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» generalized Bichi automaton (GBA) is automaton M = (Q,X,A,S,{F1, ..., Fx}) with
(51 coa i (€100,

» oo(r) = {q € Q| g occurs infinitely often in run r}

» run r of GBA is accepting if co(r) N F; # @ forall 1 < i< k

NBA (Q,X,A,S,F) is equivalent to GBA (Q,X,A,S,{F})

every GBA can be transformed into equivalent NBA

minimal DBAs are not unique
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LTL (linear-time temporal logic) formulas are built from propositional atoms, logical
connectives and temporal connectives X, F, G, U, W, R, according to following grammar:

pu=L|Tlpl-eleApleVele—=9|Xe|Fo|Gp|lpUp|oWe|pRep

» transition system (model) is triple M = (S, —, L) with
@ set of states S
@ transition relation — C S x S suchthat Vse€S 3te S with s -+t ("no deadlock")
® labeling function L: § — 23tms

» path in model M is infinite sequence s; —s; — - -

» Vpaths m =5, =55, = -+ Vi>1l 7l =5 =541 — -
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http://cl-informatik.uibk.ac.at/teaching/ws25/al
http://cl-informatik.uibk.ac.at/~ami

satisfaction of LTL formula ¢ (7 E ¢) with respect to path 7 = s; — s, — --- in model

M = (S, —, L) is defined by induction on ¢:

TE T mFE L TE @AY <~ wF¢p and T EY

TEp — pelL(s) TEpVYy << wEp or wmkEY

T E @ = TFyp TEe—=Y <+ wTFep or mwkFY

T E Xp — 7w’k mFEFp — 3iz1l aEkp
mEGe — Vizl aEkp

™ FE Uy — 3Jiz1 aEy and Vj<i 7k

TE oWy < (3i>1 7l E 4 and Vj<i7r/i:<p) or Vizl 7k g

™ FE Ry = (3/21 7ri):99 and Vj<i ﬂj’:’u“)) or Vi>1 7rii=7/)
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> ( , alternating)
>

» (alternating) Biichi automata

»>
»>

» linear-time temporal logic
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» model M = (S, —, L), states € S, LTL formula ¢

M;sEp <= Vpathsm=s—--- 7wF¢p "formula ¢ holds in state s of M "

LTL formulas ¢ and ¢ are semantically equivalent (p =) if 7 EF ¢ < 7wE
for all models M = (S, —, L) and paths 7 in M

~Xp =X-p eUY = ~(=yU(=p A 9)) AFep

- Fp=G-p Fo=TUp Floe Vi) =Fo VFy

-Gy =F-p Gp= 1Ry Glp AY) =Gp AGo
=(pU®) = R PWy =9R(p V) pUh = oW AFe
—~(pRY) = ~pU~9 PRY =YW (p AY) Wy =pUyPV Gy

{X,U}, {X;W} and {X,R} are adequate sets of temporal connectives for LTL

AM_
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Basic Strategy
M,sF @7
@ construct GBA A_, for —p

® combine A_, and M,s into single automaton A_, x A, s

-

® test emptiness of L(A-, X Anqs)

AP is (finite) set of propositional atoms used in M and ¢

trace is infinite string over alphabet 247

GBA A_ , accepts all traces that violate ¢
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Basic Idea

» given infinite string x = xoX1X2 - -+ € L(p)

expand x; C AP by subformulas ¢ of ¢ to obtain infinite string y = yoy1y>2--- such that

vEY = XiXijaXip2o FEY

negations of subformulas are also considered
> Yo, Y1, ... arestatesin A,

» transition relation and acceptance conditions of A, ensure that y is accepting run for x

p=aU(-aAb)and x={a}l{a,b}{b}---

yoz{a,‘\b,‘!(‘\a/\b),ip} Y1:{a7b7ﬁ(ﬁa/\b)»’vﬁ} yzz{ﬁa,b,ﬁa/\b.,ap}

AM_
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formula ¢ in LTL fragment with U and X as only temporal operators

> L(p) = {x € (2*)* | x F o}

» x E ¢ is defined inductively (x = xox1Xx2--+)

xXET

X FEp < PpEXo

X E -p —= xFyp

XEFEeNY <+ xFypand xEF Y

X E X = X1X2---F o

X E Uy < 3i>20 (xixip1--- FY and Vj<i XjXj41--- F @)

