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Terminology proposal

𝑠 →ℛ
∗ 𝑡 𝑡 is reachable from 𝑠

reached

∃𝜃. 𝑠𝜃 →ℛ
∗ 𝑡𝜃 𝑡 is reachable from 𝑠 [Sternagel & Sternagel '16]

(𝑠 ↪ℛ 𝑡)

Example:

Q: start 𝑠𝑜𝑚𝑒_𝑖𝑛𝑝𝑢𝑡 ↪ℛ error 𝑠𝑜𝑚𝑒_𝑐𝑜𝑑𝑒 ?

A: yes, start 5 →ℛ
∗ error DIV0



Reachability in DP framework

𝑙1 → 𝑟1 𝑙3 → 𝑟3 𝑙4 → 𝑟4

𝑠2
# → 𝑡2

#

𝑙5 → 𝑟5

𝑠4
# → 𝑡4

#𝑠1
# → 𝑡1

#
𝑠3
# → 𝑡3

#

𝑙2 → 𝑟2

ℛ

𝒫

usable: ∃𝑟′ ⊴ 𝑟. 𝑟′ ↪ℛ 𝑙

dependency graph arcs: 𝑡# ↪ℛ 𝑠
#

new



Usable rules (before)

Theorem ([Sternagel & Thiemann '10]): same for

𝜙 𝑠 ∶=  

𝑓 𝑠1,… ⊴𝜋𝑠

 

𝑓 𝑙1,… →𝑟∈ℛ

tcap 𝑠1 ∼unif 𝑙1, … ⇒ 𝑓 𝑙1, … → 𝑟 ∈ 𝒰

Theorem ([Hirokawa & Middeldorp '04 / Giesl+ '05]):

𝜙 𝑠 ∶=  

𝑓 𝑠1,… ⊴𝜋𝑠

 

𝑓 𝑙1,… →𝑟∈ℛ

𝑓 𝑙1, … → 𝑟 ∈ 𝒰

If 𝜙 rhds 𝒫 ∧ 𝜙(rhds 𝒰), then one can ignore ℛ ∖ 𝒰



Usable rules via reachability

Theorem (new): Usable rules technique applies for

𝜙 𝑠 ∶=  

𝑓 𝑠1,… ⊴𝜋𝑠

 

𝑓 𝑙1,… →𝑟∈ℛ

𝑠1 ↪ℛ 𝑙1, … ⇒ 𝑓 𝑙1, … → 𝑟 ∈ 𝒰

Proof:
I changed original proofs until Isabelle somehow accepted.
So it must be true.

TODO: Understand why the proof works



Estimating reachability

 Requirements
 efficiency: can't be as hard as termination proving

 completeness: if t is reachable from s, then it must say so

 soundness (only for nontermination)

 Proposed solutions
 symbol transition graph

 generalized TCAP-unifiability

 combination



Symbol transition graph (in NaTT & TTT2)

ℛ =  

𝑓 … → 𝑔 …

𝑔 … → 𝑐 …

ℎ … → 𝑥

 𝑐 … →ℛ
∗ 𝑡 ⇒  𝑡 must be 𝑐 …

 𝑔 … →ℛ
∗ 𝑡 ⇒  𝑡 must be 𝑔 … or 𝑐 …

 𝑓 … →ℛ
∗ 𝑡 ⇒ 𝑡 must be 𝑓 … or 𝑔 … or 𝑐 …

Theorem (to be formalized):
Define graph 𝐺ℛ = ℱ,⊐ s.t. 𝑓 ⊐ 𝑔 whenever
𝑓 … → 𝑔 … ∈ ℛ or 𝑓 … → 𝑥 ∈ ℛ.
Then 𝑓 ⊐∗ 𝑔 is a complete estimation of 𝑓 … ↪ℛ 𝑔 …

𝑓 𝑔 𝑐

ℎ

 ℎ … →ℛ
∗ 𝑡 ⇒  don't know

𝑮𝓡



Symbol transition graph' (only in TTT2)

 Example:

ℛ = 𝑓 0,1, 𝑥 → 𝑓 𝑥, 𝑥, 𝑥

𝒫 = 𝑓# 0,1, 𝑥 → 𝑓# 𝑥, 𝑥, 𝑥

reduced to "∃𝑥. 𝑥 ↪ℛ 0 ∧ 𝑥 ↪ℛ 1 ∧ 𝑥 ↪ℛ 𝑥
′"

... UNSAT, since 0 and 1 have no common ancestor in 𝑮𝓡

𝑓 0 1

𝑮𝓡
?

