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Preface

Thefieldsof ProgrammingLanguagesandRewriting Theoryhave in thepastben-
efitedfrom eachother. For example,termrewriting systemshave proven to be a
usefultool for expressingspecificationsandreasoningaboutthem.Thelambdacal-
culus,hasprovenusefulin thestudyof parameterpassingprinciplesandprovided
a soundbasisfor thesemanticsof functionalprogramminglanguages.In orderto
bettermodelthe implementationsof programminglanguages,graphsareconsid-
eredratherthanterms. The oldestwork on term graphrewriting concentrateson
acyclic graphs.Recently, thefocusis shifting towardscyclic graphs.In first order
rewriting the resultsareexcellent. The functionalprogramminglanguageClean
hasanunderlyingmodelthatis basedongraphrewriting. Thismodelprovidesthe
semanticsfor the languagebut it hasonedrawback: becausea programis trans-
lated to a rewrite systemplus an expressionit is relatively hard to reasonabout
thecompilationprocessitself. If oneuseshigherordergraphrewriting thenit is
possibleto expressfunctionsastermsratherthanasrewrite rules. As a resultwe
canrepresentanentireprogramby a singleterm. This makesreasoningaboutthe
compilationprocesseasierbecausetheoptimizationof theprogram,which is the
mostcomplicatedpartof a compilerfor a functionalprogramminglanguage,now
canbe expressedasa rewrite system. The Glasgow Haskell Compilerusesthis
approach.

Designingaconfluentgraphrewriting system,basedonaconfluenttermrewrite
system,is anon-trivial taskif thegraphrewrite systemalsohasto satisfyefficiency
conditions.In thefirst-ordercaseit is oftenpossibleto find aconfluentrewrite sys-
temthathasthedesiredexpressiveness.However, in thehigher-ordercasethereis
adirecttrade-off betweenexpressivenessandconfluence.Thismeansthatalthough
working with non-confluentrewrite systemsis inconvenient,we have to consider
them.

In first order rewriting the importantpropertieswere termination(SN) and
uniquenessof normal forms (UN). Thesepropertiesguaranteethat computation
stopsandthat the answeris the sameno matterhow the computationwasdone.
In thelambdacalculuswe alsohadmeaningfulinfinite reductions.Ratherthanre-
ducingtermsto normalform, theBöhmTreeof a termwascomputed.Thenotion
of Böhmtreeextendsthatof normalform: if a termterminatesthenits Böhmtree
is its normalform. But theBöhmtreecanbecomputedfor any term. Böhmtrees
have thesameuniquenesspropertyasnormalforms: given two convertible terms
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2 PREFACE

their Böhm treesarethe same.We will alsorefer to this propertyastheunique-
nessof infinite normalforms (UN∞). Thekey observation is that confluenceand
uniquenessof normalformsarethesamepropertyin thepresenceof termination,
but that confluenceanduniquenessof infinite normalforms arenot. Confluence
impliesuniquenessof infinite normalforms,but not theotherway around.Thus,
we searchedfor andfound a new propertythat resemblesconfluenceandthat is
equivalentto uniquenessof infinite normalforms:skew confluence.Thisnotionis
basedon theintuition thatsometermsarebetterthanothersandthattermsreduce
to betterterms. It statesthat if a term reducesto two otherterms,the secondof
thosetermscanalwaysbereducedto a termthatis betterthanthefirst.



Chapter 1

Intr oduction

Graphrewriting is a ratherintuitive subject,but unfortunatelyproofscanbecome
very tedious. We have chosento give an extensive informal introductionat the
start,in orderto make it easierto skip entirechaptersof formaldetailslater.

The introductionis split into four sections. The first two sectionsdealwith
thesyntaxandsemanticsof first andhigher-ordertermgraphs.We will introduce
syntacticconstructs,suchasthe let, µ, letrec andlambda-abstractionandfor every
syntacticconstructthat we addwe will discussthe featuresof programminglan-
guagesthat it models.We will alsodiscusstheexpressive power of theconstructs
in termsof graphsandtrees.In thethird sectionwefocusontheapplicationsin the
field of programminglanguages.Amongothers,we will considertheapplication
thatmotivatedthework in this thesis:programtransformations. Wewill show that
this applicationforcesus to considernon-confluentrewrite systemsin our treat-
mentof semantics.In thefourth sectionwe discussour approachto thesemantics
of termgraphrewriting. Thatis, we will discussthenotionof Böhmtreeandhow
to generalizethisnotionto non-confluentrewrite systems,usingthenotionof skew
confluence.

1.1 First-order term graphs

1.1.1 Term Rewriting Systems

Algebraicspecificationsarea well-known topic in computerscience.Thesespec-
ifications consistof a signature,describinghow we can build terms,and some
equationsthatdescribeanequivalencerelationon theterms.Seefor examplethe
specificationof thenaturalnumberswith additionandmultiplicationin Table1.1.
More precisely, a signature consistsof a setof functionsymbolswith a fixedarity
andaninfinite setof variables.Thesetof first order termsover a signatureallows
only variablesandfunctionapplicationsin theconstructionof terms.

If wereplacetheequalsignsby left to right arrowsthenwegettherewrite rules
of a termrewriting system. Theideais thatby repeatedlymatchinga left-handside

3



4 CHAPTER1. INTRODUCTION

Table1.1Specificationof thenaturalnumberswith additionandmultiplication
Signature

0 constant
S unaryfunctionsymbol�����

binaryfunctionsymbols
X
�
Y
�
Z
�������

variables
Equations

X
�

0 	 X
X
�

S
 Y ��	 S
 X � Y �
X
�

0 	 0
X
�

S
 Y �	 X
� 
 X � Y �

of arewrite ruleandreplacingit by theright-handsideweturntheequivalenceinto
acomputationor reductionsequence.For example,

S
 0� � S
 0��� S
 S
 0� � 0��� S
 S
 0�����
If wearenot interestedin theintermediateresults,wewill abbreviatethisreduction
sequenceto

S
 0� � S
 0������ S
 S
 0�����
The standardgraphicalrepresentationof termsis by meansof trees. In Fig.

1.1 we have drawn the pictureof 2
�

x, which we refer to asthe graphof 2
�

x.
Note that we distinguishbetweenthe constant2 and the variablex by drawing
an arrow for the former anda labeledline for the latter. The reasonfor making
this distinction is that we do not counta variableasa node. A variableis just a
placeholderfor somethingelse.We think of the line with a variableat theendas
a labelededgethathasa sourcenodebut not yet a destinationnode.Theview of
variablesasunfinishednodesis especiallyimportantduring theconstructionof a
graph.Oncetheconstructionof agraphis finished,variablesoftenbehave just like
constants,which arenodes. Therefore,variablesareofficially labels,but drawn
just likenodesto helpintuition. Thisdifferencewill returnin theformaldefinition
of thegraphof a termin Chap.3.

1.1.2 Sharing

Termrewriting isn’t very efficient. Thereasonis thattermsoftencontainthesame
sub-termmany times.For example, 
 1 � 2� � 
 1 � 2� containsthesub-term
 1 � 2�

�
2 x

Figure1.1: Thegraphof 2
�

x
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�
�

1 2

Figure1.2: Thegraphof let x 	 1
�

2 in x
�

x

twice. It is not efficient to write thesesub-termsdown many times. It is much
betterto write it down onceandshare that singleoccurrence.For example,we
couldrepresent
 1 � 2� � 
 1 � 2� by

let x 	 1
�

2 in x
�

x �
We canalsoexpressthis sharingin pictures.In Fig. 1.2we have drawn thegraph
of this term.

Using the let syntax,we not only needlessspaceto write down terms,but
wecanalsoevaluatethemmuchmoreefficiently becauseinsteadof reducingeach
occurrenceof thesub-termseparately, we canreducethesharedoccurrenceonce.
For example,given 
 1 � 2� � 
 1 � 2� anordinarytermrewrite systemwould add1
and2 thenadd1 and2 againandfinally add3 and3. Theefficient way of doing
thiscomputationis to add1 and2, remembertheresultandthenadd3 and3. That
is, usingthe let constructwe have thefollowing reductionsequence:
 1 � 2� � 
 1 � 2��� let x 	 1

�
2 in x

�
x recognizethesharing,� let x 	 3 in x

�
x compute1

�
2,� 3

�
3 fill in theresult,� 6 andcomputethefinal result.

Even though this reductioncontainsmore stepsthan the reductionin the term
rewrite system,we considerthis reductionmoreefficient becauseit usesonly two
additionsinsteadof three. In Fig. 1.3 we have donethe reductionin the graph.
Fromleft to right we do two steps.In thefirst stepwe add1 and2 andreplacethe
plusby theresulting3. In thesecondstepwe add3 and3 andreplacetheplusby
theresulting6. If we translatethis reductionsequenceto termsthenwe get:

let x 	 1
�

2 in x
�

x � let x 	 3 in x
�

x � 6 �
An importantcharacteristicof thegraphsobtainedfrom termswith let is that

they containno cycles. Moreover, termswith let aresufficient to representthis
classof graphs.That is, given any directedacyclic graph (dagfor short)we can
find a term with let that representsit. The term with let that representsa certain
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�
1 2

� � � 6
�
3

Figure1.3: Sharedevaluationof 
 1 � 2� � 
 1 � 2�
graphis not uniquelydetermined.For example,Fig. 1.2 is not only thegraphof
 let x 	 1

�
2 in x

�
x� , but alsothatof 
 let z 	 1

�
2 in z

�
z� , 
 let y 	 1 in let x 	

y
�

2 in x
�

x� , 
 let z 	 2 in let x 	 1
�

z in x
�

x� andmany moretermswith let.

1.1.3 Recursion

In the theory of functional programminglanguagesinfinite objectsplay an im-
portant role, especiallyinfinite trees. Someof theseinfinite treeshave a finite
representation.The simplestform of finitely representableinfinite treesare the
recursivelydefinedtrees. For example,the infinite list of onescanberecursively
definedasthelist thatstartswith a1 andis followedby thelist itself. By usingthe
µ-constructwe canexpressthis in a term:

µx� 1 :: x
�

wherewe usethe infix operator:: astheconsoperatoron lists. Thegraphof this
termis drawn in Fig. 1.4.

Likethelet constructtheµ-constructmayoccuranywherein aterm. Its general
form is µx�M whereeveryfreeoccurrenceof x in M is boundby theµx. Onµ-terms
we have thefollowing rewrite rule:

µx�M � � µ M � x : 	 µx�M � �
wheretheM � x : 	 N � denotessubstitutingN for every freeoccurrenceof x in M.

A specialµ-termis µx� x. If we follow theintuition of recursively definedtrees
thenthis is the term that is recursively definedasitself. This meansthat the in-
tuition of this termis “undefined”. As a matterof fact it is a specialkind of “un-
defined”,which in recentyearshasbeendenotedwith theconstant� , calledblack
hole. We have chosento treat the termsµx� x and � in the sameway. Thus,we
definethegraphof µx� x asthatof � . SeeFig. 1.5.

::

1

Figure1.4: Thegraphof µx� 1 :: x
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�
Figure1.5: thegraphsof µx� x and �

1.1.4 Letrec

Theµ-constructis powerful in thesensethat it canbeusedto representall recur-
sively definedinfinite terms,or regular trees(see[Cou83]). This implies that the
graphsthatcanberepresentedasµ-termsrepresentall recursively definedinfinite
trees.However, theserepresentationsareoftennot very efficient in thesensethat
they usemorenodesthanstrictly necessary. For example,thegraphsin Fig. 1.6all
representthesameinfinite tree.Graph(a) is representedby theµ-term

F 
 µx�A 
 B 
 x��� � µy� B 
 A 
 y�������
Graph(b) is slightly moreefficient than(a),but wecannotrepresentit with only µ;
wealsoneedlet to representthisgraph:

let x 	 µy� A 
 B 
 y��� in F 
 x � B 
 x�����
Graph(c) is themostefficient representation,but this graphcannotberepresented
by µ-termswith or without let. In orderto representthisgraph,we needthe letrec.
Usingthe letrec we canrepresentthisgraphby:�

F 
 x � y��� x 	 A 
 y� � y 	 B 
 y��� �
Thegeneralform of the letrec is�

M � x1 	 M1
�������!�

xn 	 Mn � �
We will refer to M as the external part of the letrec and to the bindingsx1 	
M1
�������!�

xn 	 Mn asthe internalpart, or the declarations.We will often abbrevi-
atethiswith

�
M � D � . In theliteraturethe letrec oftenoccursin adifferentsyntactic

form. For example,
M wherex1 	 M1

�������"�
xn 	 Mn

(a) (b) (c)

F

A B

AB

F

B

A

B

F

A B

Figure1.6: Threegraphsthatrepresentthesameinfinite term
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/0#
let $ #

µ$#
let
�
µ$#

letrec $
Figure1.7: Expressivenesshierarchyof graphsemantics

and
letrec x1 	 M1

�������%�
xn 	 Mn in M �

In Chapter4 westudytheclassesof graphsthatcanberepresentedby (combi-
nationsof) thevariousconstructswe have introducedsofar. Theseclassesform a
hierarchy, which is drawn in Fig. 1.7. In thisfigurewehave representedclassesof
termsby setsof constructsthatareaddedto thebasicvariableandfunctionappli-
cation.An arrow in thepicturemeansthattheclassat thesourceendof thearrow
is strictly includedin theclassat thedestinationend.

1.1.5 Unwinding

Oneof the semanticsof a graphis its unwinding. The unwindingof a graphis
a possiblyinfinite tree, which canbe obtainedin several differentways. When
we give the formal definition in Chap. 3, we will usea direct constructionthat
involves pathsin a graph. For now, we will describethe unwindingas the limit
of theunwindingprocess.Onestepin theunwindingprocessis asfollows: first,
we choosea nodewith two or morein-goingedges.Then,we adda copy of this
nodeto the graph. Finally, we redirectsomeof the edgesgoing to the original
nodeto the newly createdcopy. To ensurethat we do not introducenodesthat
arenot accessiblefrom the root, we must do the redirectionin sucha way that
there is at leastone in-going edgeto both the original and the copy. Fig. 1.8
illustratesthisprocess.Theunwindingof agraphis thepossiblyinfinite treethatis

pick copy redirect

unwind

Figure1.8: A singleunwindingstep.
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��
2121

� ::

1 ::

1 ::

1

F

A B

AB

B

B

A

A

let x 	 1
�

2 in x
�

x µx� 1 :: x
�
F 
 x � y�&� x 	 A 
 y� � y 	 B 
 x���

Figure1.9: Examplesof unwindings.

formedattherootof thegraph,duringa“f air” unwindingsequence.An unwinding
sequenceis “f air” if everynodethathastwo or morein-goingedgeswill eventually
bechosenasthenodethatwill becopied. For finite acyclic graphs,we have that
every unwindingsequenceis finite andhencethat every unwindingsequenceis
“f air”.

