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SRS
B P - PP
oW - PP
o0 — B W

is terminating | (RTA open problem # 104)
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algebra M with well-founded order >

e carrier of M is N with d > 0

e interpretations (for every n-ary f)

fM(§17"‘a}n):Ml)_(‘1+"‘+Mn)?n+7?

with
e matrices My, ..., M, € N9*9 with (M;);1 > 1forall 1<i<n
e vector f € N?
d
o (x1,..,%a) > (1, vd) = xi>y A /\x;}y,-
i=2
(M, >) is well-founded monotone algebra I
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Example (1)
rewrite rules matrix interpretation
a(a(x)) — b(c(x)) S o :
c(c(x)) — a(b(x)) 0000 0
1200 0
= 0201], 2
bmF) =19 190 |* |0
0000O0 0
arm(am(®) > bulear(®)) cootl :
= o = . 0001]. 0
VX bM(bM(X)) > aM(CM(X)) CM(X): 0101 X+ 3
cmlem(x)) > am(brm(x)) 0200 0
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Example (2)
rewrite rules

f(a) — f(b)

matrix interpretation

= (o o)
e = (o o)
hm(X) = (é (1)>

AM & FvR

Example (3)
rewrite rules
f(f(x)) — &(x)
g(h(x)) — f(h(f(x)))
f(f(f(f(x)))) — i(x, x, x)

matrix interpretation

= (7 1)%+ (]

= (3 0)%

@ = (5 5)%+ (3
3.8 = (5 0)

ISR 2010 — lecture 10

i(a1, x, b1) — i(x,a2,b1)

i(x, a3, b1) — i(aq, x, b1)

i(x, x,b1) — i(g(x), b2, b2)
i(g(x), bs, b3) — i(x, x, ba)

) () e (?)

() ()
) ae(l) e ()

L (20\., (12\., (0
(50)7+ (1) ()

7/59
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@ Dependency Pairs
@ Processors
e Dependency Graph
@ Reduction Pairs
@ Argument Filters
o Subterm Criterion
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Definition

DP problem is pair of finite TRSs (P, R) such that root symbols of rules in P
e do not occur in R

e do not occur in proper subterms of left- and right-hand sides of rules in P

(DP(R),R) is DP problem for every TRS R

Definition

DP problem (P, R) is finite if = 3 infinite sequence
* € * €

th > —>t3 >t —---
R P R P

such that all terms t;, tp, ... are terminating with respect to R
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finite TRS R is terminating <=  DP problem (DP(R),R) is finite

e DP processor is function from DP problems to sets of DP problems

e DP processor ¢ is sound if DP problem (P, R) is finite
whenever all DP problems in ®(P,R) are finite

e DP processor ® is complete if DP problem (P, R) is not finite
whenever at least one DP problem in ®(P,R) is not finite

DP Processors

dependency graph, increasing interpretations, instantiation, loop detection,
match-bounds, narrowing, reduction pairs, rewriting, root-labeling, rule removal,
size-change principle, semantic labeling, string reversal, subterm criterion,
uncurrying, usable rules, . ..

AM & FvR ISR 2010 - lecture 10 11/59

Termination Tools

DP processors
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@ Dependency Pairs

@ Dependency Graph
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Definition

dependency graph DG(P, R) of DP problem (P,R) consists of

e nodes: rules in P

® arrows: s — t — u — v if J substitutions o, 7 such that to % uT

Definition (Dependency Graph Processor)

(P,R) — {(S,R) | S is strongly connected component in DG(P, R)}

dependency graph processor is sound and complete
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dependency graph is not computable but good over-approximations exist

Trivial Approximation

t
s—t— u—v <= root(t)=root(u)

Better Approximations

are based on
e unification

e tree automata techniques
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@ Dependency Pairs

@ Reduction Pairs
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Definition

DP problem (P, R) is finite if = 3 infinite sequence
b 2t >ty 2t >

such that all terms t;, tp, ... are terminating with respect to R

Question

how to prove finiteness of DP problem (P, R) ?

