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Basic Strategy
M,sE p?

» construct GBA A, for —¢p
» combine A_, and M,s into single automaton A_, X A, s

» test emptiness of L(A-, X A, s)

AP is (finite) set of propositional atoms used in M and ¢

trace is infinite string over alphabet 247
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formula ¢ in LTL fragment with U and X as only temporal operators

Definitions

> L(p) = {xe (@®)*|x F ¢}

» X E ¢ is defined inductively (x = xoXx1x2--)

XFET

XEp < PEXo

X FE - = XFo

XEFEpepANYy < xEFEypand xF ¢

X F X — Xxi1x2---F o

XEpUy << 3Fiz0 (XxiXig1---F ¢ and Vj<i XjXjz1--- F @)

closure C(p) of ¢ consists of all subformulas of ¢ and their negations, identifying == and
AM_
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» set B C C(p) is elementary ifitis
@ consistent with respect to propositional logic: forall v1 A 2 € C(v) and ¢ € C(yp)

» ;1 A2 €B <~ ¢1€Band y; €B
» peEB = Y ¢8B
» T eC(y) = TEe€B
@ locally consistent with respect to U: forall ¢1 Uy, € C(y)
» p» €EB — pUpr eB
» p1Up, €B and p, ¢ B — @1 E€B

® maximal: forall 1 € C(y)
» )¢B = -YcB

Uy = ¥V (p A X(pU1))
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GBA A, = (Q,2*°, A,S,F) for LTL formula ¢ with atoms in AP:
» Q = {B C C(y) | B is elementary }

»S ={BeQ|peB}

%) if A# BN AP
» A(B,A) = 7 with
{C|CeQand ...} ifA=BNAP

@ forall Xy € C(p) XpeB << ¢YecC
@ forall o1 Uy, € C(p) piUp, €B <= ¢, €B orboth ;3 €B and ¢ Uy, € C

» F ={{BeQ|piUprgBorp,€B}|p1Upz €C(p)}
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GBA Aprs = (S,2”%, A, {s},2) for model M = (S,—,L) and state s€ S
» A(p,A) ={q|L(p) =A and p—q}

GBAs are effectively closed under intersection

Theorem

emptiness problem for GBAs is decidable

Theorem

MskEp <= LA-xxAms) =0
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> ( alternating) finite automata

>

» (alternating) Bichi automata

>
>

» linear—time temporal logic
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Online Evaluation in Presence

https://lv-analyse.uibk.ac.at/evasys/public/online/index
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2. Alternation - Finite Automata
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AFA M = (Q,X, A, s, F) alternating finite automaton

ab a
() a ()
Q==
_— —_—
~
b
O 0= {17 2, 3}
® ¥ ={ab} Al a b
1|1v2 1
© A:QxE - BHQ)
2 3 1v3
Gl e 3] 3 L
® F ={3}
AM_
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» BT(Q) is set of positive boolean formulas over Q:
Q C B¥(Q)
1, T e BH(Q)
if ¢, € BT(Q) then ¢V v € BT(Q)
if o, ¥ € BY(Q) then ¢ Ay € BT(Q)

v

v

v

\4

» alternating finite automaton (AFA) is quintuple M = (Q, X, A, s, F) with
@ Q: finite set of states
@ X: input alphabet
® A:Qx%X—BT(Q): transition function
@® sec0: start state
® F C Q: final (accept) states
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subset M C Q satisfies formula ¢ € B*(Q) (M E ¢):

MEqg < qgeM MET ME L
MEpVYy <= MEp or MEY
MEpANY < MEypandME Y

p=pA(QVr)

{p,q} F ¢ {p,r} F o {q,r} F o {p} E o
{p,g} ET gET {q,r} ¥ L g ¥ L
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run of AFA M = (Q,X,A,s,F) on string a; - - - a, is finite O-labeled tree r such that
» all paths from root node to leaf node have length at most n

» s is label of root node v: r(v) =s
» for every node v atlevel i (0 < i < n—1) with children vy, ..., v

{r(v1), ..., r(vk)} E A(r(v),ait1)
run is accepting if all leaf nodes at level n are labeled with final states

v instead of r(v)

» if A(V,a;41) = T then v need not have children

» runs cannot use transitions A(v,a) = L
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AFA M = ({0,1,2},{a,b},A,0,{2}) with

