S,F)
» let x = XoXx1X2 -+ € L(¢) and define y; = {¢¥ € C(¢) | XiXjiz1--- E ¥} foralli >0
> Yo,Y1,Y2,--- € Q and yoyi1y>--- is accepting run for x
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L(p) C L(A,)

Proof (cont’d)

» GBA A, = (Q,2*" A,S,F)
» let x = XoXx1X2 -+ € L(¢) and define y; = {¢¥ € C(¢) | XiXjiz1--- E ¥} foralli >0
> Yo,Y1,Y2,--- € Q and yoyi1y>--- is accepting run for x

let ¢1U w2 € C(p)

u .univgrsitét 25W  Automata and Logic  lecture 12 2. LTL Model Checking
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L(p) € L(A,)

Proof (cont’d)

» GBA A, = (Q,2*" A,S,F)
» let x = XoXx1X2 -+ € L(¢) and define y; = {¢¥ € C(¢) | XiXjiz1--- E ¥} foralli >0
> Yo,Y1,Y2,--- € Q and yoyi1y>--- is accepting run for x

let v1 U, € C(¢) and suppose y; ¢ {B € Q| p1Up, ¢ B or ¢, € B} for some i
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L(p) € L(A,)

Proof (cont’d)

» GBA A, = (Q,2*" A,S,F)
» let x = XoXx1X2 -+ € L(¢) and define y; = {¢¥ € C(¢) | XiXjiz1--- E ¥} foralli >0
> Yo,Y1,Y2,--- € Q and yoyi1y>--- is accepting run for x
let v1 U, € C(¢) and suppose y; ¢ {B € Q| p1Up, ¢ B or ¢, € B} for some i
p1Upz €yj and ¢, ¢ y;
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L(p) € L(A,)

Proof (cont’d)

» GBA A, = (Q,2*" A,S,F)
» let x = XoXx1X2 -+ € L(¢) and define y; = {¢¥ € C(¢) | XiXjiz1--- E ¥} foralli >0
> Yo,Y1,Y2,--- € Q and yoyi1y>--- is accepting run for x

let v1 U, € C(¢) and suppose y; ¢ {B € Q| p1Up, ¢ B or ¢, € B} for some i

prUpreyiand o éyi =  XiXip1--- F p1Up and XjXijp1--- ¥ 2

u .univgrsitft 25W  Automata and Logic  lecture 12 2. LTL Model Checking
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L(p) € L(A,)

Proof (cont’d)

» GBA A, = (Q,2*" A,S,F)
» let x = xox1X2--- € L(p) and define y; = {¢ € C(p) | XiXiy1--- F ¢} forall i > 0
> Yo,Y1,Y2,--- € Q and yoyi1y>--- is accepting run for x
let v1 U, € C(¢) and suppose y; ¢ {B € Q| p1Up, ¢ B or ¢, € B} for some i
pUpreyiand pr &yi = XiXip1-- F o1Ugpp and XiXit1- ¥ 2

—  XiXgt1- - F py forsome k > i
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L(p) € L(A,)

Proof (cont’d)

» GBA A, = (Q,2*" A,S,F)
» let x = xox1X2--- € L(p) and define y; = {¢ € C(p) | XiXiy1--- F ¢} forall i > 0
> Yo,Y1,Y2,--- € Q and yoyi1y>--- is accepting run for x
let v1 U, € C(¢) and suppose y; ¢ {B € Q| p1Up, ¢ B or ¢, € B} for some i
mUpa€yjand g2 ¢y; =  XiXip1--- F o1Upy and xjXiy1--- ¥ 2
—  XiXgt1- - F py forsome k > i
—>  py €y, forsome k > i
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L(p) € L(A,)

Proof (cont’d)