In Fig. 1.9we have drawn theunwindingsof sometermsthatwe have usedas
examplesbefore:let x 	 1

�
2 in x

�
x, µx� 1 :: x and

�
F 
 x � y��� x 	 A 
 y� � y 	 B 
 x��� .

Thegraphsof thesetermsaredrawn in Fig. 1.2,1.4and1.6(c),respectively.

The graphsthat have the sameunwindingcanbe characterizedasthe graphs
that arebisimilar. Two graphsarebisimilar if we canplay the following game
without loosing. A stateof the gameis a pair of nodes,thatarelabeledwith the
samefunctionsymbol.Theinitial stateof thegameis thepairof rootnodesof the
graphs.Our opponentpicksonenodein thepair andoneargumentof thatnode.
If thatargumentis a variableandthecorrespondingargumentof theothernodeis
thesamevariablewe win otherwisewe loose.If theargumentof thechosennode
is a nodeandtheargumentof theothernodeis alsoa node,suchthat thepair of
argumentsis a legal statethegamecontinuesin thatstate.Otherwisewe loose.

Oneof the importantpropertiesof the unwindingof a graphis that it is the
uniquetreethat is bisimilar with that graph. Thus,sincethey have the sameun-
windingall graphsin Fig. 1.6arebisimilar.

Anotherwayof constructingtheunwindingof agraphis by meansof rewriting
the termsthat representgraphs.Theµ-rule is anexampleof a rule thatexpresses
unwinding.For the let andletrec we can,for example,usethefollowing rules:

let x 	 M in N � N � x : 	 M ��
M0 � x1 	 M1

�������!�
xn 	 Mn' (*) +

D

�,� M0 � x1 : 	 � M1 � D � �������!� xn : 	 � Mn � D �-�
In sections7.1and8.1rewrite systemsfor unwindingwill betreatedin detail.
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Table1.2CombinatoryLogic

I x � x
K xy � x
Sxyz �.
 xz�/
 yz�

1.2 Higher-order term graphs

1.2.1 Lambda Calculus

Oneof the goalsof this work is to provide a theoreticallysoundframework for
reasoningaboutprogramoptimizationin particularandprogramtransformations
in general.So far, we have modeledtheexecutionof a programby encodingthe
declarationsof theprograminto a termrewrite system,which is usedto reducethe
main expressionof the program.Anotheroption is to encodethe entireprogram
into a termthat is thenreducedusinga “universal” rewrite system.For reasoning
aboutprogramexecutionboth approacheswork fine. However, reasoningabout
transformationsonthetranslationof declarationsto arewrite systemmeansthatwe
have to reasonaboutthe transformationof a rewrite system.Whereas,reasoning
aboutthetranslationof theprogramto a termmeansequationalreasoningabouta
term.Thelatteris moreconvenientandbetterdeveloped.

Oneof the propertiesof a “universal” rewrite systemis that it is capableto
encodefunctionsasterms.For example,wemustbeableto encodethefunction0"1325476 : x 8� x

�
x �

A typical exampleof a “universal” rewrite systemis CombinatoryLogic (CL),
which is the term rewrite systemgiven in Table 1.2, and the lambda calculus
([Bar84]), which is a higherorder rewrite system.In CL we canencodethefunc-
tion twice as

S 
 � � I �
wheretheparenthesesaroundthe

�
turn it from aninfix operatorto a prefix oper-

ator. That is, 
 � � 12 9 1
�

2. If we applytheencodingof twice to 2 thenwe get
thefollowing evaluation:

S 
 � � I 2 � 2
� 
 I 2��� 2

�
2 � 4 �

In thelambdacalculuswe canencodethefunctiontwice as

λx � x � x �
If we applythisencodingto 2 thenwe get:
 λx � x � x� 2 � � β 2

�
2 � 4 �
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λx

x x

�
Figure1.10:Encodingof thefunctiontwice

Notethatbecauseof the I in theencodingin CombinatoryLogic we needanextra
stepin the reduction. If you comparethe reductionof the encodingto the eval-
uationdonein anactualimplementationthentheseextra stepsdo not correspond
to anything: they arereally “extra”. Also, theencodingin the lambdacalculusis
syntacticallymuchcloserto the real program. Therefore,we will work with the
lambdacalculusratherthanCombinatoryLogic.

In the exampleof the encoding,we have useda lambdacalculusthat we ex-
tendedwith naturalnumbersandaddition. The pure lambdacalculushasa sig-
naturethat consistsof variablesanda singlebinary function symbol, called the
application,which is denotedby both the function symbol@ and juxtaposition.
That is, @
 M � N � andM N aretwo differentnotationsfor thesameterm. Lambda
termsareformedfrom variables,functionapplicationsandthelambdaabstraction:

λx �M �
wherethex canbeany variableandtheM any lambdaterm. Themostimportant
rewrite ruleof thelambdacalculusis theβ-rule:
 λx �M � N � � β M � x : 	 N �:�
It is simpleto draw a pictureof a lambdaterm. All onehasto do is treatλx asa
unaryfunctionsymbol. In this way we have drawn thepictureof theencodingof
thefunctiontwice in Fig. 1.10.

1.2.2 Lambda Calculus and Sharing

The β-rule hasone problem: if the boundvariableoccursmany times then the
argumentis copiedmany timesin thereductionstep. It is muchmoreefficient to

λx

x x

�
@

2

�
2

4

Figure1.11:Graphreductionof 0"132%4!6 2
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λx

@

@

λx 2� �x

x x

Figure1.12:A confusinglambdagraphwith labels

sharetheargumentratherthancopy it. Thatis, insteadof puttinga substitutionon
theright-handsideweputa let:
 λx �M � N � �*�;� �

βlet
let x 	 N in M �

For 0"1325476 2 this leadsto the reductionsequencedepictedin Fig. 1.11. In this
figurewe have drawn lambdagraphsby treatingabstractionsasfunctionsymbols.
While this is commonpracticefor trees,it is confusingin arbitrarygraphs. For
example,if we considerthegraphin Fig. 1.12thenwe have a graphwith a single
β-redex, which we want to reduceby replacingvariablesx with pointersto the
2. But, which variablesshouldwe replace?It is clearthatwe shouldreplacethe
leftmostx, but how aboutthetwo otheroccurrences?

Wecanavoid thisconfusionby representingboundvariableswith arrowscalled
back-pointers. Insteadof labelingnodeswith λxandusinganxasaboundinstance,
we usenodeslabeledλ andarrows, calledback-pointers, to the lambdanodesto
representabstraction.To distinguishbetweenarrows that denoteargumentsand
arrows thatdenoteback-pointers,we follow theconventionthatif anarrow points
to a lambdanodefrom above then it denotesan argumentand if it points to it
from below thenit denotesa back-pointer. An exampleof a lambdagraphwith
back-pointersis drawn in Fig. 1.13. In this graphtheargumentof thelambdais a
back-pointer, bothargumentsof thetopapplicationnodearenormalpointers,asis
thefirst argumentof thesecondapplicationnode,andthesecondargumentof the
secondapplicationnodeis aback-pointer.

Apart from the confusionaboutwhich variablesare bound,thereis another
problem: it is possibleto have back-pointersfrom anywherein thegraphto any-
whereelse. This is very unlike what we have in terms,wherean abstractioncan
only bindvariablesin its own sub-term.To reflectthis sub-termrelationin graphs,
we will addthenotionof scope. With every lambdanodewe will associatea set
of nodes(of which thatlambdanodeis a member),calledthescopeof thelambda
node.Wethenaddtherestrictionthataback-pointerfrom anodeto a lambdanode
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@

λ @

Figure1.13:A lambdagraphwith back-pointers

is only allowed if that nodeis in the scopeof the lambdanode. In pictures,we
will draw a line indicatingtheboundaryof thescope.Thelambdanodeto which
thescopebelongsis drawn on theboundaryandevery othernodein thescopein
drawn insidetheboundary. As anexamplewe have drawn thegraphof 0"1325476 2 in
Fig. 1.14. To make scopesbehave like sub-termswe alsorequirethat scopesare
properlynestedandthatpointerscanonly traversethescopeboundaryin onedi-
rection:from theinsideto theoutside.Theserestrictionsruleout thegraphsin Fig.
1.15.Fromleft to right wehaveaback-pointerillegally crossingascopeboundary,
a forwardpointerillegally crossingascopeboundaryandimpropernesting.These
restrictionsalsoimply thatonly nodesin thescopeof a lambdanodeareallowed
to have back-pointersto thatlambdanodeandthatfrom theoutsideof a scopewe
canonly have apointerto thelambdanodeof thatscope.

1.2.3 Lambda Calculus and Recursion

Wehaveseenhow wecanusecyclesto encoderecursively definedobjects.Cycles
arealsovery usefulin the representationof recursively definedfunctions. Tradi-
tionally recursively definedfunctionshave beenencodedin CL and the lambda
calculusby meansof fixed-pointcombinators. A fixedpoint combinatoris a term
Y suchthat

YF 	 F 
 YF �<�
In thelambdacalculussuchtermscanbefound,for example

Yf 9 λ f �=
 λx � f 
 xx���/
 λx � f 
 xx���>�
If we alsohave theµ-constructthenwe candefine

Yµ 	 λ f � µx� f x �
@

2λ�
Figure1.14:Thegraphof 0%132%4!6 2
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λ
λ

@

@

z z

λ

λ

@
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x x

λ

@

@

z z

Figure1.15:Lambdagraphswith incorrectscopes

This is anotherfixedpoint combinator:
 λ f � µx� f x� F 	 µx� F x	 F 
 µx� F x�	 F 
�
 λ f � µx� f x� F �
The differencebetweenthe two fixed-pointcombinatorscanbe shown in a little
example.Let usconsiderthefactorialfunction?A@ 4 n 	 if n 	 0 then 1 else n

� 
 ?/@ 4 
 n � 1��� �
Usingany fixed-pointcombinatorwe canencodefac as:

Y 
 λ f n � if n 	 0 then 1 else n
� 
 f 
 n � 1����� �

Notethatif we useYµ thenwe canreducetheencodingof fac to

µx� λn � if n 	 0 then 1 else n
� 
 x 
 n � 1���>�

This is muchcloserto the definition we gave. If we usethe letrec thenwe can
encodethis functionasadeclarationandstayevencloserto thedefinition:� � � ?/@ 4 	 λn � if n 	 0 then 1 else n

� 
 ?A@ 4 
 n � 1��� ������� � �
1.2.4 Unwinding of Lambda Graphs

In the first-ordercasewe had two ways to definethe unwindingof a term with
letrec: by meansof unwindingthegraphandby meansof rewriting theterm. The
first definition yields an infinite treeand the secondan infinite term. The same
canbe donefor higher-order terms. In the first-ordercasewe have that the set
of infinite treesandinfinite termsareisomorphicandthatbothdefinitionsarethe
sameup to isomorphism.However, in thehigherordercasethesetof infinite trees
is not isomorphicto the setof infinite terms: a singleinfinite term (infinite trees
with labels)correspondsto many infinite treeswith scopes.Thus,theunwinding
of a graphyieldsaninfinite treewith scopesandtherewriting of a termyieldsan
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Figure1.16:Unwindingthegraphof let y 	B
 λx � let z 	 ux in zz� in yy

infinite treewith labels. Nevertheless,if we translatethe scopedunwindingof a
higher-ordertermto aninfinite treewith labelswe obtaintheinfinite normalform
of theterm.

Obtainingthe unwinding by meansof rewriting works exactly the samefor
higher-order termsas for first-orderterms. Unwinding higher-order graphsis a
little bit moredifficult. If we chooseto duplicatea lambdanodethenwe do not
copy just thelambdanode,but we copy theentirescopeof thelambdanode.This
is necessarybecausewe needto preserve the properstructureof the graph. Fig.
1.16shows what goeswrong if we only copy the lambdanodeandalsoshows a
properunwindingsequencefor thegraphof let y 	 λx � let z 	 xx in uz in yy. In Fig.
1.17we have drawn thescopedunwindingof let z 	 λy� y in λx � z on the left. The
infinite normalform of this termis λxy� y. We have drawn this termin themiddle
andon theright we have drawn thegraphof this term. Note that thethegraphof
theinfinite normalform is not thesameasthescopedunwindingof thegraph.

λ

λ

λ

λ

λx

λy

y

Figure1.17:Theunwindingsof let z 	 λy� y in λx � z
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Figure1.18:Examplesof regularlambdatrees

A naturalquestionto askis which infinite treescanbeobtainedastheunwind-
ing of atermwith letrec. In thefirst-ordercasetheanswerwasall regulartrees.We
would like to give thesameanswerhere,but whatdoesit meanfor a higher-order
treeto beregular? In theremainderof this section,we will answerthatquestion.
Becausetheanswerhasnoimpactontherestof thethesisandbecauseit is arather
complicatedanswer, somereadersmaywish to skip to thenext section.

In thefirst-ordercasea termis regular if thesetof all sub-termsis finite. We
will try to usethis definitionin thehigher-ordercaseaswell, but takingsub-terms
is muchmoredifficult in thehigher-ordercasebecauseof boundvariablesor back-
pointers.

For labeledtreeswe canjust forget that somevariablesareboundby lambda
abstractions,but this leadsto problems.For example,in Fig. 1.18we have drawn
two alphaconvertible infinite lambdatrees. Both treesarethe unwindingof

�
x �

x 	 yx
�
y 	 λx � x� . However, theleft graphhasa finite numberof subtreesandthe

right graphhasinfinitely many subtrees.Worsethanthat,thetreein Fig. 1.19has
only afinite numberof subtrees,but it is not theunwindingof a termwith letrec.

To prove that this tree is not the unwinding of a term with letrec, we must

@

@

@

y

λ

λ

λ

λ

x

y

Figure1.19:Exampleof a lambdatree
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Figure1.20:A labeledtreewith scopes.

observe that thescopedunwindingpreservesthedepthof nestingof scopes.That
is, if themaximaldepthof nestingof thescopesin a graphis n thenit is at mostn
in thescopedunwindingof thatgraph.(It canbelessif themaximalnestingdepth
occursin aninaccessiblepartof thegraph.)With this observationwe canexplain
why we cannotget thegraphin Fig. 1.19astheunwindingof a termwith letrec.
Theonly legal scopingof this treeis given in Fig. 1.20. Becausethis scopingis
nestedinfinitely deepit is impossiblethat this treewasobtainedastheunwinding
of a termwith letrec. To prove thatthis is theonly possiblescopinglet usconsider
anarbitrarynodein thegraph.Wemustprovethatthisnodeis in thescopeof every
lambdanodeabove it. Wewill do soby inductionon thenumberof lambdanodes
above thegivennode.If thereareno lambdanodesabove thegivennodethenwe
aredone. If thereis a lambdanodeabove us thenthenearestlambdanodeabove
usbindsavariablethatis somewherebelow thegivennode.Hence,wemustbein
thescopeof this lambdanode.By inductionhypothesisthis lambdanodehasto be
in thescopeof every lambdanodeabove it. Becausescopeshave to be properly
nestedthis meansthat the given nodeis also in the scopeof every lambdanode
above thelambdanodeandthusin thescopeof every lambdanodeabove it.