GBA A, will accept L(y)
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closure C(p) of ¢ consists of all subformulas of ¢ and their negations, identifying == and

C(aU(—-a A b)) ={a, b, ma, =b, ma A b, =(ma A b),aU(—-a A b), ~(aU(—a A b))}
{a, b, ma Ab,aU(—a Ab)}
{a, b,aU(—a Ab)}

{a, b, =(ma A b),aU(-a Ab)}
{—a, -b, =(—a A b), aU(—a A b)} not elementary
{a, b, =(ma A b), ~(aU(—a A b))}
{a, b, =(—a A b), ~(aU(—a A b))} elementary

not elementary
not elementary

elementary

elementary
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set B C C(y) is elementary ifitis

@ consistent with respect to propositional logic: for all ¢1 A @, € C(p) and ¥ € C(p)
» ;1 ANpp€B = pi1€Band p; B
» Y cB = - ¢B
» T €C(p) — TE€B

@ locally consistent with respect to U: for all p1 U, € C(p)

» 2 €B = @Up€eB
>@1U¢2€Band(p2¢3 — 1 E€B

® maximal: forall ¢ € C(y)

» Y¢B — —yYEB

AM_
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p=Xa
C(p) = {a,~a,Xa,~ Xa}
states {a, Xa} {a, - Xa} {—a, Xa} {—a, - Xa}
start states {a}
transitions ‘ O
a
o (2 @
v v {a}
%}
v v %) - {a}
v (%] {a}
acceptance condition @ = all runs are accepting (o) O
O o U
%]
AM_
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pUyp =9 V (p A X(pUY))

GBA A, = (Q,2"", A, S,F) for LTL formula ¢ with atoms in AP:
» Q = {B C C(y) | B is elementary}
»S ={BeQ|peB}
1%} if A% BNAP
» A(B,A) = , 7 with
{C|CeQand ...} ifA=BNAP
@ forall X¢ € C(p) XpeB << yeC

® forall p1Up; € C(p) prUpr,e€B <<= ¢y €B or both p; €B and p1Up, € C

»F ={{BeQ|pmUpr¢BorpeB}|piUprel(p)}
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p=aub

C(y) = {a, ~a, b, b, aUb, ~(aUb)}

states {a, b, p} {—a, b, v} {a, -b, ¢} {a, -b, -} {=a, =b, ~p}

start states

transitions
v v v v {a, b}
v v v v {b}
v v {a}
v Vv {a}
v Vv v v Y @
acceptance condition {{©®,® ® ©}} — runscyclingin state ® are not accepting

{a}” ¢ L(A,) and {b}o{a}* € L(A,)
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L(p) € L(A,) L(p) C L(A,)

[Proof oot (cont'd)

» GBA A, = (Q,2"",A,S,F) » GBA A, = (Q,2"", A,S,F)
» let X = Xox1X2--- € L(¢) and define y; = {¢ € C(p) | XiXjiz1--- E ¢} forall i >0 » let x = Xxox1X2--- € L(¢) and define y; = {¢ € C(p) | XiXjz1--- E ¢} forall i >0
> Vo,Y1,Y2,--- € Q and yoy1y»--- is accepting run for x > Vo,Y1,Y2,--- € Q and ygy1y> -+ is accepting run for x
yir1 € A(yi,xi): xi = yi N AP and for all X1 € C(p) let 1 U, € C(p) and suppose y; & {B<€ Q| p1Ugp, ¢ B or ¢, € B} for some |
Xpey, <= XX FXY <= Xxj1---Fy <<= vYeyn pUpreyiand g2 ¢y; =  XiXip1--- F o1Ug; and XjXiq1 -+ ¥ 2

and for all p1 Uy, € C(yp) = XkXkt1- - F pp forsome k > i

4,91U§92€y,' — X,'X,'+1---):L',91U\'pz — ©2 € Yk for some k > i
<~ X,'X,'+1---’:§92 OI’(X,‘X,'+1---’:Q01 and X,'+1---’:g01U<,02) — ykE{BEQ‘¢1U¢2¢B OI’LszB}fOFSOI"nek>I'
— peyior(pey and pUp; €yin) yi €{B€Q|p1Ugp, & B or o, € B} for infinitely many k
AM_ AM_
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L(Aw) C L(p)

» GBA A, = (Q,2*",A,SF)
» let x = xoX1X2--- € L(A,) with acceptingrun y = yoy1ys---
» AB,A) =@ if AABNAP = x = (yo N AP)(y1 N AP)(y, NAP)--.