Answers

e use pair of orders = and > such that R C 2> and P C >
e use minimality together with subterm relation
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reduction pair (>, 2) consists of well-founded order > and preorder > such that
> is closed under substitutions
2 is closed under contexts and substitutions

>.>2C>o0r 2->C>

Definition (Reduction Pair Processor)

reduction pair (>,>)

{(P\>R)} fPC>U>andRC >
(PR) = {{(P,R)} otherwise

reduction pair processor is sound and complete
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Definition

monotonic reduction pair is reduction pair (>, 2) with > closed under contexts

Definition (Rule Removal Processor)

monotonic reduction pair (>, >)

{(P\>R\>)} fPC>U>andRC>U>
(P, R) = {{(P,R)} otherwise

rule removal processor is sound and complete

AM & FvR ISR 2010 - lecture 10 19/59

rewrite rules

O+y2>ny
s(x) +y >ns(x+y)

dependency pairs
s(x) +fy >y x+Fy
polynomial interpretations

ON=0 sn(x)=x+1 +n(xy)=+4(xy) =2x+y

reduction pair processor vs rule removal processor
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@ Dependency Pairs

o Argument Filters
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traditional simplification orders like LPO and KBO give rise to monotonic
reduction pairs

e argument filter is mapping 7 such that for every n-ary function symbol f

w(f)e{l,....,n} or 7(f)=[i,-.,im]Withl<ih<:---<in<n

e extension to terms:
t if t is variable
7(t) = § n(t;) if t="~(ty,...,t,) and 7w(f) =i
f(r(ty),...,7(t,)) ift="~Ff(ts,...,t,) and 7(F) = [iz, ..., im]
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(>r,2x) is reduction pair for every reduction pair (>,2) and argument filter

DP problem
0—y—0 0+s(y)—0
x—0—x s(x) +s(y) = s((x —y) +s(y))
s(x) = s(y) = x—y s(x) =¥ s(y) = (x —y) =¥ s(y)
argument filter m(=)=1 LPO with precedence +~ > s )
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Outline

@ Dependency Pairs

@ Subterm Criterion
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Definition

DP problem (P, R) is finite if = 3 infinite sequence
* € * €

th —th >tz —tp —---
'RPP PRy

such that all terms t;, tp, ... are terminating with respect to R

Question

how to prove finiteness of DP problem (P, R) ?

Answers
® use pair of orders
e use minimality together with subterm relation
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project each dependency pair symbol in P to fixed argument position

W(tl)%ﬂ'(tz) ? 7T(t3)%>7r(t4) ?

Observation

7(t1) is terminating with respect to = up

Definition

e simple projection for DP problem (P,R) is mapping 7 that assigns to every
dependency pair symbol f% in P one of its argument positions

e extension to terms in 7%  w(ff(ty,...,t,)) = tr(Ft)
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Definition (Subterm Criterion Processor)

simple projection 7

{{t—=reP|n(t)=n(r)},R)} fx(P)CE

(P R) = {{(P,'R)} otherwise

subterm criterion processor is sound and complete
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rewrite rules
ack(0,y) — s(y)
ack(s(x),0) — ack(x,s(0))
ack(s(x),s(y)) — ack(x, ack(s(x),y))

dependency pairs

ack?(s(x), 0) — ack?(x,s(0))
ack?(s(x),s(y)) — ack®(x, ack(s(x), y))
ack?(s(x),s(y)) — ack®(s(x), y)

simple projection

m(ack?) =1
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rewrite rules

ack(0,y) — s(y)
ack(s(x),0) — ack(x,s(0))
ack(s(x),s(y)) — ack(x, ack(s(x), y))

dependency pairs

ack?(s(x), s(y)) — ack’(s(x), y)

simple projection

m(ack?) =2

AM & FvR ISR 2010 - lecture 10 29/59

rewrite rules

low(n, nil) — nil if-low(false, n, m: x) — low(n, x)
low(n, m: x) — if-low(m < n,n, m: x) if-low(true, n, m: x) — m:low(n, x)
high(n, nil) — nil if-high(false, n, m: x) — m: high(n, x)

high(n, m: x) — if-high(m < n,n,m: x) if-high(true, n, m: x) — high(n, x)

nil-H+y — y 0 <y — true
(n:x)+Hy—n:(x+Hy) s(x) < 0 — false
quicksort(nil) — nil s(x) <s(y) = x<y

quicksort(n: x) — quicksort(low(n, x)) +-(n: quicksort(high(n, x)))
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Example (cont'd)