Theconclusionis thattakingsub-treesof labeledtreesdoesn’t work. Thesame
holdsfor sub-termsof treeswith deBruijn labels.In Fig. 1.21we have drawn the
sametermasin Fig. 1.19but this timewith deBruijn labels.

Thesolutionis to considersub-treesof scopedtrees.At first sight,takingsub-
treesof scopedtreeslooksimpossiblebecauseback-pointerswouldbeleft without
a lambdato point to. This problemcanbeovercomeby introducingnodeslabeled
ν thatarealsoallowedto bind. Wethendefinethesub-treeatacertainpointasthe
treestartingwith asmany ν-nodesaswe have scopesat thatpoint followedby the
real sub-treeat thatpoint, wherewe connectevery back-pointerto a nodethat is
not in thesub-treeto thecorrespondingν-node.Seefor exampleFig. 1.22,where
we have draw thegraphof xλxy� yx andindicatedall sub-trees.Notethatwe take
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Figure1.21:An infinite lambdatermwith deBruijn indices

sub-treesat edgesratherthansub-treeat nodes.Using this notion of subtreewe
candefineregularlambda-trees.Weconjecturethatthesetof regularlambda-trees
is preciselythesetof lambda-treesthatcanbeobtainedastheunwindingof terms
with letrec.

1.3 Programming Languages

In the pastsectionswe have often motivatedthe introductionof a new concept
by referringto anapplicationin thefield of programminglanguages.In this sec-
tion we will elaborateon theseapplications.More precisely, we will show how
to userewriting on termswith letrec to describeprogramexecutionandprogram
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@
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ν

ν
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ν

ν

@

x λ
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Figure1.22:A lambda-treeandall its sub-trees.
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transformations.Wewill alsoshow thelimitationsof thisapproach.

1.3.1 Program Execution

We have given many examples,wherewe reduceda term and claimedthat the
reductionmodeledtheexecutionof theprogram.Wewill now discussthemodeling
of programexecutionin detail.Let usconsidertheterm�

F 
 xy
�
xy�C� x 	D
 λxy� x� A � y 	E
 λx � xx�/
 λx � xx���F�

We can think of this term as a programin a functional programminglanguage.
Threepossibleimplementationsof a functionalprogramminglanguagearecall-
by-name, call-by-needandcall-by-value. By usingdifferentrewrite ruleswe can
modeltheseimplementations.

Thesimplestimplementationis call-by-name.To evaluateafunctioncall using
call-by-namewepasstheexpressionsthataregivenasargumentsandstartto eval-
uatethebodyof thefunction.Every timeweneedanargumentwemakeacopy of
theexpressionthatwaspassedfor thatargumentandevaluateit. For our example
wecanmodelthiswith thefollowing reductionsequence:�

F 
 xy
�
xy�C� x 	B
 λxy� x� A � y 	B
 λx � xx�/
 λx � xx���� � �es

�
F 
�
 λxy� x� Ay

�
xy�G� x 	D
 λxy� x� A � y 	B
 λx � xx�/
 λx � xx���� � β 2 �

F 
 A � xy�H� x 	B
 λxy� x� A � y 	E
 λx � xx�/
 λx � xx���� � �es

�
F 
 A � 
 λxy� x� Ay �G� x 	B
 λxy� x� A � y 	B
 λx � xx�/
 λx � xx���� � β 2 �
F 
 A � A�H� x 	E
 λxy� x� A � y 	E
 λx � xx�/
 λx � xx���G	 F 
 A � A�

Similar, but muchmoreefficient is call-by-need.To evaluatea function call us-
ing call-by-needwe passtheexpressionsthataregiven asargumentsandstartto
evaluatethebodyof thefunction.Thefirst time we needa particularargumentwe
evaluatethatargumentandstorethe result. If we needthesameargumentagain,
we usethe storedresult. For our examplewe canmodel this with the following
reductionsequence:�

F 
 xy
�
xy�I� x 	B
 λxy� x� A � y 	B
 λx � xx�/
 λx � xx����J�K�β L � F 
 xy

�
xy��� x 	 � λy� xMN� xM"	 A� � y 	E
 λx � xx�/
 λx � xx����J�K�

im

�
F 
 xy

�
xy�&� x 	 λy� xM � xM"	 A

�
y 	B
 λx � xx�/
 λx � xx���� � �es

�
F 
�
 λy� xM=� y � xy�C� x 	 λy� xM � xM7	 A

�
y 	D
 λx � xx�/
 λx � xx����J�K�β L � F 
 � xMO� yM!	 y� � xy�G� x 	 λy� xM � xM7	 A
�
y 	B
 λx � xx�/
 λx � xx���� � �es

�
F 
 � xMO� yM!	 y� � 
 λy� xM=� y�G� x 	 λy� xM � xM"	 A

�
y 	E
 λx � xx�/
 λx � xx����J�K�β L � F 
 � xM � yM 	 y� � � xM � yM 	 y���G� x 	 λy� xM � xM 	 A
�
y 	B
 λx � xx�/
 λx � xx���	 F 
 A � A�

Anothernamefor call-by-needis lazyevaluation. Call-by-valueis completelydif-
ferentfrom call-by-nameandcall-by-need.To evaluatea functioncall usingcall-
by-needwe first evaluateeachof theargumentsandonly afterhaving successfully
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evaluatedtheargumentwe will startevaluatingthebodyof the function. For our
examplewecanmodelthiswith thefollowing reductionsequence:�

F 
 xy
�
xy��� x 	B
 λxy� x� A � y 	B
 λx � xx�/
 λx � xx� �� � β � F 
 xy
�
xy��� x 	B
 λxy� x� A � y 	E
 λx � xx�/
 λx � xx� �� � β �����

1.3.2 Program Transformations

Oneof the purposesof programtransformationis the optimizationof programs.
For example,let usconsidertheprogram�

f 0%P"QN6 � f 	 λx � x :: 
 f 
=ROS 0 x����� �
wherewe have thepredefinedrewrite rulesRNS 0T0%P"QO6 � ?/@5UAV 6RNS 0 ?/@5UAV 6 � 0%P"QO6
This programcomputesan alternatinglist of booleansstartingwith true. The
sameinfinite list is computedby theprogram�

f
05P!QN6 � f 	 λx � � y � y 	 x :: RNS 0 x :: y��� �

However, theperformanceof thetwo programsis radicallydifferent: thefirst pro-
gramneedsaninfinite numberof β-steptocomputethelist, while thesecondtermi-
natesafterasingleβ-step.In severalsteps,wewill now transformthefirst program
into thesecond.

As thefirst stepin the transformationwe inline thedefinitionof f into itself.
Thatis, we substitutethedefinitionof f for anoccurrenceof f in thedefinitionof
f andwe let this substitutionbefollowedby a β-step.�

f
05P!QN6 � f 	 λx � x :: 
 f 
=RNS 0 x������ � �cs

�
f 05P!QN6 � f 	 λx � x :: 
�
 λx � x :: 
 f 
=ROS 0 x�����/
=RNS 0 x������ � β �
f 05P!QN6 � f 	 λx � x :: 
=ROS 0 x� :: 
 f 
=RNS 0 
=ROS 0 x���������

Becausewe know thatfor any x it holdsthat
=RNS 0 
=ROS 0 x���T	 x
�

thenext stepin thetransformationis�
f 05P!QN6 � f 	 λx � x :: 
=RNS 0 x� :: 
 f 
=RNS 0 
=ROS 0 x�������	 � f 0%P"QO6 � f 	 λx � x :: 
=RNS 0 x� :: 
 f x��� �
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set-car!

cons

x y

z cons

y

z

Figure1.23:Thefunctionset-car! in Scheme

In this lasttermwe cannow seethata functionis recursively calledwith thesame
arguments.Thisallowsusto replacethatparticularfunctioncall with acycleusing
thefollowing axiom:�

M � f 	 λx �C � f x� � D ��	 � M � f 	 λx � � y � y 	 C � y�W� � D ���
Thus,thelaststepin thetransformationis:�

f 0%P"QN6 � f 	 λx � x :: 
=RNS 0 x� :: 
 f x���	 � f 05P!QN6 � f 	 λx � � y � y 	 x :: 
=RNS 0 x� :: y�����
Much moreaboutthe useof termswith letrec in the implementationof the pure
functionalprogramminglanguageHaskell canbefoundin [dMS95].

1.3.3 Limitations

Becausetermswith letrec representgraphs,we canseerewriting termswith letrec
asgraphrewriting. Oneof theadvantagesof this approachis that termrewriting
canbedirectlyappliedto graphs.Thus,wehaveanotionof graphrewriting thatis
relatively easyto work with. However, in somecaseswemustdefineanativegraph
rewriting notation. That is, we mustdefinea rewrite relationdirectly on graphs.
For example,we maydescribethebehavior of theset-car! function in Scheme
with the rewrite rule in Fig. 1.23.1 Syntacticallywe canwrite this graphrewrite
ruleasa rewrite ruleon listsof declarations:

u 	 set-car! 
 v� z� � v 	 cons 
 x � y��� u 	 v
�
v 	 cons 
 z� y���

However, we cannotexpressthis rule a termrewrite rule on termswith letrec. We
will not pursuethis notion of graphrewriting any further. Instead,we continue
by discussinga serioustechnicalproblem: the fact that higher-order term graph
rewriting is not confluent.

Becausewe want to studyprogramoptimizationasa rewrite system,we will
needrewrite systemsthatcanexpresstheinlining transformation.As wehaveseen
in our examplethe inlining transformationfor the lambdacalculusconsistedof a
substitutionfollowedby severalβ-steps.Theconclusionis thatin orderto beable

1This examplewastakenfrom [LDLR99].
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to inline every function everywherewe need(amongothers)the following three
substitutionrules:�

C � x�X� x 	 M
�
D � � � �es

�
C �M �3� x 	 M

�
D ��

M � x 	 C � y� � y 	 N
�
D �Y� � �

is

�
M � x 	 C �N � � y 	 N

�
D ��

M � x 	 C � x� � D � � � �cs

�
M � x 	 C �C � x�J� � D �

Theserulesarecalledexternalsubstitution,internalsubstitutionandcyclic substi-
tution.2 Unfortunately, thesethreerulesform a non-confluentrewrite system.For
example,considertheterm

�
x � x 	 F 
 x� . Wecanreducethis termasfollows:�

x � x 	 F 
 x��� cs

es

�
x � x 	 F 
 F 
 x�����

�
F 
 x�G� x 	 F 
 x���

cs�
F 
 x�G� x 	 F 
 F 
 x�����

(1.1)

By further contractingsubstitutionredexes this diagramcannotbe closed: every
reductof

�
x � x 	 F 
 F 
 x����� will have an even numberof F symbolsand every

reductof
�
F 
 x�Z� x 	 F 
 F 
 x����� will have an odd numberof F symbols. If we

extendtherewrite systemwith asetof rulesthatallows usto rewrite any termto a
flat termwith thesamegraphthenwe canclosethediagramasfollows:�

x � x 	 F 
 x��� cs

es

�
x � x 	 F 
 F 
 x�����

flatten�
x � x 	 F 
 y� � y 	 F 
 x���

es
�
F 
 x�&� x 	 F 
 x���

cs

�
F 
 y�&� x 	 F 
 y� � y 	 F 
 x���

flatten�
F 
 x�G� x 	 F 
 F 
 x�����

flatten

�
u � u 	 F 
 v� � v 	 F 
 w� � w 	 F 
 v���

Notethatduringtheflatteningwe alsoapplyα-conversion. It is anopenquestion
if this extensionis confluent. For example,thereis no known way to closethe
following diagramin thissystem:�

x � x 	 F 
 x � x��� �
x � x 	 F 
 F 
 x � x� � x���

�
x � x 	 F 
 x � F 
 x � x�����

2In [AK96, AK97] cyclic substitutionwasdeemedto beaspecialcaseof internalsubstitution.In
this thesiswe assumethat internalsubstitutioninvolvestwo differentequations,becauseit is easier
to understandandbecausethedistinctionis neededin proofs.
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However, it is known that if we add a rule known as “copying”, the result is a
confluentrewrite system. Anyway, we hopeto have madeit clear that thereare
potentialconfluenceproblemsassoonasthethreesubstitutionrulesareallowed.

Adding first-orderorthogonalterm rewriting doesn’t posevery big problems.
A fundamentalresult is that on termswith letrec we have that orthogonalfirst-
order term rewriting modulo unwinding is confluent. However, if we alsohave
lambdaabstractionandβ-reductionthenthenon-confluenceproblemhasa much
morefundamentalnature.

The following exampleis adaptedfrom an examplein [AK97]. Considerthe
term �

f O � f 	 λx � c1 x 
 g 
 Sx��� � g 	 λy� c2 y 
 f 
 Sy�������
Startingwith this termwe have thefollowing two reductions:�

f O � f 	 λx � c1 x 
 g 
 Sx��� � g 	 λy� c2 y 
 f 
 Sy������ � f O � f 	 λx � c1 x 
�
 λy� c2 y 
 f 
 Sy�����/
 Sx������ � f O � f 	 λx � c1 x 
 c2 
 Sx�/
 f 
 S 
 Sx���������
and �

f O � f 	 λx � c1 x 
 g 
 Sx��� � g 	 λy� c2 y 
 f 
 Sy������ � 
 λx � c1 x 
 g 
 Sx����� O � f 	 λx � c1 x 
 g 
 Sx��� � g 	 λy� c2 y 
 f 
 Sy������ � c1 O 
 SO�H� f 	 λx � c1 x 
 g 
 Sx��� � g 	 λy� c2 y 
 f 
 Sy������ � c1 O 
 SO�H� g 	 λy� c2 y 
�
 λx � c1 x 
 g 
 Sx�����/
 Sy������ � c1 O 
 SO�H� g 	 λy� c2 y 
 c1 
 Sy�/
 g 
 S 
 Sy�����������
Even if we useβ-reductionmodulo unwinding equivalencethe terms in which
thesetwo reductionsendhave no commonreduct.

Theconclusionis thatif we wantto considera higher-ordergraphrewrite sys-
temthatcontainsall threesubstitutionrulesthenwe will have to dealwith a non-
confluentrewrite system.Fromtheprogramtransformation,we gave asanexam-
ple, we canconcludethat any rewrite systemthat is capableof expressingmany
suchtransformationswill containthethreesubstitutionrulesandwill thereforebe
non-confluent.Thus,whenwe considerthesemanticsof graphrewriting we will
have to dealwith rewrite systemsthatarenon-confluentandnon-terminating.