» GBA A, = (Q,2*" A,S,F)
» let x = xox1X2--- € L(p) and define y; = {¢ € C(p) | XiXiy1--- F ¢} forall i > 0
> Yo,Y1,Y2,--- € Q and yoyi1y>--- is accepting run for x
let v1 U, € C(¢) and suppose y; ¢ {B € Q| p1Up, ¢ B or ¢, € B} for some i
p1Upy €y and oo ¢y XiXit1-++ F @1Up and XiXiy1-+- F @2
Xk Xk+1 -+ F @2 forsome k > j
w2 € yx forsome k > i

Yk €E{B€Q|p1Uypy & B or v, € B} for some k > i

I
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L(p) € L(A,)

Proof (cont’d)

» GBA A, = (Q,2*" A,S,F)
» let x = xox1X2--- € L(p) and define y; = {¢ € C(p) | XiXiy1--- F ¢} forall i > 0
> Yo,Y1,Y2,--- € Q and yoyi1y>--- is accepting run for x
let v1 U, € C(¢) and suppose y; ¢ {B € Q| p1Up, ¢ B or ¢, € B} for some i
pUpreyiand pr &yi = XiXip1-- F o1Ugpp and XiXit1- ¥ 2
—  XiXgt1- - F py forsome k > i
= @y € yx forsome k > i
— ye{BeQ|p1Uyp, & B or ¢, € B} forsome k > i
yk €{B€Q|p1Uypy ¢ B or ¢, € B} for infinitely many k

u .univgrsitét 25W  Automata and Logic  lecture 12 2. LTL Model Checking
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L(A,) C L(»)
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» GBA A, = (Q,2”"A,S,F)
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L(Ay) € L(p)

» GBA A, = (Q,2”"A,S,F)

> let x = xoXx1X2--- € L(Ay)
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L(Ay) € L(p)

» GBA A, = (Q,2”"A,S,F)

» let x = xoX1x2--- € L(A,) with acceptingrun y = yoy1y>---
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L(Ay) € L(p)

» GBA A, = (Q,2”"A,S,F)

» let x = xoX1x2--- € L(A,) with acceptingrun y = yoy1y>---
» A(B,A) =0 ifA#BNAP = x = (yoNAP)(y1 NAP)(y2 NAP)---
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L(Ay) € L(p)
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» let x = xoX1x2--- € L(A,) with acceptingrun y = yoy1y>---
» A(B,A) =0 ifA#BNAP = x = (yoNAP)(y1 NAP)(y2 NAP)---

» claim: x F ¢
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L(Ay) € L(p)

» GBA A, = (Q,2”"A,S,F)

» let x = xoX1x2--- € L(A,) with acceptingrun y = yoy1y>---
» A(B,A) =0 ifA#BNAP = x = (yoNAP)(y1 NAP)(y2 NAP)---
» claim: x F ¢

more general claim: if y is "accepting run" (without requiring y, is start state) for x then
PYEYy <= XxFE

for all ¢ € C(p)
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L(Ay) € L(p)

» GBA A, = (Q,2”"A,S,F)

» let x = xoX1x2--- € L(A,) with acceptingrun y = yoy1y>---
» A(B,A) =0 ifA#BNAP = x = (yoNAP)(y1 NAP)(y2 NAP)---

» claim: x F ¢

more general claim: if y is "accepting run" (without requiring y, is start state) for x then
PYEYy <= XxFE

for all ¢ € C(p)

» Yo isstartstate — pcy, = xFop
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E]"ﬁCify with session ID

Which of the following statements hold for ¢ = (a A Xb)U—a ?

- Xa e C(yp)

{b, a A Xb, ¢} is locally consistent with respect to U

{—a, b, = Xb, =(a A XDb), ¢} ﬂ> {a, =b, Xb, a A Xb, ¢} in A,
{=a, b, 2 Xb, ~(a A Xb), p} <2 {a, b, Xb, a A Xb, ~¢} in A,

u !J'"ng"SitEt 25W  Automata and Logic lecture 12 3. Intermezzo 22/32
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bit vectors can be used to represent 2A°
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bit vectors can be used to represent 24" if AP = {a,b,c} then

{(a}2{a,c}{b,c}--- = <§) (§> <§> G)
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Basic Strategy
M,sE @?