dependency pairs

1 low*(n,m:x) — if-low*(m < n,n,m:x) 5  if-low(false, n, m: x) — low*(n, x)
2 low'(n,m:x) —» m<'n 6  if-low(true, n, m: x) — low?(n, x
3 high®(n,m:x) — if-high*(m<n,n,m:x) 7 if-high’(false, n, m:x) — high?(n, x)
4  high*(n,m:x) = m<*n 8 if-high®(true, n, m: x) — high*(n, x)
9 (n:x)HFy — x+Hy 10 s(x) <*s(y) — x<'y
11 quicksort?(n: x) — quicksort(low(n, x)) 4+ (n : quicksort(high(n, x)))
12 quicksort*(n: x) — quicksort” (low(n, x)) 14 quicksort*(n: x) — low*(n, x)
13 quicksort®(n: x) — quicksort’ (high(n, x)) 15 quicksort?(n: x) — high*(n, x)
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Example (cont'd)

dependency graph
12
l six SCCs
11 e {9} subterm criterion
" ] 15 o {10} subterm criterion
/ 9 AN o {12} AF + LPO
&1Q \U/ &x e {13} AF + LPO
5 6 13 e {1,5,6} subterm criterion
\ / U \ / e {3,7,8} subterm criterion
2 T 10 /
U
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@ Semantic Labeling
o Model Version
@ Quasi-Model Version
@ Root-Labeling
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Definitions (TRS R over signature F)
e semantics
o F-algebra A= (A, {fa}rer)
e labeling
o sets of labels Ly C A for every f € F
o labeling functions ¢¢: A" — L¢ for every n-ary f € F with Ly # &
e labeling of terms (for every assignment a: V — A)
t ifteV
labo (t) = < f(laba(t1), ..., laba(ts)) if t=f(t1,...,t,) and Ly =@
f,(laba(t1), ..., laba(t,)) if t =f(t1,...,t,) and Lf # &
with a = le([a]a(tr), - - -, [a]a(ts))
e |abeled TRS

Riab = {1aby(€) — laby(r) | —r€R and a: ¥V — A}
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e TRSR
f(a, b, x) — f(x, x, x)

e algebra A is model of R
A=1{0,1} as=0 ba=1 fa(x,y,z) =0
e labeling ¢

0 ifx=y

L,=L,=9 Li=A li(x,y,z) = )
b f X y,2) {1 if x#y

e TRS Rlab
fl(a7bux) i fO(X7X7X)

is terminating because it lacks dependency pairs
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TRS R over signature F is terminating if
3 algebra A = (A, {fa}rer)
3 labeling ¢

such that

R C =4 “A is model of R"

Riap is terminating

Theorem (rephrased)

TRS R, model A, labeling ¢  (semantic labeling is sound and complete)

R is terminating <= Ry Is terminating
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e TRSR
f(a, b, x) — f(x, x, x) a—c b—c f(x,y,z) = c
e well-founded weakly monotone algebra A
A={0,1,2} 2>0 1>0 ag=1 by=2 ca="fulx,y,2)=0
e weakly monotone labeling ¢

1 ifx=1landy=2

La = L = Lc = L = O, 1 € Y = . 0
2 r=10,1} i(x.y,2) {0 if otherwise
e TRS Ry U Dec

f1(a, b, x) — fo(x, x, x) a—c b—c fo(x,y,z) — ¢

fl(X7}’aZ)—>f0(X7y7Z) f]_(X,_y,Z)—)C

is terminating because dependency graph lacks SCCs
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@ Semantic Labeling

@ Quasi-Model Version
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Definitions

o well-founded weakly monotone F-algebra (A, >) with A = (A, {fa}rex)

e weakly monotone labeling functions ¢¢: A" — L¢ for every n-ary f € F with
L £ @

® Dec ={fi(x1,---y%n) = fo(x1,..., %) | a,b € Lf with a > b}

TRS R over signature F is terminating if
3 well-founded weakly monotone algebra (A, >, >)
3 weakly monotone labeling ¢

such that

RC >4 “A is quasi-model of R"

Riap U Dec is terminating
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e TRSR
f(a, b, x) — f(x, x, x) a—c b—c f(x,y,z) — ¢
o well-founded weakly monotone algebra A
A={0,1,2} 2>0 1>0 ag=1 bag=2 ca="Fa(x,y,2)=0

e weakly monotone labeling ¢

Li=Ly=L.=9 Le = {0,1} U(x,y,2) = 1 !flee.mdyzz
0 if otherwise
e TRS Ry U Dec

f1(a, b, x) — fo(x, x, x) A= b—c fo(x,y,z) — ¢

fl(X,y,Z)Hfo(X,_)@Z) fl(XLva)_)C

is terminating because dependency graph lacks SCCs
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Theorem (rephrased)
TRS R, well-founded quasi-model A, weakly monotone labeling ¢