3. Intermezzo

» claim: x F ¢
more general claim: if y is "accepting run" (without requiring yq is start state) for x then

YVEYy <— XFE

for all ¢ € C(p)
Yo isstartstate — ey, = xFop

v
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‘Q]rtICIfy with session ID

Which of the following statements hold for ¢ = (a A Xb)U—-a ?

B -XaeCl(p)

{b,a A Xb, ¢} is locally consistent with respect to U

B

{b} :
@ {—a b, - Xb, —(aAXb), p} —— {a, =b, Xb, a AXb, ~p} in A,
D]

%) .
{—-a, b, = Xb, =(a A Xb), ¢} «——{a, b, Xb, a A Xb, ~p} in A,
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bit vectors can be used to represent 27: if AP = {a,b,c} then

ewcina-=(3) () () 9)-

W universitat 25W  Automata and Logic lecture 12 4. LTL Model Checking 23/31
innsbruck

Outline

4. LTL Model Checking
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Basic Strategy

M,;sE p?
@ construct GBA A, for —p
® combine A, and M, s into single automaton A-, X Axy,s

® test emptiness of L(A-, X Anq,s)

model M is not GBA

GBA An s = (S,2% A, {s}, o) for model M = (S, —, L) and state s€ S
» A(p,A) ={q|L(p) =Aand p—q}
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model M GBA Ao
b (%)
@ (O O——ED b}
{a}
{a}
{a}
— > — >
— —® —O———O
a ab {a,b}
AM_
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@ consider transition graph of GBA M = (Q,%,A,S,{F1, ..., Fk})
@ eliminate unreachable states
® compute non-trivial strongly connected components (SCCs) Cy, ..., C,

@ return (ves) if there exists (no) SCC C; such that C;NF; # @ forall 1 <j < k

GBA M with acceptance sets

(0,9}, {0,3,10}, {5,10,11} S
three SCCs: "J a a ¢ lb\ J"
ci~ o) 0T o D

C, = {2,4,5,6,8,9,10} "J
Cs = {7,11}

L(M) £ & T@C%@
AM_
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Intersection of GBAs

» A =L(M,) for GBA M; = (Q1,%,A1,51,F1) and B = L(M,) for GBA M, = (Q, %, A;,S,,F>)
» ANB = L(M) for GBA M = (Q,%,A,S,F) with

® Q =01%x0Q

® S =5,%5,

® A((p,g).a) = {(p".q") | ' € A1(p,a) and g’ € Ay(q,a)}

@ F ={Xx0,|XeEF}U{O1xY|YEF}

problem
instance: GBA M
question: L(M) = & 7

is decidable
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Basic Strategy

M,;sE p?
@ construct GBA A, for —¢

® combine A_, and M, s into single automaton A_, X Ar( s

® test emptiness of L(A-, X Anq,s)

M,sEp <= LA-xxAus) =
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Outline

GBA A, for ¢ = aUb model M
b
O 6 6 0 6
G bol®|v v 7 v v O—ED
{-a,b,0}® | v Vv Vv vV V
{a,=b,0}® | vV VvV V
— {a,=b, ¢} O vV —O@O O
—{=a,~b,~p}O |V Vv Vv V V a ab
acceptance condition {{©,0, @ 6}} 5. Further Reading
» product automaton A-, x Ao
—00 | { 02 } 02 |{ 03 }
— 00 | o 83 | 93 }
» accepting run 00@@2&93&93&- = M,0F
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Baier and Katoen

» Section 5.2 of Principles of Model Checking (MIT Press 2008)

Important Concepts

> AMm,s > A, » elementary set

homework for January 16

next lecture (January 19): online evaluation in presence — bring device
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5. Further Reading
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http://cl-informatik.uibk.ac.at/teaching/ws25/al/exercises/12.pdf
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