@ construct GBA A-,, for ¢
@ combine A-, and M, s into single automaton A-, X Axq,s

® test emptiness of L(A-, x A, s)
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Basic Strategy

M,s E p?

@ construct GBA A-,, for ¢
@ combine A-, and M, s into single automaton A-, X Axq,s

® test emptiness of L(A-, x A, s)

model M is not GBA
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Basic Strategy
M,s E p?

@ construct GBA A-,, for ¢
® combine A-, and M, s into single automaton A-, X Axq,s

® test emptiness of L(A-, x A, s)

model M is not GBA

GBA Apr( s = (S,2°",A,{s},2) for model M = (S, —, L) and state s€ S
» A(p,A) ={q|L(p) =Aand p—q}
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model M

@

O,

(?Cg
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model M

©)

b

O,

@Cg
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Intersection of GBAs

» A= L(Ml) for GBA M, = (Ol,Z,Al,Sl,Fl) and B = L(Mz) for GBA M, = (Oz,Z,A2,527F2)
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Intersection of GBAs

» A= L(Ml) for GBA M, = (01,Z7A1,51,F1) and B = L(Mz) for GBA M, = (Oz,Z,A2,527F2)
» ANB = L(M) for GBA M = (Q,%,A,S,F) with
@ 0 =01%x0;

@ S = 51 X 52
® A((p,qg),a) = {(p'.q') | p' € A1(p,a) and q' € Ay(q,a)}
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Intersection of GBAs

» A= L(M;) for GBA M; = (Q1,%X,A1,51,F1) and B = L(M,) for GBA My = (Qz,%, A3, 55, F3)
» ANB = L(M) for GBA M = (Q,X,A,S,F) with

@ 0 =01%x0;

@ S =5,%x5;

® A((p,qg),a) = {(p'.q') | p' € A1(p,a) and q' € Ay(q,a)}

@ F ={XxQ | XEF}U{Q1xY|YEF)}
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Intersection of GBAs

» A= L(M;) for GBA M; = (Q1,%X,A1,51,F1) and B = L(M,) for GBA My = (Qz,%, A3, 55, F3)
» ANB = L(M) for GBA M = (Q,X,A,S,F) with

@ 0 =01%x0;

@ S =5,%x5;

® A((p,qg),a) = {(p'.q') | p' € A1(p,a) and q' € Ay(q,a)}

@ F ={XxQ|XEF}U{QixY|YEF}

problem
instance: GBA M
question: L(M) = @& ?

is decidable
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@ consider transition graph of GBA M = (Q, X, A,S, {F1, ..., F})
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@ consider transition graph of GBA M = (Q, X, A,S, {F1, ..., F})

@ eliminate unreachable states
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@ consider transition graph of GBA M = (Q, X, A,S, {F1, ..., F})

@ eliminate unreachable states

® compute non-trivial strongly connected components (SCCs) C, ..., Cp
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@ consider transition graph of GBA M = (Q, X, A,S, {F1, ..., F})

@ eliminate unreachable states

® compute non-trivial strongly connected components (SCCs) C, ..., Cp
@ return ( ) if there exists (no) SCC C; suchthat C; N F; # @ forall 1 <j < k
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@ consider transition graph of GBA M = (Q, X, A,S, {F1, ..., F})

® eliminate unreachable states

® compute non-trivial strongly connected components (SCCs) C, ..., Cp

@ return ( ) if there exists (no) SCC C; suchthat C; N F; # @ forall 1 <j < k

GBA M with acceptance sets @/N@ @ b @
—

{0,9}, {0,3,10}, {5,10,11} J b J\l
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@ consider transition graph of GBA M = (Q, X, A,S, {F1, ..., F})