A | a
0l(Ov1)A2 1
1 1 2
2 T ovli
abb € L(M): 0 B bbeLl(M): 0O ba ¢ L(M)
VRN | b
0 2
K -
1 1
| b i
2 2
AM_
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set A of finite strings is reqular <= A is accepted by AFA

Proof ( — )

» A C Y* isaccepted by NFA M = (Q,X,A,S,F) with S = {s}
» AFA M’ = (Q, %, A’,s,F) with

A(p,a) = {\/{q |ge Ap,a)} if A(p,a) # @

1 otherwise
» ACL(M): x=a1---ap€A — FJacceptingrun qo, ..., g, of M —
qo, ---, Qn, vViewed as tree, is accepting run of M — x e L(M')
» ADL(M): x=ay;---a,€L(M) = dacceptingrun qo, ..., g, of M’
runs of M’ have no branching = qo, ..., g is acceptingrunof M = x e L(M)

AM_
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set A of finite strings is reqular <= A is accepted by AFA

Proof ( <—)

» AC Y* isaccepted by AFA M = (Q,X,A,s,F)
» A =L(M) for NFA M' = (29,5, A’ {s},F') with F/ = {Q" | Q' C F} and
AN'(Aa)={BCQ|BF )\ Ag.a)}
geA

» ACL(M'): x=a1---apn€A = Jacceptingrun r of M

define Q; = {V | v is node of r atlevel j} for 0 <i < n

Qo = {s} and Qj41 € A'(Qj,a;11) for 0 <i<n

O, CF = xel(M)
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set A of finite strings is reqular <= A is accepted by AFA

» AC Y* isaccepted by AFA M = (Q,X,A,s,F)
» A =L(M) for NFA M' = (29,5, A’ {s},F') with F/ = {Q" | Q' C F} and
AN'(Aa)={BCQ|BF )\ A(g.a)}

geA
» ADL(M): x=a1---ap€L(M) = 3JrunBy,...,B, of M with By = {s} and B, € F/
construct run r of M for x as follows:
» root node of r is labeled with s
» every node v atlevel i with 0 </ < n haschildren vy, ..., v if Biyg = {V1, ..., W} # &

» r is accepting run of M for x (homework exercise) — xeclL(M)=A
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set L ={xeX*||x| =1 mod 29393} with X = {a} is regular

» any NFA accepting L has at least 29393 states (homework exercise)

» there exists accepting AFA with 57 states:
» 29393 =7 x13 x17 x 19
» 74+13+17+19 = 56
» M; = (Q;,%,0,5i,{si}) is minimum-state DFA for {x € ¥* | [x| = 0 mod i}
» L =L(M) for AFA M = (Q,%X,A,s,F) with
» Q = {s} WQ7;WQ13W 017 W Q19
» F = {s7,513,517,519}
S7AS13/AS17AS19 ifp=s5s
- Ap,a) = 7 A\ S13 A S17 A\ S19 . P
di(p,a) if pe€Q;
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dual of AFA M = (Q,X,A,s,F) is AFA M = (Q,X,A,s,Q — F) with
- T a=q I=T T=1
A(qg,a) = A(g,a)  with _ _
VY =pAY OAY = VY

homework exercise
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3. Intermezzo
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E]"ﬁCify with session ID
(Question |

Which of the following statements holds for the AFA M = ({0,1,2},{a,b},A,0,{0,2})?

A‘ a b
0 0 1A2
1|1v2 0
2 2 1

B abba c L(M)
B L(M) = {x|x contains at most one b}

if A is redefined such that A(2,b) =2 then L(M) = X*

B L(M)={a}*U{x|every bin x is eventually followed by an a}
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4. Alternation - Blichi Automata
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» alternating Blichi automaton (ABA) is quintuple M = (Q, X, A, s, F) with
@ Q: finite set of states
@ Xx: input alphabet
® A:QxX— B"(Q): transition function
@ scQ: start state
® F C Q: final (accept) states

» run of ABA M = (Q,X,A,s,F) oninfinite string a;a,as--- is O-labeled tree r such that
» s is label of root node v: v =35
» for every node v on level i with children vq, ..., v

{Vl, Vk} E A(\77a,'+1)

run is accepting if all infinite paths 7 of r are accepting (oco(w) N F # &)

» L(M) = {x € ¥ | x has accepting run}
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set L = {x € X* | x contains substring iij forall i€ ¥} with X = {1, ..., n} is w-regular
» L =L(M) for ABAM = (Q,X,A,s, @) with Q = {s} UX x{1,2,3} and