R is terminating <= Rp U Dec is terminating

| N\

Example
e TRSR
K)oy = A(xo(Lx(yol))) idox—x Lo(xxy)—x
(xxy)oz — (xo0z)x(yoz) loid—1 To(xxy)—y
(xoy)oz — xo(yoz) Toid— 1T

o well-founded weakly monotone algebra A

e carrier A = N with standard order >

e interpretations

Aa(x) = x+1 oalx,y) =x+y
*A(x,y):max(x,y) lu=Ta=ida=0
AM & FvR ISR 2010 - lecture 10 41/59

Example (cont'd)
e weakly monotone labeling ¢
L)\:L*:leLTIQ L, =N EO(X,}/):X"'}/
¢ TRSRapUDec Vi, j,k=>20 VI>m=0

A(X) 0irjr1y — AMxoirj (1 (yo; 1))
(x*y) Omax(i, j)+k £ — (x 0ivk 2) x (¥ 0tk 2)

(X 0i4j ¥) Oitjrk Z = X Oijrk (¥ Ojsk Z)

ido; x — x 1 omax(i,j) (X *y) = x
logid —1 Tomax(i,j) (X*y)ﬁy
1 ogid — 1 X1y = Xomy

e LPO with precedence
>O2>Ol >OO >*7/\a17T
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e quasi-model condition required for usable rules only (predictive labeling)

e incorporation of argument filters

® DP processors based on semantic labeling

e how to choose (quasi-)model ?

e how to choose labeling ?

® root-labeling
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@ Semantic Labeling

@ Root-Labeling
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e algebra Ar
L] A]_- = f
o fa,(x1,...,%) =1 VnaryfeF
e |abeling
° Lf = fn
o Lr(X1y.voyXn) = X1 Xy
R a(b(x)) = c(x) ap(ba(x)) — ca(x) Rtab

ap(bp(x)) — eb(x)
ap(be(x)) — cc(x)

no model: Va [a](a(b(x))) =a # c=[a](c(x))
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Definitions (TRS R over signature F)

® root-preserving rules
Ry, ={¢—reR|root(¢) = root(r) }

e root-altering rules
R, ={{— reR|root(f) # root(r) }

e flat contexts
FC={g(x, -, Xi—1,0,Xi,---,%) | g € F has arity nand 1 </ < n}

o FC(R)=RpyU{C[{] = C[r]|£—=reR,and C € FC}

e R is terminating if and only if FC(R) is terminating

o Ax is model of FC(R)
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ap(ba(x))) — ac(ca(x))
ap(bp(x))) — ac(es(x))
ap(be(x))) = ac(ce(x))
ap(ba(x))) — be(ca(x))
ap(bp(x))) — be(cp(x))
ap(be(x))) — be(ce(x))
ap(ba(x))) — cc(ca(x))
ap(bp(x))) — celcn(x))
ap(be(x))) — ce(ce(x))

Ca
Ca

©
NN AN AN AN A~
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R is terminating if and only if FC(R)ap is terminating
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Example (1)
e R f(a, b, x) — f(x, x, x)
e FC(R)=R

O fC(R)rlab f(a,b7a)(aabax) = f(a7a7a)(XaX7X)
f(a,b,0) (3, b, X) = f(b.b,6) (X, X, X)
f(a,b,f)(av baX) = f(f,f,f)(X)X7 X)

e FC(R)nab is terminating because it lacks dependency pairs

AM & FvR ISR 2010 - lecture 10
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Example (2)
°R f(f(x)) — f(&(f(x)))
e FC(R)=TR

* FC(R)nab fi(fi(x)) — fa(ge(fi(x)))
fi(fe(x)) — fa(ge(fz(x)))

e FC(R)nab is polynomially terminating
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@ Derivational Complexity
@ Polynomial Interpretations
@ Triangular Matrix Interpretations
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Definitions

e derivation length

e derivational complexity

di(t) =max{n|Ju:t—>"u}
dc(n) = max{dl(t) | |t| =n}

rewrite rule  a(b(x)) — b(a(x))
term derivation length value
a(b(b(b(c)))) 3 6
a(a(a(b(b(b(c)))))) 9 24
a™(b"(c)) mn 2Mn
polynomial interpretation
an(x) = 2x by(x) =x+1 cy=0 )