® eliminate unreachable states

® compute non-trivial strongly connected components (SCCs) C, ..., Cp

@ return ( ) if there exists (no) SCC C; suchthat C; N F; # @ forall 1 <j < k

GBA M with acceptance sets @/N@ @

{0,9}, {0,3,10}, {5,10,11} .
three SCCs: "J AN @ J"\

¢ ={0.1} == ©
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@ consider transition graph of GBA M = (Q, X, A,S, {F1, ..., F})

® eliminate unreachable states

® compute non-trivial strongly connected components (SCCs) C, ..., Cp

@ return ( ) if there exists (no) SCC C; suchthat C; N F; # @ forall 1 <j < k

GBA M with acceptance sets @/N@ @

{0,9}, {0,3,10}, {5,10,11} .
three SCCs: "J BN @ J"\

€= {0.1} == ©

C, = {2,4,5,6,8,9,10} bJ ﬁ/[ /()b
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@ consider transition graph of GBA M = (Q, X, A,S, {F1, ..., F})

® eliminate unreachable states

® compute non-trivial strongly connected components (SCCs) C, ..., Cp

@ return ( ) if there exists (no) SCC C; suchthat C; N F; # @ forall 1 <j < k

GBA M with acceptance sets @/N@ @

{0,9}, {0,3,10}, {5,10,11} .
three SCCs: "J AN @ J"\

€= {0.1} == ©

C> ={2,4,5,6,8,9,10} J [ , [/()
Cs ={7,11} b

L(M) # @ T@C%@
AM_
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Basic Strategy
M,sE @?
@ construct GBA A, for -y

@ combine A-, and M, s into single automaton A_, x A, s

® test emptiness of L(A-, X Apqs)
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Basic Strategy
M,sE @?
@ construct GBA A, for -y

@ combine A-, and M, s into single automaton A-, X Axq,s

® test emptiness of L(A-, x A, s)

M,sEp <= LA-oxXAums) =0
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GBA A, for ¢ = aUb

O 86 6 0 06
{a,b,p}t0 |V vV Vv VvV V
{-a,b,p}@® |V Vv Vv Vv V

{a, " b,p}® | vV Vv V
— {a, b, "p} @ v 7
—{-a, b, -p}® | Vv Vv Vv Vv V

acceptance condition {{©,9,0,6}}
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GBA A_, for p = aUb

O 8 © 0 ©
{a,b,o}0 |V Vv Vv VvV V
{-a,b,p}@® |V Vv Vv Vv V
{a, " b,p}® | vV Vv V
— {a, b, "p} O v 7
—{-a,-b,-p}O |V Vv VvV V V
acceptance condition {{©,9,0,6}}

model M
b
O—ED

I

— T =0
a ab
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GBA A, for ¢ = aUb model M

0O © ©6 0 O b
{a,b,pt0|v v v v V OO
{-a,b,p}@|v v Vv Vv V
{a, " b,p}® | vV Vv V
— {a,=b, ~¢} @ v oV — =@
—{-a, b, -p}® | v VvV Vv Vv V a ab

acceptance condition {{©,9,0,6}}

» product automaton A_, X A o

— 00
—©®0
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GBA A, for ¢ = aUb model M

0O 8 © 0 O b
{a,b,0}0 |V v V v V O—0GO
(ma,b,p}® |V vV v V V
{a, " b,p}® | vV Vv V
— {a, b, ~p} 0 vV —0O_=0®
—{-a, b, -p}® | v VvV Vv Vv V a ab

acceptance condition {{©,9,0,6}}

» product automaton A_, X A o

—- 00| {01,02,03,01,602,063}
—©®0
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GBA A, for ¢ = aUb model M
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{a, " b,p}® | vV Vv V
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acceptance condition {{©,9,0,6}}

» product automaton A_, X A o
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GBA A, for ¢ = aUb