1.4 The semanticsof graph rewriting

Given a confluentandterminatingterm rewrite system,we caneasilydefinethe
semanticsof a term to be theuniquenormalform of the termwith respectto the
rewrite system. Unfortunately, we want to considergraphrewrite systemsthat
areneitherconfluentnor terminating.Theproblemposedby thenon-termination
canbesolvedby consideringconstructionssimilar to thatof theBöhmtreein the
lambdacalculus.This solvesoneproblem,but theclassicalway of developinga
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Böhmtreetheorydependson confluence.Therefore,we will needto introducea
new propertythat is strongenoughto do the Böhm treetheoryandweaker than
confluence:skew confluence.

1.4.1 The Böhm tr ee

The lambdacalculusis an exampleof a rewrite systemthat is non-terminating.
Becausethe lambdacalculusis confluent,we have thata termreducesto at most
one normal form. We can still usenormal forms as semanticsby defining the
semanticsof a lambdaterm asthe uniquenormal form the term reducesto if it
exists andundefinedotherwise. However, this semanticsis muchtoo coarse.A
morerefinedapproachis thatof theBöhmtree.Wewill presentthisapproachnow
in theform in whichLévypresentedit in his thesis[L év78].

Thekey observationbehindthedefinitionof theBöhmtreeandsimilarnotions
is thatif we reducea termthensomepartsof thattermcanbecomestable.Thatis,
somepartsof thetermcontainnoredexesandthetermcannotbereducedin away
suchthat thestablepartswill againcontainredexes. Thestablepartof a lambda
termM is thenormalform of M with respectto thefollowing rewrite rules:
 λx �M � N �=�[�\�ωBT

Ω ;

λx �Ω �=�[�\�ωBT
Ω ;

ΩM �=�[�\�ωBT
Ω �

Thisnormalform is denotedwith ωBT 
 M � . Thestablepartof atermis alsoreferred
to asthedirectapproximationof the termor the informationcontentof the term.
Duringa reductiontheinformationcontentincreases.Thatis, we have that

M � � β N 	�] ωBT 
 M �Y^ Ω ωBT 
 N � �
In otherwords,we have that theinformationcontentis monotonicwith respectto
reduction.

The Böhm treeof infinite normalform of a term is thesetof all information
thatcanbefoundin reductsof thatterm.We formalizetheBöhmtreeBT 
 M � of a
lambdatermM asfollows:

BT 
 M ��	 # a _ ωBT 
 Λ �C� M ��[� N
�
a ^ Ω ωBT 
 N �`$a�

In effect theBöhmtreeof M is thedownwardclosureof theset#
ωBT 
 N �H� M ��*� N $b�

The useof a downward closureis necessaryto ensurethat every two convertible
lambdatermshave thesameBöhmtree.Wewill referto this importantpropertyas
theuniquenessof theinfinite normalform UN∞.
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Figure1.24:The �c�[�d�µe µµ reductiongraphof µx� F 
 x�
1.4.2 SkewConfluence

Theµ-calculusis a rewrite systemwith asinglerule:

µx�M � � µ M � x : 	 µx�M �,�
Wecandefineinfinite normalformsfor theµ-calculusby definingtheinformation
contentωµ 
 M � of a term M asthe normal form of M with respectto the rewrite
rule:

µx�M �f�g�ωµ
Ω �

Becausethe µ-calculusis a confluentCRS,we caneasilyprove that the infinite
normalformsareunique.However, if we addtherewrite rule

µx�C � x�X�g� �µµ µx�C �C � x�J�
andkeepthe notion of informationcontentthenwe have a problem: the rewrite
relation �W�[�d�µe µµ is not confluent.For example,we have thefollowing reductions:

µx� F 
 x� F 
 µx� F 
 x��� F 
 µx� F 
 F 
 x�����
µx� F 
 F 
 x���

Thetwo termsµx� F 
 F 
 x��� andF 
 µx� F 
 F 
 x����� do not have a commonreduct,be-
causeany reductof µx� F 
 F 
 x��� will containan even numberof F symbolsand
every reductof F 
 µx� F 
 F 
 x����� will containan odd numberof F symbols. The
reductiongraphof µx� F 
 x� is drawn in Fig. 1.24. The horizontalreductionsare
µ-stepsandthe vertical reductionsareµµ-steps.The dashed’sticks’ indicatethe
termsthathave thesameinformationcontent.

Although �W�[�d�µe µµ is not confluent,it doeshave uniqueinfinite normal forms.
This is becausehaving uniqueinfinite normalforms doesnot directly dependon
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Figure1.25:Overview

confluence,but on theability to derive thesameinformationfrom every reductof
a term. That is, if M reducesto bothN1 andN2 thenwe needto beableto derive
from N2 all theinformationthatwecanderive from N1. Deriving informationfrom
atermmeansreducingthattermandtakingtheinformationcontent.Therefore,it is
sufficient thatif M reducesto bothN1 andN2, weareableto derive theinformation
contentof N1 from N2. That is, it is sufficient if for somereductN of N2 the
following diagramholds:

M N2

N1 h ωµ N

whereP ^ ωµ Q if ωµ 
 P�G^ Ω ωµ 
 Q� . This diagramis a specialcaseof a property
known asskew confluence.Wesaythat � � �α is skew confluentwith respectto � � β if

thefollowing diagramholds:

α

α α

N1 β
N

In the new terminologywe cansaythat �c�;�d�µe µµ hasuniqueinfinite normal forms,
because�c�[�d�µe µµ is skew confluentwith respectto ^ ωµ.
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1.5 Overview

Beforewefinish theintroductionandcontinuewith thetechnicalpartof this thesis
let usgive anoverview of thethesis.(SeeFig. 1.25.)With only a few exceptions,
thefollowing chaptersbuild towardsthegoalof agenerictheoryof infinite normal
formsfor higherordergraphrewrite systems.Ratherthanjust thelambdacalculus
weuseCRSsashigher-orderrewrite systems3.

After the preliminaries,we continuewith the formal definition of the syntax
andsemanticsof termswith letrec.This includestheintroductionof higherorder
termgraphs,whicharea formal representationof thepictureswe have drawn.

In thenext chapterwestudytheexpressive powerof the let, µ andletrec. More
precisely, wegiveacharacterizationof thegraphsthatcanberepresentedby terms,
which usetheseconstructs.In this chapterwe motivatethe useof the letrec, by
showing that the letrec is morepowerful thanthe let andµ together. Technically
speakingthis chapteris anintermezzoasnoneof its definitionsor resultsareused
in theremainderof thethesis.

In Chap.5 wecontinuebuilding towardsthemaingoalby axiomatizingseveral
equivalencerelationson cyclic terms. Among others,we axiomatizethe terms
that have the samegraphand the termsthat have the sameunwinding. As the
applicationto the theoryof graphrewrite systems,we will give rewrite systems
thatcanbeusedasthebasisof graphrewrite systems.

Wecontinuewith astudyof theprinciplesof Böhmtreesandinfinitary rewrit-
ing in Chap. 6. The main technicalvehiclesin this study are completepartial
ordersand abstractrewriting systemson them. A crucial role is playedby the
finite elementsof completepartialorders.

In Chap. 7 we concentrateon rewrite systemsdefinedon termswith letrec.
Most of thesesystemscanbe decomposedinto two setsof rules. Thefirst setof
rulesdealingwith ’bookkeeping’ andthe secondsetdealingwith the real work.
For example, in an explicit substitutionlambdacalculusthe rules dealingwith
substitutionarebookkeepingrulesandtheβ-rule is therulethatdoestherealwork.
Intuitively, a bookkeepingrule is a rule that doesn’t changethe unwinding. We
applythetheoryof thepreviouschapterto termswith letrec to provideaframework
for definingBöhmsemantics.This theoryis extendedwith propertiesof contexts,
whichwecouldnot studyin thepreviouschapter.

In Chap.8 weapplythetheoryof Chap.7. Moreprecisely, wegiveafew more
examplesof unwindingcalculi,we definea genericnotionof infinite normalform
oncertaincombinatoryreductionsystemsandwedoacasestudyof cyclic lambda
calculi.

3For thereaderthatdoesn’t know CRS’s. CRS’s area form of higherorderrewriting. It is best
to think of a CRSaslambdacalculusplus term rewriting pluscomplicatedrulesinvolving lambda
abstractions.





Chapter 2

Preliminaries

2.1 Sets

Onsetswe will usethenormalnotationfor union,intersectionandcartesianprod-
uct. For thedisjoint unionwe usethesymbol i . Theformal definitionof disjoint
unionis i i j I Si 	bk

i j I 
 # i $Il Si � �
However, if wehavedisjointsetsA andB thenwewill makenodifferencebetween
A m B andA i B. We definethebinaryoperatorssetminus( n ) andsetdifference
(∆) by

A n B 	 # a _ A � a o_ B $
A∆B 	E
 A n B�5mp
 B n A�

Thefollowing notationis probablyknown, but we wantto avoid any possiblecon-
fusion:
Set Definition Descriptionq 
 S� #

A � A r S$ thepower setof S;
An Πi j n
Ss m i j-t Si thesetof wordsover S.u #

0
�
1
�
2
������� $ Thesetof thenaturalnumbers.

∞ Infinity.u u m # ∞ $ Thenaturalnumbersplusinfinity.

2.2 Relations

Thoughit is clearwhata partial orderis, the formal definition is not unique. We
usethefollowing definitions:

Definition 2.2.1 A partialorderis a pair 
 S� ^v� , where ^ is a transitive, reflexive
andanti-symmetricbinary relationover S. A setD r S is a directedsetif every

finite subsetD M of D thereexistsd _ D suchthatd is anupperboundof D M . A set

29
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D r S is downwardclosedif w d � d M _ D : d ^ d M _ D 	�] d _ D. A setI r S is an

ideal if I is downwardclosedanddirected.Thesetof idealsover S is denotedbyx 
 S� . A partialorder 
 S� ^Z� is completeif every directedsubsethasa leastupper

bound.

The notionsin the previous definition wereall very well-known. Somewhat
lesswell-known arethefollowing two:

Definition 2.2.2 Givena completepartialorder 
 A � ^v� . An elementa _ A is finite
if for everydirectedsetD r A, suchthata ^ lubD, wehave thatthereexistsd _ D,
suchthat a ^ d. The setof finite elementsin A is denotedby y�
 A� . A CPOis
algebraicif w a _ A : a 	 lub

#
aM _zy 
 A�H� aM ^ a $ .

If {D9|
 A � ^v� is apartialorderthen{v}&9~
 x 
 A� � rZ� is acompletepartialorder,
called the ideal completionof { . If moreover all elementsof { arefinite theny 
 x 
 A����	 #[��# a$�� a _ A $ and {v} is algebraic.

Thedownwardclosure
�

S of a setS is a well-known notion. In addition,we
will alsodefinethefinite elementdownwardclosure

�%�
Sof S. Thisdefinitionuses

thesetof finite approximation
�%� 
 s� of anelements;

Definition 2.2.3 Givenacompletepartialorder 
 A � ^v� , we define�%� 
 s��	 # a _ y 
 A�H� a ^ s$ � w s _ A�%� 
 S��	bm sj S �%� 
 s� � w S r A

Givenapartialorder 
 A � ^Z� , anelementa _ A andasubsetS r A.

- Wesaythata is a lowerboundof S if w s _ S: a ^ s.

- Wesaythata is thegreatestlower boundof S, denotedglbS, if a is a lower-
boundof Sandevery lowerboundaM of SsatisfiestheconditionthataM5^ a.

- Wesaythata is anupperboundof S if w s _ S: s ^ a.

- We saythat a is the leastupperboundof S, denotedlubS, if a is an upper
boundof Sandevery upperboundaM of Ssatisfiestheconditionthata ^ aM .

Basedon thenotionsof leastupperboundandgreatestlower boundwe definethe
following threepartial functionsform sequencesof limit ordinal lengthover A to
A:

lim inf 
 ai � i j α 	 lub
#
a _ A �[� β _ α : w i _ α n β : a ^ ai $ ;

lim sup
 ai � i j α 	 glb
#
a _ A �[� β _ α : w i _ α n β : ai ^ a $ ;

lim 
 ai � i j α 	 lim inf 
 ai � i j α, if lim inf 
 ai � i j α 	 lim sup
 ai � i j α �
For thespecialcaseof setswehave:

lim infγ j α Aγ 	bm γ j α � δ j α � γ Aδ
lim supγ j α Aγ 	 � γ j α m δ j α � γ Aδ
limγ j α Aγ 	 lim infγ j α Aγ if lim infγ j α Aγ 	 lim supγ j α Aγ
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and
lim infγ j α Aγ 	 # x �[� γ : w δ � γ � δ � α : x _ Aδ $
lim supγ j α Aγ 	 # x ��w γ : � δ � γ � δ � α : x _ Aδ $

Proposition2.2.4 Givenanalgebraiccompletepartialorder 
 A � ^v� andasubsetS
of A, wehave thatif theleastupperboundof Sexiststhentheleastupperboundof�%�

Sexistsand
lubS 	 lub

�%�
S �

Proof. We have that lubS is an upperboundof
�%�

S, becausefor every element
a _ �%� S, we have thata ^ aM for someelementaM _ Sandby definitionaM ^ lubS.
By contradictionwe canprove thatlubS is theleastupperboundof

�%�
S: assume

thatb is anupperboundof
�%�

S. We claim thatb is anupperboundof S. By this
claimwehave thatlubS ^ b. To show theclaimlet aM beanarbitraryelementof S.
Wemustnow show thataM ^ b. Becausethepartialorderis algebraicwe have that
aM5	 lub

�%�
aM . Because

�%�
aMNr �%� S andb is an upperboundof

�%�
S, we have

thatlub
�%�

aM/^ b. �
2.3 Abstract Reduction Systems

Introductionsto term rewriting and abstractreductionsystemscan be found in
[Klo92, DJ90]. Here,we will only mentionsomenon-standardnotationwe use
andintroducereductionandconfluencemodulo,for which theredoesnot seemto
beastandardnotationandterminology.

Theusualsymbolfor theconversionrelationis 	 . Becausethis symbol 	 is
alsousedfor thedeclarationof let andletrec, we usea differentsymbol. Because
in diagramsarrows look best,we usea doublesidedarrow. By putting an order
above thearrow we indicatethatevery stepin theconversionis alsoanascending
sequence:

Definition 2.3.1 GivenanARS 
 A � �a� andanorder 
 A � ^v� , we define� �� 	D
���m � ���I��s� h� � ��	D
�
���m � ���I� � ^Z��s
In additionwewill needto indicatein diagramsthatwearerewriting anobject

or a termto normalform. Wewill indicatethiswith aspecialarrow:

Definition 2.3.2 GivenanARS 
 A � �a� , we write a b if a ��;� b andb is a nor-
mal form.