AM & FvR

ISR 2010 - lecture 10
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interpretation in N

bound on derivational complexity

polynomial
aixy+ - +apx, + b linear

x1+:--+ Xxp+b strongly linear

double-exponential
exponential

linear

rewrite system

x+0—x
x+s(y) = s(x+y)

interpretations

On=2 sn(xX)=x+1 +n(x,y)=x+2y dn(x)=3x an(x)=x

d(0) — 0
d(s(x)) — s(s(d(x)))

q(0) — 0
q(s(x)) — a(x) +s(d(x))

AM & FvR

ISR 2010 - lecture 10
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@ Derivational Complexity

@ Triangular Matrix Interpretations
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triangular matrix interpretation M over N
e carrier of M is N7 with d > 0

e interpretations (for every n-ary f)

(R, ) = MR+ -4 MpZy + F

with
e matrices My, ..., M, € N9*? with

(Mi)l,l >1 (M;)j’k =0 for all j > k (Mi)jyj < 1 for all §

forall1<i<n

e vector f € N?
d

° (Xl,...,Xd)T>(y1,...,yd)T <= xX1>y1 A /\x,-}y,-
=)
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if R € > for triangular matrix interpretation M of dimension d then

dc(n) = O(n?)

Example
rewrite rules
a(b(x)) = b(a(x))  c(a(x)) = b(c(x))  c(b(x)) — a(c(x))

triangular matrix interpretation

101 0 113 1
am(X)=1011|x+1]0 cmX)=({010])X+(0
001 1 001 0
100 0
bm(X)=1011|xX+]0
001 1
AM & FvR ISR 2010 - lecture 10 55/59

@ Further Reading

AM & FvR ISR 2010 — lecture 10 56/59



@ Matrix Interpretations for Proving Termination of Term Rewriting
Jorg Endrullis, Johannes Waldmann and Hans Zantema
JAR 40(2,3), pp. 195 — 220, 2008

@ Mechanizing and Improving Dependency Pairs
Jiirgen Giesl, René Thiemann, Peter Schneider-Kamp and Stephan Falke
JAR 37(3), pp. 155 — 203, 2006

@ Tyrolean Termination Tool: Techniques and Features
Nao Hirokawa and Aart Middeldorp
1&C 205(4), pp. 474 - 511, 2007

@ Termination of Term Rewriting by Semantic Labelling
Hans Zantema
FI 24(1,2), pp. 89 — 105, 1995

@ Root-Labeling
Christian Sternagel and Aart Middeldorp
Proc. 19th RTA, LNCS 5117, pp. 336 — 350, 2008
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@ Complexity Analysis of Term Rewriting Based on Matrix and Context Dependent
Interpretations

Georg Moser, Andreas Schnabl and Johannes Waldmann
Proc. 28th FSTTCS, LIPI 2, pp. 304 — 315, 2008

Termination Tools

e AProVE ® Matchbox e VMTL
e CiME ® MuTerm o ...
® Jambox e TTT2

Complexity Tools

o CaT
o TCT
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http://dx.doi.org/10.1007/s10817-007-9087-9
http://dx.doi.org/10.1007/s10817-006-9057-7
http://dx.doi.org/10.1016/j.ic.2006.08.010
http://dx.doi.org/10.1007/978-3-540-70590-1_23
http://drops.dagstuhl.de/opus/volltexte/2008/1762/
http://drops.dagstuhl.de/opus/volltexte/2008/1762/
http://aprove.informatik.rwth-aachen.de/
http://cime.lri.fr/
http://joerg.endrullis.de/
http://dfa.imn.htwk-leipzig.de/matchbox/
http://zenon.dsic.upv.es/muterm/
http://cl-informatik.uibk.ac.at/software/ttt2/
http://www.logic.at/vmtl/
http://cl-informatik.uibk.ac.at/software/cat/
http://cl-informatik.uibk.ac.at/software/tct/

e tcapr(t) = f(tcapr(t1),...,tcapr(tn))
if t="f(t1,...,ty) and f(tcapr(t1),...,tcapz(t,)) does not unify
with any left-hand side of R

e tcapg(t) is fresh variable

otherwise

Definition (Modern Approximation)

tcapg(t) and u are unifiable

m
St —>u—v < 73
{ t and tcapg-1(u) are unifiable
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