O 86 6 0 06
{a,b,p}t0 |V vV Vv VvV V
{-a,b,p}@® |V Vv Vv Vv V

{a, " b,p}® | vV Vv V
— {a, b, "p} O v 7
—{-a, b, ~p}® |V Vv Vv V V

acceptance condition {{©,9,0,6}}

» product automaton A_, X A o

- 00| { 02,03,601,02 03}
— 00| o

model M

OG0

— T =0
a ab
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O 86 6 0 06
{a,b,p}t0 |V vV Vv VvV V
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» product automaton A_, X A o
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OG0
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a ab
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GBA A, for ¢ = aUb

O 86 6 0 06
{a,b,p}t0 |V vV Vv VvV V
{-a,b,p}@® |V Vv Vv Vv V

{a, " b,p}® | vV Vv V
— {a, b, "p} O v 7
—{-a, b, ~p}® |V Vv Vv V V

acceptance condition {{©,9,0,6}}

» product automaton A_, X A o

- 00| { 02 }

— 00| o

model M

OG0

— T =0
a ab
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GBA A, for ¢ = aUb

{a, b, p} ©

{_'a’ b, (p}@

{a, —|b, (,0}9

— {a, b, "p} O v 7
—{-a, b, -p}® | v VvV Vv Vv V

acceptance condition {{©,9,0,6}}

ENENENT-
ANENENT
SSENENT-
ANENY -
< «le

» product automaton A_, X A o

- 00| { 02 }

— 00| o

model M

OG0

— T =0
a ab

©2|{03,03 03,03, 03}
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GBA A, for ¢ = aUb

{a, b, p} ©

{_'a’ b, (p}@

{a, —|b, (,0}9

— {a,-b, "¢} O v v
—{-a, b, -p}® | v VvV Vv Vv V

acceptance condition {{©,9,0,6}}

ENENENT-
ANENENT
SSENENT-
ANENY -
< «le

» product automaton A_, X A o

- 00| { 02 }

— 00| o

model M

OG0

— T =0
a ab

e2|{ o3 }
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GBA A, for ¢ = aUb

{a, b, p} ©
{-a, b, p} @
{67—|b,<p}9
— {a,-b, "¢} O v v
—{-a, b, -p}® | v VvV Vv Vv V

acceptance condition {{©,9,0,6}}

ENENENT-
ANENENT
SSENENT-
ANENY -
< «le

» product automaton A_, X A o

- 00| { 02 }

— 00| o

model M

OG0

— T =0
a ab

(5]
03

{ es3 }
{03,03,03,03,03)}
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GBA A, for ¢ = aUb model M

{a,b, 0} ©

{_'a’ b, (p}@

{a, =b, 9} ©

— {a, b, "p} O v
—{-a, b, —p}® | v Vv V V

acceptance condition {{©,9,0,6}}

ENENENT-
ANENENT
SSENENT-
ANENY -
< «le

ENEN

» product automaton A_, X A o

- 00| { (52 } (5}
— 00| o (2]

» acceptingrun @0 ﬂ) 62 — 3 — 83 — ...

OG0

— T =0
a ab

03
03
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GBA A, for ¢ = aUb model M

0O 8 © 0 O b
{a,b,0}0 |V v V v V O—0GO
(ma,b,p}® |V vV v V V
{a, " b,p}® |V VvV V
— {a, b, ~p} 0 vV —0O_=0®
—{-a, b, -p}® | v VvV Vv Vv V a ab

acceptance condition {{©,9,0,6}}

» product automaton A_, X A o

- 00| { (5] } 02| 03 }
— 00 |9 83| 03 }
» acceptingrun @0 ﬂ) 02 % @3 ﬂ) 03 ﬂ) e = M, 0F @
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5. Further Reading
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Baier and Katoen

» Section 5.2 of Principles of Model Checking (MIT Press 2008)
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http://cl-informatik.uibk.ac.at/teaching/ws25/al/exercises/12.pdf

Baier and Katoen

» Section 5.2 of Principles of Model Checking (MIT Press 2008)

AM,s A, elementary set
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Baier and Katoen

» Section 5.2 of Principles of Model Checking (MIT Press 2008)
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