Differentversionsof confluencemoduloandreductionmodulohave beenpro-
posed[Hue80, DJ90]. Ourdefinitionsaregivenin pictorial form in Fig. 2.1andin
algebraicform below:
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a

aM bM
aM M � bM M

(i)

a � b

aM bM
aM M � bM M

(ii)

a�
b � c � d

(iii)

(i) � is weaklyconfluentmodulo �
(ii) � is confluentmodulo �

(iii) � is completefor � � � � modulo �
Figure2.1: Pictorialdefinitions

Definition 2.3.3 GivenanARS 
 A � �b� andanequivalencerelation � on A. Then
- reductionmodulo(written as � � � � ) is definedby:

a � � � � b, if � aM � bM _ A : a � aM � bM � b �
- � is weaklyconfluentmodulo � ifw a � aM � bM _ A : 
 a ���� aM � a ���� bM 	�] � aM M � bM M : aM ��[� aM M � bM ��;� bM M � aM M � bM M � �
- � is confluentmodulo � ifw a � aM � b � bM _ A : 
 a � b

�
a ���� aM � b ���� bM 	�]�� aM M � bM M : aM ��[� aM M � bM ��[� bM M � aM M � bM M �<�

- � is completefor � � � � modulo � ifw a � b _ A : 
 a � � � � � b 	�] � c � d _ A : b � � � � � c
�
c � d

�
a ���� d �<�

2.4 Terms

Definition 2.4.1 A signatureΣ is a triple 
��5�"� �-����� �c�A�c�G��� � , where �5�"� and
�H���

are
disjointsetsof functionsymbolsandvariablesrespectively andwhere

����� �c�
: �5�"�G�u

is a functiongiving thearity of its argument.For every n _ u we definetheset
of n-ary functionsymbolsas �5�"� n 	 # f _ �%�%��� �7��� �c� 
 f ��	 n $
Definition 2.4.2 Thesetof termsover Σ is givenby

M :: 	 x � Fn 
 M1
�������%�

Mn � �
wherex _ �G��� andFn _v�%�%� n.

If @ _ �5�"� 2 thenthesetof lambdatermsover Σ is givenby:

M :: 	 x � Fn 
 M1
�������"�

Mn �H� λx �M �
wherex _ �G��� andFn _ �%�%� n.
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Typicalelementsof
�G���

arex
�
y
�
z
�
u
�
v
�
w, typicalelementsof �5�"� are@

�
F
�
G
�
H.

Therequirementsthatx _ �G��� andFn _��%�%� n in thedefinitionof termswill be left
implicit in thefuture.Thatis, thesetof termswill bespecifiedas:

M :: 	 x � Fn 
 M1
�������!�

Mn �<�
As usualwe will write M N for @ 
 M � N � . Also asusualthe only correctway to
parseλx � xyz is asλx �@ 
@
 x � y� � z� .
Definition 2.4.3 Thesetof positionsin a (lambda)termM, denoted�A�� �
 M � , is a
setof wordsover thenaturalnumbersrecursively definedby�A�� ¡
 x� 	 # ε $�A�� ¡
 F 
 M1

�������!�
Mn ���p	 # ε $�m£¢ n

i ¤ 1
#
i p � p _ �A�� �
 Mi �`$�A�� ¡
 λx �M � 	 # ε $�m # 1p � p _v�A�� �
 M �`$

For p _ �A�� ¡
 M � wedefinethesubtermof M at positionp, M � p, as

M � ε 	 M
F 
 M1

�������%�
Mn �[� i p 	 Mi

λx �M � 1p 	 M

For p _ �A�� ¡
 M � wedefinethecontext of M atpositionp, M � � p, as

M � � ε 	¥�
F 
 M1

�������%�
Mn �*� � i p 	 F 
 M1

�������!�
Mi ¦ 1

�
Mi � � p � Mi § 1

�������"�
Mn �
 λx �M �*� � i p 	 λx �=
 M � � p �

Definition 2.4.4 Thesetof termsΛ of the lambdacalculuswith positions 
 Λ � � � p� pj t7¨ is givenby:
M :: 	 x � λx �M � M M

Thereductionrelation � � p is givenby:

M � � p N
 λx �M � N � � ε M � x : 	 N � λx �M ���d�1p λx �N
M � � p N M � � p N

M P ���d�1p
NP PM ���d�2p

PN

2.5 Diagrams

A powerful technique,decreasingdiagrams,to prove commutativity from local
commutativity wasdevelopedby vanOostrom(see[vO94]). This techniquecon-
sistsof associatinga label to eachreductionstepandgiving a well-foundedorder
on theselabels. If all local diagramsturn out to be of a specifickind, namely
decreasing, thencommutativity is guaranteed.
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Definition 2.5.1 Let �\�f� bethemeasurefrom stringsof labelsto multisetsof labels
definedby: � a1 ����� an �;	 #J# ai � thereis no j � i with a j © ai $J$|�
Then,thediagram

a

b

a1

an

b1 bm

is decreasingif
#J#

a
�
b $J$�ª|� ab1 ����� bm � and

#J#
a
�
b $J$Zª|� ba1 ����� an � .

Theorem 2.5.2 If two labeledreductionsystemsarelocally commutative andall
local diagramsaredecreasingwith respectto a well foundedorderon labelsthen
thesystemsarecommutative.

Proof. See[vO94]. �
We remarkthat we arefree to give any label to any occurrenceof a step. It

is especiallyuseful to be ableto give different labelsto the samestepoccurring
horizontallyandvertically. However, oncewe give a label to an occurrenceof a
stepthenit is fixed.

The decreasingdiagramstechniquesometimesfails if thereis duplicationin
both the horizontalandvertical direction,e.g., thereis no possiblelabeling that
makesthefollowing diagramsall decreasing:

It is oftenpossibleto solve thisproblemby introducingaform of parallelreduction
in, for example,thehorizontaldirection.With respecttoparallelreductionthethree
diagramsshouldthencollapseinto thesinglediagram«

«
which canbe madedecreasingby orderingthe parallel reductionlarger thanthe
standardreduction.
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Aω

A

A

A

@

A @

A

ωA

@

A@

A

Figure2.2: Notationfor infinite terms

2.6 Infinite Terms

An actualdirectdefinitionof asetof infinite termsis:

Definition 2.6.1 A setT r u s¬l
��5�"�T �G��� F
 λ �H��� ��� is a termif

- T is apartialfunctionon Pos.

- If T 
 p� is definedthenfor all pM/® p we have thatT 
 pMd� is defined.

- If T 
 p� _ �H��� andT 
 pq� is definedthenq 	 ε.

- If T 
 p��_ λ �H��� andT 
 pq� is definedthenq 	 ε or q 	 1qM .
- If T 
 p�A_��5�%� andT 
 pq� isdefinedthenq 	 ε orq 	 iq M for 1 ^ i ^ arity 
 T 
 p��� .

The setof termsis a CPO,if it is orderedby the subsetrelation. Also an ultra-
metriccanbedefinedon termsasfollows:

D 
 T1
�
T2 ��	 max

#
2¦�¯ p ¯ � T1 
 p�¬o	 T2 
 p�`$ �

wheremax/0 	 0.
For infinite termswehavesomenotation,which is illustratedin Fig. 2.2.For a

unaryfunctionsymbolA we have:

Aω 	 A 
 Aω ��	 A 
 A 
 A 
 ����� �������
Givenany termA andtheapplicationwith its usualinfix notationwehave:

Aω 	 AAω 	 A 
 A 
 A 
 ����� ����� andωA 	 ωAA 	E
�
�
 ����� A� A� A�<�
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2.7 Combinatory Reduction Systems

CombinatoryReductionsSystemsarea form of higher-order rewriting systems,
definedby Klop ([Klo80]). A morerecentintroductionto combinatoryreduction
systemscanbe found in ([KvOvR93]). BecauseCRSsarenot aswell-known as
term rewriting systemsandthe lambdacalculus,we will spendsometime intro-
ducingthem.

In orderto introducecombinatoryreductionsystemswe needa new classof
syntacticobjects: metavariables. Like function symbolsmetavariableshave a
fixedarity. Theusualnotationfor ametavariableof arity k is Zk

n. Also if ametavari-
ableis usedasZ 
 M1

�������"�
Mk � thenit is assumedthatZ hasarity k. We alsousea

specialbinaryconstructor��� ��� , calledtheabstractionoperator.

Definition 2.7.1 Thesetof metaterms(MT) is definedby

MT :: 	 x ��� x� MT � F 
 MT1
�������!�

MTn �H� Z 
 MT1
�������"�

MTn � �
A meta-termis a termif no metavariableoccursin theterm.

For (meta)termswehavethefollowing notation: � x1 � ����� � xn � M isdenoted� x1
�������"�

xn �
andF 
�� x1

�������!�
xn � M � is denotedF x1

�����
xn �M. If we have bothapplicationandab-

stractionin a(meta)termthenapplicationbindsstronger. Thatis, � x� xx is parsedas� x�°
 xx� . All bindingconventionsof the lambdacalculusareapplicableif we read
λx �M for � x� M andif we countmetavariablesasfunctionsymbols.

Definition 2.7.2 GivenasignatureΣ 9a
��5�"� �-�7��� �c�A�c�G��� � andasetof unaryfunction
symbols±²r|�5�"� 1, thesetof CRStermswith binders ± is thesubsetof thesetof
termspecifiedby

M :: 	 x � Bx�M � Fn 
 M1
�������!�

Mn � �
whereB _ ± .

Definition 2.7.3 A rewrite rule is aCRSis apair 
 M � N � , writtenasM � N, where
M andN aremetatermssuchthat

- M andN areclosedmetaterms;

- M is of theform F 
 M1
�������

MN � ;
- Any metavariableoccurringin N occursin M;

- Themetavariablesin M occuronly assubtermsof theform Z 
 x1
�������!�

xn � .
If no metavariableoccurstwice in M thentherule is left-linear.
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Definition 2.7.4 Given a rule M � N and a substitutionfrom metavariablesto
termsσ, suchthat for every metavariableZk we have that σ 
 Zk �³9´� x1

�������!�
xk � M.

Wedefinesinglestepreductionon termsas:

C �Mσ �5� C �Nσ � �
wheresubstitutionis extendedfrom termsto metatermsby theequation

Z 
 M1
�������!�

Mk � σ 	 M � x1 : 	 Mσ
1
�������!�

xk : 	 Mσ
k � , if σ 
 Z ��	B� x1

�������!�
xk � M �

2.8 Context restricted rewriting

Usually in term rewriting a subtermis a redex no matterwherein the term this
subtermoccurs.In this thesismany rewrite systemswill bedefinedwherea redex
is asubtermoccurringattheright place.Thatis, dependingonthecontext in which
it occursasub-termis a redex or not. Hencethenamecontext restrictedrewriting.

Definition 2.8.1 A context restrictedrewrite systemµ over a signatureΣ consists
a setof CRSrules ¶¬· anda mapφ · : ¶¬·¸� C 
 Σ � . The reductionrelation � � � · is
definedby

C �M �N� � � · C �N � �
whereM � N is aninstanceof a ruleL � R in ¶ · andwhereC _ φ · 
 L � R� .

Usuallywe will indicatethevaluesof thefunctionφ · by writing this valueas
a labelof therule. For example,if wewrite

L � �
S

R

thenweintendthatL � R is a rule in ¶¹· andφ ·�
 L � R�3	 S. Thedefault labelfor
a rewrite rule in a context restrictedrewrite systemis thesetof all contexts. That
is, if thelabelis missingthena rewrite rulecanbeappliedin any context.

In orderto specifyacontext restrictedrewrite systemwemustspecifycontexts.
For thespecificationof contexts we will usetwo tools: EBNF-like specifications
andregularexpressionsover contexts. Thefirst methodis strictly morepowerful
thanthesecond,but thesecondmethodallows a morecompactnotation. This is
usefulbecauseEBNFspecificationdonotfit asasubscriptandregularexpressions
do. For example,if we have unaryfunctionsymbolsA andB thenwe canspecify
thesetCa of contextswheretheholeoccursat therootof thetermor directlybelow
anA asfollows:

Ca :: 	D�²� C �A 
��I�-�º�
Thesamedefinitioncanbeobtainedwith a regularexpressionasfollows:

Ca 	D�²� CA 
��¬� �
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Theset
Cab 	 # � � A 
 B 
��¬��� � A 
 B 
 A 
 B 
��I������� ������� $

is specifiedby both
Cab :: 	B�²� A 
 B 
 Cab ���

and
Cab 	 A 
 B 
��¬��� s �

Whenusedasasetof context C standsfor thesetof all contexts.



Chapter 3

The Syntaxand Semanticsof
Cyclic Terms

This chaptercontainspreciseformal definitionsof several notions,which have
beendiscussedin theintroduction.Thesenotionsincludethesyntaxof termswith
letrec andthetranslationof thosetermsto graphs.Thereaderwho is not interested
in extensive formal detailsmaywish to skip this chapterandusetheindex to look
updefinitionsif necessary.

3.1 Syntax

In this sectionwe will definethesyntaxof several setsof termsandsomeof the
terminologyrelatedto thoseterms. To simplify thesedefinitionswe will define
themastherestrictionof a largersetof pre-terms. A pre-termcanbea variable,a
functionapplication,anabstraction,a let, aµ or a letrec. Formally:

Definition 3.1.1 GivenasignatureΣ 9~
��5�"� �-����� �c�A�c�G��� � . Thesetof pre-termsover
Σ is givenby

M :: 	 x � Fn 
 M1
�������!�

Mn �H�7� x� M � let x 	 M1 in M2� µx�M � � M0 � x1 	 M1
�������"�

xn 	 Mn � �
wherex

�
x1
�������!�

xn _ �G��� , Fn _ �5�"� n and
#
x1
�������!�

xn $ is asetof n distinctvariables.

In Table3.1we have defineda numberof interestingsubsetsof thesetof pre-
terms.Like for CRStermswe have alsoidentifieda subsetof termswith a setof
binders.(See2.7.2).Thus,if weconsidertermsoverasignaturewith �%�%� 1 	 # µ� λ $
and �5�%� 2 	 # @$ then �

@
 λ 
 x� � µ 
 x����� x 	B� y�@ 
 y� y���
is ahigherordertermwith letrec. Thepictureof this termis drawn in Fig.3.1.This
somewhat bizarreterm is not presentin the setof higherorder termswith letrec
with binders

#
λ � µ$ .

39
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Table3.1subsetsof thesetof pre-terms

First order terms. . .
M :: 	 x � Fn 
 M1

�������!�
Mn �

with let M :: 	 x � Fn 
 M1
�������!�

Mn �G� let x 	 M0 in M1

with µ M :: 	 x � Fn 
 M1
�������!�

Mn �G� µx�M
with let

�
µ M :: 	 x � Fn 
 M1

�������!�
Mn �G� let x 	 M0 in M1 � µx�M

with letrec M :: 	 x � Fn 
 M1
�������!�

Mn �G� � M0 � x1 	 M1
�������!�

xn 	 Mn �
Higherorder terms. . .

M :: 	 x � Fn 
 M1
�������!�

Mn �G��� x� M
with let M :: 	 x � Fn 
 M1

�������!�
Mn �G��� x� M � let x 	 M0 in M1

with µ M :: 	 x � Fn 
 M1
�������!�

Mn �G��� x� M � µx�M
with let

�
µ M :: 	 x � Fn 
 M1

�������!�
Mn �G��� x� M � let x 	 M0 in M1 � µx�M

with letrec M :: 	 x � Fn 
 M1
�������!�

Mn �G��� x� M � � M0 � x1 	 M1
�������!�

xn 	 Mn �
Higherorder termswith binders ± . . .