TODO: efficient algorithm for common ancestors (in graph)



Estimating reachability

 Requirements
 efficiency: can't be as hard as termination proving

 completeness: if t is reachable from s, then it must say so

 soundness (only for nontermination)

 Proposed solutions
 symbol transition graph

 generalized TCAP-unifiability

 combination



TCAP-unifiability [Giesl+'05]

 complete estimation of reachability:

𝑠 ↪ℛ 𝑡 ⟹ tcapℛ 𝑠 ∼unif 𝑡

Implementation in NaTT:  tcap 𝑠 ∼unif 𝑡 ⇒
• 𝑠 ∈ 𝒱 or
• 𝑡 ∈ 𝒱 or
• 𝑠 = 𝑓 𝑠1, … , 𝑠𝑛 and

• 𝑡 = 𝑓 𝑡1, … , 𝑡𝑛 and ∀𝑖. tcap 𝑠𝑖 ∼unif 𝑡𝑖, or
• ∃𝑓 𝑙1, … , 𝑙𝑛 → 𝑟 ∈ ℛ. ∀𝑖. tcap 𝑠𝑖 ∼unif 𝑙𝑖



TCAP-unifiability [Giesl+'05]

 complete estimation of reachability:

𝑠 ↪ℛ 𝑡 ⟹ tcapℛ 𝑠 ∼unif 𝑡

Implementation in NaTT:  tcap 𝑠 ∼unif 𝑡 ⇒
• 𝑠 ∈ 𝒱 or
• 𝑡 ∈ 𝒱 or
• 𝑠 = 𝑓 𝑠1, … , 𝑠𝑛 and

• 𝑡 = 𝑓 𝑡1, … , 𝑡𝑛 and ∀𝑖. tcap 𝑠𝑖 ∼unif 𝑡𝑖, or
• ∃𝑓 𝑙1, … , 𝑙𝑛 → 𝑟 ∈ ℛ. ∀𝑖. tcap 𝑠𝑖 ∼unif 𝑙𝑖



TCAP-unifiability reformulated

 complete estimation of reachability:

𝑠 ↪ℛ 𝑡 ⟹ 𝑠 ↪ℛ,1 𝑡

Definition:  𝑠 ↪ℛ,1 𝑡 iff
• 𝑠 ∈ 𝒱 or
• 𝑡 ∈ 𝒱 or
• 𝑠 = 𝑓 𝑠1, … , 𝑠𝑛 and

• 𝑡 = 𝑓 𝑡1, … , 𝑡𝑛 and ∀𝑖. 𝑠𝑖 ↪ℛ,1 𝑡𝑖, or

• ∃𝑓 𝑙1, … , 𝑙𝑛 → 𝑟 ∈ ℛ. ∀𝑖. 𝑠𝑖 ↪ℛ,1 𝑙𝑖

if 𝑠 ↪ℛ 𝑙 → 𝑟 ∈ ℛ then give up

valid only if 𝑟 ↪ℛ 𝑡



𝑘-step look-ahead (only in NaTT)

 complete estimation of reachability:

𝑠 ↪ℛ 𝑡 ⟹ 𝑠 ↪ℛ,𝑘 𝑡

 Experiments: (𝑘 = 8, empirically chosen)
+10 YESs (all known, from MNZ_10)

Definition:  𝑠 ↪ℛ,𝑘 𝑡 iff
• 𝑠 ∈ 𝒱 or
• 𝑡 ∈ 𝒱 or
• 𝑠 = 𝑓 𝑠1, … , 𝑠𝑛 and

• 𝑡 = 𝑓 𝑡1, … , 𝑡𝑛 and ∀𝑖. 𝑠𝑖 ↪ℛ,𝑘 𝑡𝑖, or

• ∃𝑓 𝑙1, … , 𝑙𝑛 → 𝑟 ∈ ℛ. ∀𝑖. 𝑠𝑖 ↪ℛ,𝑘 𝑙𝑖 and 𝑟 ↪ℛ,𝑘−1 𝑡

if 𝑠 ↪ℛ 𝑙 → 𝑟 ∈ ℛ, check 𝑟 ↪ℛ 𝑡



Estimating reachability

 Requirements
 efficiency: can't be as hard as termination proving

 completeness: if t is reachable from s, then it must say so

 soundness (only for nontermination)

 Proposed solutions
 symbol transition graph

 generalized TCAP-unifiability

 combination



Combination (straightforward)

Definition:  𝑠 ↪ℛ,𝑘 𝑡 iff
• 𝑠 ∈ 𝒱 or
• 𝑡 ∈ 𝒱 or
• 𝑠 = 𝑓 𝑠1, … , 𝑠𝑛 and

• 𝑡 = 𝑓 𝑡1, … , 𝑡𝑛 and ∀𝑖. 𝑠𝑖 ↪ℛ,𝑘 𝑡𝑖, or
• if 𝑘 = 0 then use 𝑮𝓡
• else ∃𝑓 𝑙1, … , 𝑙𝑛 → 𝑟 ∈ ℛ. ∀𝑖. 𝑠𝑖 ↪ℛ,𝑘 𝑙𝑖 and 𝑟 ↪ℛ,𝑘−1 𝑡



Conclusion

 (Almost) exact usable rules via reachability

 New reachability estimation
 symbol transition graph

 k-step look-ahead (generalizing TCAP-unifiability)

 TODO:
 missing formalizations/implementations/evaluations

 use substitution

 combine with CTRS techniques [Sternagel & Sternagel '16]?


