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Automata and Logic

Aart Middeldorp and Samuel Frontull

» B'(Q) is set of positive boolean formulas over Q:
» Q C BY(Q)
» 1, T eB(Q)
> if o, Y € BT(Q) then ¢ V1 € BT(Q)
» if o, Y € BT(Q) then p A € BT(Q)
» alternating finite automaton (AFA) is quintuple M = (Q, X, A, s,F) with
® Q: finite set of states
@ X: input alphabet
® A:QxX—B"(Q): transition function
@ seQ: start state
® F C Q: final (accept) states
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Definitions

» subset M C Q satisfies formula ¢ € BY(Q) (M F ¢):
MEq < geM MET ME L
ME VY <= MEypo MEQY ME @AY <= ME ¢ and M E 9
» run of AFA M = (Q,X,A,s,F) onstring a1 ---a, is finite Q-labeled tree r such that
» all paths from root node to leaf node have length at most n
» s is label of root node v: r(v) =s

» for every node v onlevel i (0 < i< n—1) with children vy, ..., v
{r(vl), coog f(Vk)} = A(V7 a,-+1)

run is accepting if all leaf nodes are labeled with final states

Theorem

set A of finite strings is reqular <= A is accepted by AFA

W universitat 25W  Automata and Logic lecture 14 1. Summary of Previous Lecture 4/16
" innsbruck


http://cl-informatik.uibk.ac.at/teaching/ws25/al
http://cl-informatik.uibk.ac.at/~ami

» alternating Blchi automaton (ABA) is quintuple M = (Q, X, A, s, F) with

® 0: finite set of states

@ Xx: input alphabet

® A:QxX—B"(Q): transition function
@ se0: start state

® F C Q: final (accept) states
» run of ABA M = (Q,%,A,s,F) on infinite string a;a;as--- is Q-labeled tree r such that
» s is label of root node v: r(v) =s

» for every node v on level i with children vq, ..., v
{r(va), .-, r(vi)} F A(v, @i1)
run is accepting if all infinite paths 7 of r are accepting (oco(w) N F # @)
» L(M) = {x € ¥ | x has accepting run}
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LTL formula ¢ in negation normal form with atoms in AP

» (positive) closure C(p) of ¢ consists of all subformulas of ¢

» ABA A, = (C+(Q),2*°, A, p,F) with F = {¢p € Q| = p1 Ry, } and

s -{] oSk acea-{] 1PF
Ay A 2,A) = A(p1,A) A Ap2,A) AT,A) =T
A(prV 2,A) = A(wl A) V Ap2,A) A(LA) =1
A(XY,A) =
A(p1Up2,A) = A(% )V (A(p1,4) A p1Up2)
A(p1Rp2,A) = A(p2,A) A (A(p1,A) V p1R¢2)
AM_
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ABAs are effectively closed under complement, intersection and union

every ABA can be effectively transformed into equivalent NBA

every LTL formula can be transformed into equivalent negation normal form (NNF):

pu=L|T[p[-plere|leVe|[XeleUp|pRe
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L(A,) = L(y)

not every w-regular subset of (2*P)“ is expressible in LTL
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E]rtl(.‘lfy with session ID evaluation
(Question |
Which of the following statements are true ?
[N WMSO definable sets are w-regular.
El The emptiness problem of GBAs is undecidable.
The set {p,—~Xq,—~pU(Xq)} C C(—pU(Xq)) is elementary. homework for January 30
Bl The WMSO formula 3X.V x.X(x) — Jy.x <y AX(y) is valid.
@ The LTL formulas (Gp)Rg and gW (g A =(T U—p)) are equivalent.
@ Theformula 3y.x x x =y + y is expressible in Presburger arithmetic.
[d Given an alphabet ¥, the set {xy | x #y and x,y € ¥*} is WSMO definable.
AM_ AM_
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https://ars.uibk.ac.at/p/49579500
https://ars.uibk.ac.at/p/49579500
https://ars.uibk.ac.at/p/49579500
http://cl-informatik.uibk.ac.at/teaching/ws25/al/material/25W-703302.pdf
http://cl-informatik.uibk.ac.at/teaching/ws25/al/exercises/13.pdf
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Recommended Courses in 26S Logic and Learning

» WM2: Constraint Solving

» WM7: Interactive Theorem Proving in Isabelle/HOL

» WM7: Current Challenges in Probabilistic Learning, Inference, and their Applications
» WM8: Advanced Logic and Quantum Logic

» WMO9: Research Seminar CL/TCS

» WM20: Term Rewriting

Master Projects

http://cl-informatik.uibk.ac.at/teaching/master/available.php
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First Exam on February 2

» closed book

» second exam on February 26, third exam on September 25 (on demand)

Preparation

» review exams and solutions of 22W/23W /24W courses

exam 1 (22W) solutions exam 2 (22W) solutions
exam 1 (23W) solutions exam 2 (23W) solutions
exam 1 (24W) solutions exam 2 (24W) solutions

» review homework exercises and solutions, in particular

lecture 4 exercise 1 lecture 7 exercise 1, 3 lecture 9b exercise 2, 3
lecture 5 exercisel, 2, 3,4 lecture 8 exercise 2 lecture 12 exercise 2
lecture 6 exercise 1 lecture 9a exercise 5 lecture 13 exercise 4

» study slides (and visit consultation hours)
AM_
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https://www.uibk.ac.at/informatik/master-computer-science/logic-and-learning/
https://lfuonline.uibk.ac.at/public/lfuonline_lv.details?sem_id_in=26S&lvnr_id_in=703304
https://lfuonline.uibk.ac.at/public/lfuonline_lv.details?sem_id_in=26S&lvnr_id_in=703315
https://lfuonline.uibk.ac.at/public/lfuonline_lv.details?sem_id_in=26S&lvnr_id_in=703351
https://lfuonline.uibk.ac.at/public/lfuonline_lv.details?sem_id_in=26S&lvnr_id_in=703320
https://lfuonline.uibk.ac.at/public/lfuonline_lv.details?sem_id_in=26S&lvnr_id_in=703319
https://lfuonline.uibk.ac.at/public/lfuonline_lv.details?sem_id_in=26S&lvnr_id_in=703141
http://cl-informatik.uibk.ac.at/teaching/master/available.php
http://cl-informatik.uibk.ac.at/teaching/ws25/al/exams/22w-1.pdf
http://cl-informatik.uibk.ac.at/teaching/ws25/al/exams/22w-1s.pdf
http://cl-informatik.uibk.ac.at/teaching/ws25/al/exams/22w-2.pdf
http://cl-informatik.uibk.ac.at/teaching/ws25/al/exams/22w-2s.pdf
http://cl-informatik.uibk.ac.at/teaching/ws25/al/exams/23w-1.pdf
http://cl-informatik.uibk.ac.at/teaching/ws25/al/exams/23w-1s.pdf
http://cl-informatik.uibk.ac.at/teaching/ws25/al/exams/23w-2.pdf
http://cl-informatik.uibk.ac.at/teaching/ws25/al/exams/23w-2s.pdf
http://cl-informatik.uibk.ac.at/teaching/ws25/al/exams/24w-1.pdf
http://cl-informatik.uibk.ac.at/teaching/ws25/al/exams/24w-1s.pdf
http://cl-informatik.uibk.ac.at/teaching/ws25/al/exams/24w-2.pdf
http://cl-informatik.uibk.ac.at/teaching/ws25/al/exams/24w-2s.pdf
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