M :: 	 x � Fn 
 M1
�������!�

Mn �G� Bx �M
andlet M :: 	 x � Fn 
 M1

�������!�
Mn �G� Bx �M � let x 	 M0 in M1

andµ M :: 	 x � Fn 
 M1
�������!�

Mn �G� Bx �M � µx�M
andlet

�
µ M :: 	 x � Fn 
 M1

�������!�
Mn �G� Bx �M � let x 	 M0 in M1 � µx�M

andletrec M :: 	 x � Fn 
 M1
�������!�

Mn �G� Bx �M � � M0 � x1 	 M1
�������%�

xn 	 Mn �
Wereferto x1 	 M1

�������!�
xn 	 Mn asa list of declarations.If D1 andD2 arethe

listsof declarationsx1 	 M1
�������!�

xm 	 Mm andy1 	 N1
�������"�

yn 	 Mn, respectively,
suchthat w i � j : xi o9 y j thenwe denotethe list of declarationsx1 	 M1

�������"�
xm 	

Mm
�
y1 	 N1

�������"�
yn 	 Mn by D1

�
D2. Whenit is convenientto dosowesometimes

denotea list of declarationsasa set. For example,if D1 	 # x 	 y $ � D2 	 # y 	 x $
thenD1

�
D2 is a list of declarations,but D1

�
D1 is not. Usually, we will take the

setof termsmodulopermutationof declarations.That is, we will considercyclic
termsmodulotheequation:�

M � D1
�
x 	 N

�
y 	 P

�
D2 ��	 � M � D1

�
y 	 P

�
x 	 N

�
D2 � �

@

λ µ

@

Figure3.1: Exampleof ahigher-ordergraph
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Wewill oftenreferto a termwith letrec asacyclic term. A cyclic termis flat if
it is of theform

M :: 	 �
x � EQ1

�������!�
EQn �

EQ :: 	 x 	 F 
 x1
�������!�

xn �G� x 	B� x� M
For flat termsis is assumedthattheblackhole � is aconstantin thesignature.For
arbitrarytermswemaychooseto includeit asaconstantor defineit as �I	 � x � x 	
x� .
Definition 3.1.2 Therecursionvariablesof a termM, denotedby »X¼[½ �H�7� 
�¾¸� , are
givenby: »X¼[½ �H�7� 
=¿!�À	 /0»X¼[½ �H��� 
��Á
�¾¸Â �������!� ¾¸Ã����,	Äm n

i ¤ 1 »3¼[½ �G��� 
�¾:Å\�»X¼[½ �H�7� 
�� ¿��°¾¸�À	�»X¼[½ �H�7� 
�¾¸�»X¼[½ �H�7� 
 � ¾£Æv��¿"ÂH	B¾¸Â �������!� ¿!ÃG	E¾¸Ã[���,	 # x1
�������!�

xn $�mp
�m n
i ¤ 0 »X¼[½ �G��� 
�¾:Å����

Next, wedefinecontextswith any finite non-zeronumberof holes.Becausewe
will alsotake contexts up to permutationof declarations,we will have to number
theholesin orderto beableto fill theright holewith theright term.

Definition 3.1.3(context) GivenasignatureΣ, suchthat � i o_ Σ 
 i _ u � . Let Σ M be
obtainedfrom Σ by adding � i 
 i _ u � asconstants.For n _ u ann-holedcontext
over Σ is a termover Σ M with exactly oneoccurrenceof eachconstant� 1

�������!� � n

and no occurrencesof � n§ 1
�������

. Given an n-holed context C and cyclic terms
M1
�������!�

Mn, wedefinethetermC �M1
�������!�

Mn � asthetermobtainedby syntactically
replacingeachsymbol � i by Mi in C.

Even thoughformally we have numberedholeswe canalwaysomit the sub-
scriptswhenwe write down a context becausein writing we do have a naturalleft
to right order. Thus,by F 
�� � � � �I� we meanF 
�� 1

� � 2
� � 3 � . Notethat

C1 	 � F 
 x � y�C� x 	D� � y 	~�¬� andC2 	 � F 
 x � y�C� y 	D� � x 	D�¬�
donotdenotethesamecontext. Thisiseasilyseenby explicitly addingthenumbers
of theholes.

C1 	 � F 
 x � y�C� x 	D� 1
�
y 	B� 2 � andC2 	 � F 
 x � y�C� y 	D� 1

�
x 	D� 2 �

On cyclic termswe have two typesof alphaconversion: alphaconversionof
the abstractionoperatorandalphaconversionof the letrec itself. The definition
of alphaconversionusessyntacticreplacementof variables, which is a sort of
substitutiondefinedas:
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Definition 3.1.4 Let τ bea function from variablesto terms. For cyclic termsM
we recursively definethesyntacticreplacementMτ asfollows:

xσ 	 σ 
 x�
F 
 M1

�������"�
Mn � σ 	 F 
 Mσ

1
�������!�

Mσ
n �
�� x� M � σ 	�� xσ � Mσ�

M0 � x1 	 M1
�������!�

xn 	 Mn � σ 	 � Mσ
0 � xσ

1 	 Mσ
1
�������"�

xσ
n 	 Mσ

n �
We canthendefinealphaconversionastheconversionrelationgeneratedby a

rewrite relation:

Definition 3.1.5(alpha conversion) Givencyclic termsM0
�������!�

Mn andn distinct
variablesz1

�������!�
zn, we define� x1 � M1 � � �α 
�� x1 � M1 � τ�

M0 � x1 	 M1
�������!�

xn 	 Mn �Ç� � �α �
M0 � x1 	 M1

�������!�
xn 	 Mn � τ �

where

τ 
 y��	ÉÈ zi
�
if y 	 xi

y
�
otherwise

By � � � �α wedenotethetransitive, reflexiveandcompatibleclosureof � � �α .

Substitutionis usuallydefinedasa functionfrom alphaequivalenceclassesto
alphaequivalenceclasses.This meansthat onecanalsodefinesubstitutionasa
relationbetweenterms.Givena substitutionσ we will defineMσN. This should
bereadasN canbeobtainedby applyingthesubstitutionσ to N.

Definition 3.1.6(substitution) Let σ beapartialfunctionfrom variablesto terms.
Weextendσ to a relationon cyclic termsasfollows:

x σ σ 
 x� , if x _ Domσ
x σ x , if x o_ Domσ

F 
 N1
�������"�

Nk � σ F 
 P1
�������!�

Pk � , if NiσPi 
 i 	 1
�����

k �
M σ N , if M � � � �α M M σN M � � � �α N� x� M σ � x� N , if x o_ Domσ andMσN�

N0 � yi 	 Ni � ki ¤ 1 σ
�
P0 � yi 	 Pi � ki ¤ 1, if yi o_ Domσ

�
NiσPi 
 i 	 0

�����
k �

Thepartialfunction � x1 : 	 M1
�������!�

xn : 	 Mn � is givenby:

x 8��È Mi
�
if x 	 xiÊ �
otherwise

In orderto beableto seea substitutionasa functionon α-equivalenceclasses,we
define

Mσ 	 # N � MσN $²�



3.1. SYNTAX 43

x 	 x Fn 
 M1
�������!�

Mn � F	
g1

����� gn

M

x1
�����

xn

x1
�����

xn

M1 Mn
�����

	�
M � x1 	 M1

�������"�
xn 	 Mn �

x1
�����

xn

� x� M
M

x

	
Figure3.2: Graphicaldescriptionof thegraphconstructions

Note the differencebetweenMσ andMσ. The former is a syntacticreplace-
ment,thelatterasubstitution.

So far we have drawn thegraphsof cyclic termswithout beingpreciseabout
how to draw thesepictures.We will now work towardsa formal definition. What
we would like is to definethegraphof a termrecursively. We have given sucha
definitionpictorially in Fig. 3.2.Mostconstructionsin thispictureareselfexplain-
ing, exceptfor thedottedlinesendingin variables.Sucha dottedline endingin a
variableindicatesthatevery freevariablein agraphis replacedby somethingelse.
In particular, it doesnot reflectany restrictionontheamountof occurrencesof that

x y

x y

A 
 y�
x y

B 
 x�
F 
 x � y��

F 
 x � y�&� x 	 A 
 y� � y 	 B 
 x���
F

x y

A B

x y x y

x y

y x
A B

F

Figure3.3: Theconstructionof thegraphof
�
F 
 x � y�&� x 	 A 
 y� � y 	 B 
 x���
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�
x � x 	 x� 	

x

x

x

x

	

Figure3.4: Theconstructionof thegraphof
�
x � x 	 x�

freevariable.In fig. 3.3wehavedrawn many stepsin theconstructionof thegraph
of
�
F 
 x � y�¬� x 	 A 
 y� � y 	 B 
 x��� . To give a completelyformal definition,we will

first needaformaldefinitionof thegraphsin thepictures.Afterwardswewill need
sometoolsto dealwith a little problemin thedefinition,whichshowswhenwetry
to constructthegraphof, for example,

�
x � x 	 x� . In Fig. 3.4we have drawn this

construction.Theresultis notagraph!

3.2 Term Graphs

A first order termgraphconsistsof a setof nodesV, a functionL which givesthe
labelsof thenodes,a functionA thatgivestheargumentsof thenodesanda root.
Therootandtheargumentscanbeeitheranodeor avariable:

Definition 3.2.1 Given a signatureΣ. A first order term graph over Σ is a tuple
 V � L � A � r � , where

V is aset;
L : V ��y ;
A :

# 
 v� i �C� v _ V
�
1 ^ i ^ arity 
 L 
 v���`$v�.
 V >Ë� ;

r _ V �Ë �
Higher-order termgraphsaddthefeatureof abstraction.This featureis imple-

mentedwith abstractionnodes,back-pointers(to representboundvariables)and
scopes.An abstractionnodeis a nodelabeled � , which may have two typesof
edgespointingto it: normaledgesandback-pointers.We denoteback-pointersby
extendingthesetof possibleargumentswith a new symbolv for every abstraction
nodev in thegraph.For every abstractionnodewe alsodefinea setof nodesthat
dependson this abstraction:thescopeof theabstractionnode. We formalizethe
scopewith a functionfrom abstractionnodesto setsof nodes.This functionmust
satisfyseveralconditions:

(self)Every abstractionnodeis amemberof its own scope.

(nest)Scopesareproperlynested.That is, if anabstractionnodeis a memberof
theinterior of thescopeof anotherabstractionnodethentheentirescopeof
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thefirst abstractionnodeis asubsetof theinteriorof thescopeof thesecond
abstractionnode.

(scope)If a nodehasa back-pointerto an abstractionnodethenthat nodeis a
memberof thescopeof theabstractionnode.

(closed)Every path from a nodeoutsidethe scopeof an abstractionnodeto a
nodeinside the scopemustpassthroughthe abstractionnode. Onecould
alsosaythat,if theargumentof a nodeis a nodein theinterior of thescope
of an abstractionnodethenthe first nodeis a memberof the scopeof the
abstractionnode.

(root) Theroot shouldnotbein theinteriorof any scope.

Definition 3.2.2 Givena signatureΣ, without thesymbol � . A higherorder term
graphover Σ is a tuple 
 V � L � A � S� r � , suchthat

V is a set;
L :V �Ìyam # �z$
A :
# 
 v� i ��� v _ V

�
1 ^ i ^ arity 
 L 
 v���`$z� V �.
 V  # v _ V � L 
 v��	~�¹$�>Ë�

S :
#
v _ V � L 
 v��	~�z$I� q 
 V � suchthatw v _ V

�
L 
 v�T	D� : v _ S
 v� 
 self �w v� w _ V
�
L 
 v�T	 L 
 w��	D� � v _ S¦ 
 w� : S
 v�³r S¦ 
 w� 
 nest �w v� w _ V
�
A 
 v� i �T	 w : 	�] v _ S
 w� 
 scope�w u � v� w _ V
�
w _ S¦ 
 u� � A 
 v� i �T	 w : v _ S
 u� 
 closed�w v _ V

�
L 
 v�T	D� : r o_ S¦ 
 v� 
 root �

r _ V >Ë
wheretheinterior S¦ of thescopeof anabstractionnodev is definedas

S¦ 
 v��	 S
 v�5n # v $D�
Definition 3.2.3 In a graph 
 V � L � A 
 � S� � r � anannotatedpathof lengthn from v0

to vn is a sequencev0i1v1
�����

invn of nodesinterleaved with integers,suchthat for
all 0 ^ j ^ n � 1 we have thatA 
 v j

�
i j ��	 v j § 1. A pathof lengthn from v0 to vn is

asequenceof nodesv0
�����

vn, suchthatthereexistsanannotatedpathv0i1v1
�����

invn.

Definition 3.2.4 A higher-ordergraphis a treeif thegraphis acyclic andif every
nodein the graphis referencedexactly onceby a normalpointer, wherethe root
countsasanormalpointer.

Pathsandannotatedpathsareusuallydenotedwith theletter p . Wedenotethe
lengthof apathby � p � .
Definition 3.2.5 A graph 
 V � L � A 
 � S� � r � is garbage freeif for all v _ V thereexists
apathr

�����
v.
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Definition 3.2.6 A graph 
 V � L � A 
 � S� � r � is acyclic if every pathof theform v
�����

v
haslength0.

For cyclic higherordertermgraphsweneedscopes.However, for higherorder
treeswe prefera notionwith labelsandwithout scopes.To bridgethegapwe will
now introducethenotionof labeledhigherordertermgraph:

Definition 3.2.7 GivenasignatureΣ. A labeledhigherorder termgraphoverΣ is
a tuple 
 V � L � A � r � , where

V is aset;
L : V ��y|F�\Ëº� ;
A :

# 
 v� i �C� v _ V
�
1 ^ i ^ arity 
 L 
 v���`$v�.
 V >Ë� ;

r _ V �Ë �
where �\Ëp�5	 # � x��� x _¬Ë $ is asetof unaryfunctionsymbols.

Any scopedgraphcanbetranslatedto a labeledgraph,simply by omitting the
scopesandby introducingfreshvariablesto replacetheback-pointersto abstrac-
tion nodes.Formally:

Definition 3.2.8 Givena higherordergraphg 9E
 V � L � A � S� r � . The labeledtrans-
lation gl of g is constructedasfollows. Let

#
xv � v _ V

�
L 
 v�G	É�z$�r|Ë be given

suchthatxv 	 xw 	�] v 	 w. Thengl 	B
 V � L M � AM � r � , where

L M 
 v��	ÉÈ � xv � � L 
 v��	~�
L 
 v� � otherwise

AM 
 v� i ��	´È xw
�
A 
 v� i ��	 w

A 
 v� i � � otherwise

Not every labeledterm graphcanbe obtainedas the translationof a scoped
graph. The labeledgraphsthat canbe obtainedin that way arecalledscopable
graphs.