A(s,i) = (,2) A N\{(j.3) | j€ X and j # i}

(ib,c—1) ifj=iand ce {2,3}
A, 0),j) =4 T ifj=iandc=1
(i,3)  ifj#i

Theorem

ABAs are effectively closed under complement, intersection and union
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set L, = {x¥|x € X} and |x| = 3} with ¥, = {a1, ..., an} is w-regular

» L, = L(M,) for ABA M, = (Q,%,,A,s,F) with
© 0=F={gij|1<i<nand 0<j<2}u{s}
Jk,2 if p=sorp=qko
® Ap,a) =< L if p=gio and i #k
Qi,j-1ANQk2 ifp=g;jandj>0

» run for (a;aszaz)“:

S
o
q1,2
/N 3
qi11 Q3,2
/N /N @
di,0 q2,2 g3,1
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every ABA can be effectively transformed into equivalent NBA

Proof (construction)

» ABAM = (Q,%,A,s,F)
> L(M) = L(M’) for NBA M’ = (Q/,%,A’,S,F') with

» Q' =29 x 29

» S = ({s},2)

» FF=2°%x {2}

> A((X,2),8) = {(X, X' —F) | X' F \ Ag,a)}
qgeX

> A((X,Y),a) = {(X,Y =F)| X' E \ A(g.a), Y CX and Y E )\ A(g.a)} if ¥ #
qgeX gey

AM_
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5. LTL Model Checking
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every LTL formula can be transformed into equivalent negation normal form (NNF):

o u=L[T|pl-pleAp|leVe|Xe|eUp|pRe

Fo=TUp Xy = Xp
Gp=-F-p ~(pUe) = =R
WP = Uy V Gy —(pRY) = =pU-9y
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LTL formula ¢ in negation normal form with atoms in AP

» (positive) closure C(¢) of ¢ consists of all subformulas of ¢

» ABA A, = (C1(9), 2%, 8, ¢,F) with F = {¢) € C+(¢) | ¥ = p1Rp2} and

O R e
A(p1 A p2,A) = A(p1,A) A A(p2,A) A(T,A) =T
A(p1V p2,A) = Ap1,A) V Ap2,A) A(L,A) = L

A(X,A) =1
A(p1Up2,A) = Ap2,A) V (A(p1,A) A 01U p2)

A(p1Rp2,A) = A(p2,A) A (A(p1,A) V 01 R¢2)
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Proof Sketch

induction on ¢
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Example ©

e =aAn((Xa)ub)

L(¢) is accepted by ABA M = (Q,%, A, s, F) with

» ¥ ={o,{a},{b},{a,b}}

» Q =Ci(p) ={an((Xa)ub), a, (Xa)Ub, Xa, b}
» s =aA((Xa)ub)

» F =g remove inaccessible states
> A %] {a} {b} {a,b}
a L T L T
b L s T T
Xa a a a a
(Xa)ub an((Xa)ub) an((Xa)ub) T T
an((Xa)ub) 1 an((Xa)ub) L T
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Example @

»=GFa= LR (TUa)

L(i) is accepted by ABA M = (Q,%, A, s, F) with

» X ={o,{a}}
» Q = {GFa,Fa,a, L, T}
» s =GFa
» F = {GFa}
» A | {a} 1]
1 1L 1
T T T
a T 1
Fa T Fa
GFa | GFa FaAGFa

W universitat
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not every w-regular subset of (2A7)“ is expressible in LTL:

L={xe@¥H¥|aex; «— iiseven}

is accepted by NBA but L = L(y) for no LTL formula ¢

Model Checking Tools

» NuSMV

» Spin
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6. Further Reading
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» Sections 5 and 6 of Automata Theory and Model Checking
(Handbook of Model Checking 2018)

ABA B*(Q)

AFA C+(p)

alternating Blchi automaton negation normal form
alternating finite automaton NNF

homework for January 23
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7. Exam
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First Exam on February 2

» registration in LFU:online is required until 23:59 on January 19
» deregistration is possible until 10:00 on January 30
» closed book

» second exam on February 26, third exam on September 25 (on demand)

Preparation

» review homework exercises and solutions
» study slides

» Visit consultation hours

Possible Topics

» DFA/NFA, WMSO, Presburger arithmetic, NBA, GBA, LTL model checking, AFA

» multiple-choice question
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