Definition 3.2.9 Givena labeledgraphG. Wesaythatg is scopableif thereexists
a scopedgraphg, suchthatG is isomorphicto gl . We saythatG is well-formedif
G is garbagefree,every label � x� occursat mostonceandif � x� occursthenevery
path from the root to a nodethat hasx asan argumentpassesthroughthe node
labeled� x� .
3.3 Indir ection nodes

Wesaw in theintroductionthattheblackholewasvery importantfor graphrewrit-
ing andgraphsemanticsof termswith µ and/orletrec. In the definition of graph
semanticsit wasusedto solve theproblemof having to connecttheendof anedge
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Figure3.5: A self referencingindirectionnode

to thebeginningof theedgeitself. We will now introducetheconceptof indirec-
tion node. Wewill useindirectionnodesto makeconstructionseasierby providing
a naturalway of introducingblackholeswhereneeded,but theconcepthasother
usesaswell.

An indirectionnodeis a nodelabeled Í with oneargument.Theinformal se-
manticsof anindirectionnodeis thatwhenthereis apointerto theindirectionnode
it shouldbeinterpretedasapointerto whatever theindirectionnodeis pointingto.
To this generalcasethereis oneexception: if an indirectionnodepointsto itself
(seeFig. 3.5) thenthesemanticsof thatindirectionnodeis a blackhole.Notethat
the outgoingedgeof the indirectionnodestartsin the middle of the noderather
thanjustoutsideit.

Indirectionnodeshaveseveralpracticalandtheoreticalapplications.Oneof the
theoreticalapplicationsof indirectionnodesis, that their useallows us to define
a somewhat more refinednotion of graphsemanticsthan the notion informally
definedin Fig.3.2. For example,thegraphsof termsF 
 x � x� and

�
F 
 y� y�¬� y 	 x�

botharethemiddlegraphof Fig. 3.6 accordingto the informal definition in Fig.
3.2. One of the possiblemodificationsis to add an indirection nodefor every
variable(SeeFig. 3.7). If we do this then the graphof F 
 x � x� is the left graph
of Fig. 3.6 andthegraphof

�
F 
 y� y�¬� y 	 x� is the right graph. Anotherpossible

modificationis to addan indirectionnodefor every equation(seeFig. 3.8). This
yieldsthemiddleandright graphs,respectively. Whenwe formalizethedefinition
in Fig. 3.2,we will alsouseindirectionnodesto solve theproblemwhich arosein
theconstructionof thegraphof

�
x � x 	 x� (seeFig. 3.4).

Oneof thepracticalapplicationsof indirectionnodesis in theimplementation
of graphrewriting. In graphrewriting collapsingrules,suchas

I 
 X �X� X

arehardto implement.Theimplementationis easedby encapsulatingtheX on the

x

F

x x

F

x

F

x

Figure3.6: Theenhancedresolutionof indirectionnodes.
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x 	
x

Figure3.7: Graphsemanticswith indirectionnodesfor variables

right-handsideby anindirectionnode:

I 
 X �X�.Í 
 X �<�
Theoreticallyonethenimmediatelyremovesthis indirectionnode,but this is ex-
pensive to implement.It is betterto leave theindirectionnodesin thegraphandto
resolve referenceswhenthey areneeded.

In orderto computethesemanticsor simplificationof agraphwith indirection
nodeswe can remove the indirection nodesone by one. For every indirection
nodetherearethreepossibilities,depictedin Fig. 3.9. First, the indirectionnode
canhave itself asits argument. In this casewe replacethenodeby a black hole.
Second,the indirectionnodecanhave a variableasanargument. In this casewe
deletethe indirectionnodeandreplaceall referencesto it by thevariable. Third,
the indirectionnodemayhave anarbitraryothernodeasits argument.Again we
deletethe indirectionnodeandwe replaceevery referenceto theindirectionnode
by a referenceto its argument.If we simplify eachgraphin Fig. 3.6 thenin each
casetheresultis themiddlegraphin thefigure.Formally simplificationis defined
asthenormalform with respectto a rewrite relation:

Definition 3.3.1 Thelabeledrewrite relation Sim�g�[� �v ongraphsis definedasfollows:
let 
 V � L � A � S� r � be a graphandlet v _ V be an indirectionnodewith A 
 v� 1�H	 a.
Thenwedefine:
 V � L � A � S� r � Sim�g���Î�v 
 V � L M*m # 
 v� �7�`$ � AM � S� r � v 9 a
 V � L � A � S� r � Sim�g���Î�v 
 V n # v $ � L M � AM � S� r M � v o9 a

x1
�����

xn

M1 Mn
�����

x1
�����

xn

M

x1
�����

xn

	�
M � x1 	 M1

�������"�
xn 	 Mn �

Figure3.8: Graphsemanticswith indirectionsnodesfor declarations
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x x x

��� ���
? ?

��� � ��� ���
���

Figure3.9: Removing indirectionnodes

where

L M 	 L n # 
 v� Í �`$
AMc
 u � i �Ï	 È a

�
A(u,i)=v

A 
 u � i � � otherwise

r M 	 È a
�
r=v

r
�
otherwise

The normal forms of Sim�g�[� �v definesa function Sim on equivalenceclassesof iso-
morphicgraphs.

Notethatif in thisdefinitionwehave thata 9 v thenwehave thatAM is nothing
more than the restrictionof A to the properdomain. Modulo isomorphismthe
rewrite relation Sim���[�Î� is confluent.As a matterof fact, it is almostconfluent.The
only problemis that thereis a critical pair if we have two indirectionnodesthat
have theotherasargument. In this caseeachnodeis a redex andthecontraction
of theredex influencestheotherredex. We canseein Fig. 3.10that theresultsof
contractingtheredexesarenot identical. However, they areisomorphic,which is
sufficient.

Lemma 3.3.2 ThefunctionSim is well-defined.

Proof. We will show that Sim�g�[� � is terminatingandconfluentmoduloisomorphism.
Terminationis easybecauseevery stepdecreasesthenumberof indirectionnodes
in thegraph. Confluenceup to isomorphismfollows from the following two dia-

Ð
Íw :

Ív : Íw :

Sim
w

Sim
v

Sim
w

Ív :

�v : �w :

Sim
v

Figure3.10: thecritical pair of Sim�g�[� �
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grams:

Sim

v Sim
w

Sim
w Sim

v

φ

Simv

φ

Simφ Ñ vÒ
φ

where � � φ denotestheimageunderanisomorphismφ. �
3.4 Semantics

In this sectionwe definethe graphsemanticsof cyclic termsandthe unwinding
semanticsof graphs.Thedefinitionof thegraphsemanticsof a term,alsoknown
as the graphof that term, follows the intuition of Fig. 3.2. All clausesinvolve
straightforward constructions,except the one for letrec. The clausefor letrec is
composedof theconstructionin Fig. 3.8,followedimmediatelyby simplification.

Definition 3.4.1 Given a cyclic term M, we recursively definethe graphof M,
denoted� �M � � asfollows:� � x� � 	 x� � F 
 M1

�������!�
Mn �-� � 	 F 
�� �M1 � � �������!� � �Mn � �W�� �J� x� M � � 	B� x�°� �M � �� � � M0 � x1 	 M1
�������"�

xn 	 Mn �-� �/	 Sim
 � � �M0 � ��� x1 	B� �M1 � � �������"� xn 	B� �Mn � �W���
wheretheright-handsidesusetheconstructionsfrom Table3.2.

Example3.4.2 In Fig. 3.3wegaveapictorialconstructionof thegraphof
�
F 
 x � y���

x 	 A 
 y� � y 	 B 
 x��� . We will now constructit usingtheformal definition. In Fig.
3.11we give thesameconstructionin a quasipictorial format,becausepicturesof
graphsaremoreeasilyparsedthansyntax.� � � F 
 x � y�&� x 	 A 
 y� � y 	 B 
 x���-� �	 � � � F 
 x � y�-� ��� x 	D� �A 
 y�-� � � y 	E� �B 
 x�-� �W�	 � F 
�� � x� � � � � y� �W��� x 	B� �A 
 y�-� � � y 	B� �B 
 x�-� �W�	 � F 
�
 /0 � /0 � /0 � /0 � x� � 
 /0 � /0 � /0 � /0 � y���v� x 	B� �A 
 y�-� � � y 	B� �B 
 x�-� �W�	 � 
 # u $ � # 
 u � F �`$ � # 
 u � xy�`$ � /0 � u�¹� x 	D� �A 
 y�-� � � y 	B� �B 
 x�-� �W�	 � 
 # u $ � # 
 u � F �`$ � # 
 u � xy�`$ � /0 � u�¹� x 	D
 # v $ � # 
 v� A�`$ � # 
 v� y�Ó$ � /0 � v� �

y 	B
 # w $ � # 
 w� B�`$ � # 
 w� x�`$ � /0 � w���	 Sim
 # u � v� w� vM � wMf$ � # 
 u � F � � 
 v� A� � 
 w� B� � 
 vM � Í � � 
 wM � Í �`$ �# 
 u � vM wM � � 
 v� wM � � 
 w� vM � � 
 vM � v� � 
 wM � w�`$ � /0 � u�	D
 # u � v� w $ � # 
 u � F � � 
 v� A� � 
 w� B�`$ � # 
 u � vw� � 
 v� w� � 
 w� v�`$ � /0 � u�
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Table3.2Graphconstructions

x 	Ô
 /0 � /0 � /0 � /0 � x�
F 
 g1

�������!�
gn � 	Ô
 V � L � A � S� r � �

wherefor somenodew
V 	 # w $� Vg1  �����  Vgn

L 
 v��	 È F
�

v 9 w
Lgi 
 v� � v _ Vgi

A 
 v� i �³	ÕÈ rgi

�
v 9 w

Agi 
 v� i � � v _ Vgi

S
 v�Ö	 Sgi 
 v� � v _ Vgi

�
L 
 v��	~�

r 	 w� x� g 	Ô
 V � L � A � S� r � �
wherefor somenodew
V 	 # w $� Vg

L 
 v��	ÕÈ � �
v 9 w

Lg 
 v� � v _ Vg

A 
 v� i �³	Ø×ÙÎÚ rg
�

v 9 w
x

�
v _ Vg

�
Ag 
 v� i ��	 x

Ag 
 v� i � � v _ Vg
�
otherwise

S
 v�Ö	 È V �
v 9 w

Sg 
 v� � v _ Vg
�
L 
 v��	D�

r 	 w�
g0 � x1 	 g1

�������"�
xn 	 gn �Y	Ô
 V � L � A � S� r � �

wherefor somedistinctnodesw1
�������!�

wn

V 	 Vg0  �����  Vgn  # w1
�������"�

wn $
L 
 v��	 È Í �

v 9 wi

Lgi 
 v� � v _ Vgi

A 
 v� i �³	 ×Ù Ú rgi

�
v 9 wi

wi
�

v _ Vgi

�
Agi 
 v� i ��	 xi

Agi 
 v� i � � v _ Vgi

S
 v�Ö	 Sgi 
 v� � v _ Vgi

�
L 
 v��	~�

r 	 rg0

We now continuewith the definition of the unwindingof a graph. Usually,
theunwindingof agraphis obtainedby ”unrolling” thegraphto obtainapossibly
infinite tree. Following this intuition, the unwindingof a first order term graph
becomesa possiblyinfinite first orderterm. However, the ”unrolling” of a higher
order term graphdoesnot yield a possiblyinfinite higher order term. Because
“unrolling” preservesthescopes,we geta possiblyinfinite higherordertreewith
scopesinstead.Wecantranslatethis treeto atermby takingits labeledtranslation.

As usual the set of nodesof the tree unwinding is definedas the set of all
pathsstartingat theroot. Usuallythesepathsarerepresentedby stringsof integers.
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� � � F 
 x � y�C� x 	 A 
 y� � y 	 B 
 x���-� �	 � � � F 
 x � y�-� ��� x 	B� �A 
 y�-� � � y 	B� �B 
 x�-� �W�	 � F 
�� � x� � � � � y� �W�C� x 	B� �A 
 y�-� � � y 	E� �B 
 x�-� �W�	 � F 
 x
�

y �H� x 	B� �A 
 y�-� � � y 	B� �B 
 x�-� �W�
	 � F

yx � x 	E� �A 
 y�-� � � y 	B� �B 
 x�-� �W�
	 � F

yx � x 	 A

y
�
y 	 B

x �
	 Sim


F

A B
�

	 F

A B

Figure3.11:Quasipictorial computationof � � � F 
 x � y�&� x 	 A 
 y� � y 	 B 
 x���-� �
Here,for convenience,we usea moreverboserepresentationwhichkeepstrackof
the nodesvisited. For example,considerthe following graphg (depictedon the
left of Fig. 3.12): 
 # v1

�
v2
�
v3 $ �#

v1 8� @
�
v2 8� λ � v3 8� @$ �#

v1 8� v2 v2
�
v2 8� v3

�
v3 8� v2 v2 $ �

v1���
(3.1)

Thenodesof theunwindingof g (seethegraphon theright of Fig. 3.12)are#
v1
�
v11v2

�
v11v21v3

�
v12v2

�
v12v21v3 $ �

insteadof
#
ε � 1 � 11

�
2
�
21$ .

Definition 3.4.3 Given a graphG 9´
 V � L � A � S� r � . The scopedunwindingof g is
thetreegu 9E
 Vu

�
Lu
�
Au
�
Su
�
ru � , where

- Vu 	 # r � r _ V $�m # p v i w � p v _ Vu
�
A 
 v� i 	 w

�
w _ V $ .

- Lu 
 p v��	 L 
 v� .
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@

@ @

@

λ

@

λ

@

@

λ

@

x x y y

λx λy

Figure3.12:Theunwindingsof a higher-ordergraph

- Au 
 p v� n 	 ×ÛÛÙ ÛÛÚ
p v n w, if A 
 v� n 	 w
p1w , if A 
 v� n 	 w andp 9 p1 w p2

�
wherew doesnotoccurin p2

x , if A 
 v� n 	 x

- Su 
 p v��	 # p v $�m # p w i A 
 w� i � p w _ S
 p v� � A 
 w� i _ S¦ 
 v�`$
- ru 	 r.

The labeledunwindingof g is thelabeledtranslationgl
u of gu.

Note that theunwindingof a graphonly dependson theaccessiblepart,asin
thefirst ordercase.

Example3.4.4 Theunwindingof graphg given in equation3.1 anddisplayedin
Fig. 3.12is givenbelow.

Vu 	 #
v1
�
v11v2

�
v11v21v3

�
v12v2

�
v12v21v3 $

Lu 	 #
v1 8� @

�
v11v2 8� λ � v11v21v3 8� @

�
v12v2 8� λ � v12v21v3 8� @$

Au 	 #
v1 8� v11v2 v12v2

�
v11v2 8� v11v21v3

�
v11v21v3 8� v11v2 v11v2

�
v12v2 8� v12v21v3

�
v12v21v3 8� v12v2 v12v2$

Su 	 #
v11v2 8� # v11v2

�
v11v21v3 $ � v12v2 8� # v12v2

�
v12v21v3 $7$

ru 	 v1 �
3.5 Conclusion

Wehave definedthesyntaxof termswith letrec andsomeof its importantsubsets.
Also, wehavedefinedfirst ordertermgraphsandscoped/labeledhigherorderterm
graphs.Wehave definedwhatwemeanby thegraphof a termandby theunwind-
ing of agraph.Thesetwo definitionsmaybecomposedto definetheunwindingof
a term. Theunwindingof termswill beconsideredagainin sections7.1 and8.1.
We will now continuewith a studyof theexpressive power of the let, µ andletrec
constructs.





Chapter 4

Representabilityof graphs

In this chapterwe will characterizethe classesof first order graphsthat can be
representedby termswith let, µ, letrec or a combinationof thesethree. Unless
statedotherwise,weassumethatthegraphsin thischapterarefirst order, finite and
garbagefree.

4.1 Homeomorphic embedding

For termswith let andfor µ-termsit is possibleto giveashortandintuitivedescrip-
tion of the representedgraphs(See[AK96]). We will take a differentapproach:
ratherthandescribingthegraphsthatarerepresentable,wewill describethegraphs
thatarenot representable.To do this we will usethenotionof homeomorphicem-
bedding. To saythat a certaingraphis homeomorphicallyembeddedin another
graphmeansthat in someway thesecondgraphcontainsa subgraphthathasthe
samestructureasthefirst graph.

To explainwhatwemeanby structure,it is convenientto view a termgraphas
a labeledrooteddirectedgraph. As far asrepresentabilityis concerned,function
symbolsandtheorderof theargumentsdon’t matter. Thus,in orderto decideif
a certainterm graphis representable,we can forget the labelsand considerthe
underlyingrooteddirectedgraphof thetermgraph,whichwewill call theskeleton
of thetermgraph.We draw picturesof skeletongraphsin thesameway we draw
picturesof termgraphs,exceptthatwe draw every nodeas Ü . This canbeseenin
Fig. 4.1,wherewe introducethegraphsÝ , Ë and Þ .

ÜÜ Ü ÜÜ ÜÝ Ë Þ
Figure4.1: thegraphsthatdefinesharing

55
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Ü�
Figure4.2: edgeexpansion

Informally, askeletongraphis homeomorphicallyembeddedin a termgraphif
wecanfind asubgraphof theskeletonof thetermgraphthatcanbeobtainedfrom
thefirst skeletongraphby repeatedlyinsertinga nodeinto anedge.(SeeFig. 4.2
for a pictorial definition of the insertionoperation.)In Fig. 4.3 we show how Ë
is homeomorphicallyembeddedin thegraphof

�
F 
 x � y�G� x 	 A 
 z� � y 	 F 
 z� y� � z 	

B 
 x��� . Notethat in thefirst stepwe inserta nodeinto theedgethat representsthe
root. This is expressedwith thesamepictorial definitionasinsertioninto normal
edges,but in theformaldefinitionof nodeinsertion( � ) wegettwo cases:insertion
of anodeinto therootedge( � root) andinsertioninto anedgee ( � e).

Definition 4.1.1 A skeletongraph is astructure
 V � E � s� d � r � , where
- V is thenon-emptysetof nodes;
- E is thesetof edges;
- s : E � V is a functionindicatingthesourceof every edge;
- d : E � V is a functionindicatingthedestinationof every edge;
- r _ V is theroot.

Definition 4.1.2 We definetheedge expansionrelation ß asthetransitive reflex-
ive closureof � , which is in turn definedastheunionof the following two rela-
tions: 
 V � E � s� d � r �G� root 
 V i # v $ � E i # e$ � s m # 
 e� v�`$ � d m # 
 e� r �`$ � v� ;w e _ E : 
 V � E � s� d � r �G� e 
 V i # v $ � 
 E n # e$¡�5i # e1

�
e2 $ � sM � d M � r � �

where

sM�
 eMJ� 	 ×Ù Ú s
 eMd� � eMXo	 e
s
 e� � eM!	 e1

v
�

eM 	 e2

d M 
 eM �Ï	 ×Ù Ú d 
 eMd� � eMXo	 e
v

�
eM 	 e1

d 
 e� � eM!	 e2

rÜÜÜ
ÜÜÜ Ü � �d�[�[�

skel� root � eÜ ÜÜ F

A

B

F

Figure4.3: homeomorphicembedding
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Ü � root ÜÜ r Ü Ü Ü
G3G1 G2

Figure4.4: An exampleof expansionto asubgraph

Definition 4.1.3 GiventwoskeletongraphsG1 9b
 V1
�
E1
�
s1
�
d1
�
r1 � andG2 9²
 V2

�
E2
�
s2
�
d2
�
r2 � ,

we saythatG1 is a rootedsubgraphof G2 (G1 r G2) if V1 r V2, E1 r E2, s1 r s2,
d1 r d2 andr1 	 r2.

Definition 4.1.4 Given a term graphg 9à
 V � L � A � S� r � with a non-emptyset of
nodes,we definetheskeletonof g as

skel 
 g��	B
 V � E � s� d � r � �
where

E 	 # 
 v� i �&� v _ V
�
1 ^ i ^ arity 
 L 
 v��� � A 
 v� i � _ V $

s
�
 v� i ��� 	 v
d 
�
 v� i ����	 A 
 v� i �

Wenow have all thecomponentsto definehomeomorphicembedding.

Definition 4.1.5 Given a skeletongraphG anda term graphh, we saythat G is
homeomorphicallyembeddedin h, denotedG ß h, if thereexistsaskeletongraph
GM , suchthatG ß GM r skel 
 h� .

Notethattheorderof theedgeexpansionandtherootedsubgraphmatters.For
example,in Fig. 4.4 we have drawn threegraphs,of which thefirst graphcanbe
transformedinto thesecondusinganroot edgeexpansion,thesecondis a rooted
sub-graphof the third. However, no graphG4 suchthat G1 r G4 ß G3 exists.
Supposingsuchagraphexisted,wecannothave thatG4 9 G3, becauseG1 is nota
rootedsubgraphof G3. Thatmeansthatfrom G4 to G3 wemustexpandat leastone
edge.But that is impossiblebecausethenodethat is addedto a graphby anedge
expansionwill alwayshave exactly onein-going edgeandexactly oneoutgoing
edge.Suchnodesdonotexist in G3. Contradiction.

Wedohave thatg ráÜ¬ß h 	�] g ßâÜZr h. Giveng ráÜZ� h wecanhave two
cases.Thefirst caseis if we expandanedgethatwaspresentin g. In this casethe
edgeexpansionandembeddingareindependentandwe have thatg �ãÜ�r h. The
secondcaseis if weexpandanedgethatwasaddedby theembedding.In thiscase
wehave thatg r h. Fromthiswe mayconcludethatg rFÜ¬ß h 	�] g ß�Ü�r h.

Fromthesetwo factswecanconcludethatwe have that

g ß�ÜZr h äº] g 
�ßåm�rZ� s h �
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F

A B

(4a)

F

A
(3)

ÜÜ Ü
(a)

F

A
(1)

B

F

x
(2)

A

F

A B

(4b)

Figure4.5: A collectionof graphs.

Example4.1.6 In Fig. 4.5wehavedrawn acollectionof graphs.Thereis askele-
tongraph(a)andfivetermgraphs(1,2,3,4ab).For all fivetermgraphswewill now
answerthequestionif (a) is homeomorphicallyembeddedin it andwhy.

(1) Wehave that(a)	 skel(1). Hence 
 a� is homeomorphicallyembeddedin (1).

(2) Thevariablex is notanode.Therefore(a)is nothomeomorphicallyembedded
in (2).

(3) Eventhoughthereexistsarootedhomomorphismfrom (a)to thisgraph,wedo
not have that (a) is homeomorphicallyembeddedin this graph. Thereason
is thatevery nodein theskeletongraphhasto correspondto a uniquenode
in thetermgraph.

(4a)Theextraedgewith respectto (1) doesnotmatter, wehave that(a)r skel(4a)
andhencethat 
 a� is homeomorphicallyembeddedin (4a).

(4b) Wedo not have that(a) is homeomorphicallyembeddedin (4b). Thereason
is thatthenodewith B is neededasboththeimageof thebottomright node
of (a)andasanodein thepathfrom theroot to theimageof thetopnodeof
(a).

With thenotionof homeomorphicembeddingandthegraphsÝ , Ë and Þ we
canpreciselydefinewhathorizontal,verticalandtwistedsharingare:

Definition 4.1.7 A term graphhashorizontal sharing if it hasa homeomorphic
embeddingof Ý , a termgraphhasvertical sharingif it hasa homeomorphicem-
beddingof Ë and a term graphshas twistedsharing if it hasa homeomorphic
embeddingof Þ .

Notethatif agraphhastwistedsharing,it alsohasbothhorizontalandvertical
sharing. The conversedoesnot hold: if a graphhasboth horizontalsharingand
verticalsharingthenit doesnot necessarilyhave twistedsharing.Seefor example
Fig. 4.6. Thehomeomorphicembeddingsof Ý and Ë areeasilyrecognized,but
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F

G

Figure4.6: A graphthathashorizontalandverticalsharing,but no twistedsharing

sincethe graphhasonly two nodesit is impossiblethat Þ is homeomorphically
embeddedin this graph.

It would have beensimpler to considerdirectedgraphsinsteadof rooteddi-
rectedgraphs.However, we needtherootsfor the following reasons:in Fig. 4.7
we have drawn thegraphof µx�A 
 F 
 x � x��� twice. This shouldbea graphthathas
only vertical sharing. According to definition 4.1.5we have that neither Ý norÞ is homeomorphicallyembedded:theresimply arenot enoughnodesto embedÞ andif we try to embedÝ thenwe find that thewrongnodehasto becomethe
root. However, from the secondpictureof the graphit is clearthat the unrooted
versionof Ý is homeomorphicallyembeddedin thisgraph.Thisexplainsboththe
differencebetweenrootedandnon-rootedhomeomorphicembeddingandwhy we
choosetherootedversion.Similarly, thepicturesin Fig. 4.8show that theroot in
thedefinitionof twistedsharingmakesadifferenceandis needed.In thedefinition
of vertical sharingthe root makesno difference. Nevertheless,we includeit for
greateruniformity.

Distinguishingwhich kind of sharingis presentin a graphwith garbageis
hard. Considerthe two graphsin Fig. 4.9. Intuitively, the first graphis a graph
with horizontalsharingandthesecondagraphwith verticalsharing.Nevertheless,
thesegraphsareisomorphic.

4.2 Representationby let

Theclassof termgraphsthat is representedby termswith let is theclassof term
graphswith only horizontalsharing.In otherwords,it is theclassof termgraphs
thatcontainno verticalsharing:

Theorem 4.2.1 A termgraphcanberepresentedby a termwith let if andonly if
thegraphcontainsno homeomorphicembeddingof Ë .

F

A

A

F

Figure4.7: µx� A 
 F 
 x � x���
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G

H

F G

F

H

Figure4.8: µx� let y 	 µz�G 
 z� x� in H 
 y� F 
 y� x���
Proof. Givena termgraph.We have two cases,dependingon whetheror not this
termgraphhasahomeomorphicembeddingof Ë :

- If the term graphhasa homeomorphicembeddingof Ë thenit containsa
cycle. By structuralinductiononecanshow thatit is impossiblethatacycle
shows up in thegraphsemanticsof a termwith let. Thus,it is impossibleto
representthetermgraphwith a termwith let.

- If thegraphhasnohomeomorphicembeddingof Ë thenby inductiononthe
numberof nodesof thegraphwewill constructatermwith let thatrepresents
thegraph.

(i) If thegraphhasno nodesthenits root mustbea variableandthis vari-
ableis alsoa representationof thegraph.

(ii) If thegraphg hasoneor morenodesthentheremustbea leaf nodev
in thegraph. (Becausethegraphis acyclic andfinite theremustbe a
leaf node.) Assumethat the label of the leaf nodev is F andthat its
argumentsarex1

�������!�
xn. Let y bea freshvariable.Let gM bethegraph

obtainedfrom g by removing the nodev andby usingy in all places
wherev wasusedasanargument.ThengM still hasno homeomorphic
embeddingof Ë , soby inductionhypothesisgM canberepresentedby
a termwith let. If M is sucha representationof gM theng is represented
by

let y 	 F 
 x1
�������"�

xn � in M � �
Example4.2.2 In Fig. 4.10 we have shown how to apply the constructionof a
termwith let to representa graph. Startingwith the leftmostgraphwe have only

C F

C

C C

F

Figure4.9: Graphwith sharingandgarbage
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q

F

F

xy

p

F

F F

x xy y

F

F

A

F

x x

F

F

x y

z zp

F

Figure4.10:Sequentialdecompositionof a termgraph

onechoicefor a leaf-node:the bottomnode. We choosey asfreshvariableand
proceed. In the next stepwe have two choicesfor the leaf-node. After another
step,we endup with thesamegraphsdueto a smartchoiceof freshvariables.In
theendtherepresentationwe getif we follow thetopdecompositionpathis

let y 	 A in let p 	 F 
 x � y� in let z 	 F 
 y� x� in let q 	 F 
 p � z� in q

andtheonewe getif we follow thebottompathis

let y 	 A in let z 	 F 
 y� x� in let p 	 F 
 x � y� in let q 	 F 
 p � z� in q �
Note that a muchmoreefficient representationis possibleby eliminatingthe lets
whoseequationis only usedonce:

let y 	 A in F 
 F 
 x � y� � F 
 y� x�����
4.3 Representationby µ

Theclassof termgraphsthat is representedby µ-termsis theclassof termgraphs
with only verticalsharing.In otherwords,it is theclassof termgraphsthatcontain
nohorizontalsharing:

Theorem 4.3.1 A term graphcanbe representedby a term with µ if andonly if
thegraphcontainsno homeomorphicembeddingof Ý .

Proof. Givena termgraph.We have two cases,dependingon whetheror not this
termgraphhasahomeomorphicembeddingof Ý :

- If the termgraphhasa homeomorphicembeddingof Ý thentheremustbe
two nodesu andv in thegraphthatcorrespondto thetop andbottomnodes
of Ý . Therealsomustbe disjoint acyclic pathsp from the root to u and
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F

x A

x y A

y

y

Figure4.11:recursive decompositionof agraph

p1
�
p2 from u to v. Thus,therearetwo distinctacyclic pathsp; p1 andp; p2

from the root to v. By structuralinductiononecanprove that in thegraph
semanticsof a term with µ thereis a uniqueacyclic path from the root to
every node.Therefore,thetermgraphcannotberepresentedby a termwith
µ.

- If thegraphhasnohomeomorphicembeddingof Ý thenby inductiononthe
numberof nodesof thegraphwewill constructa termwith µ thatrepresents
thegraph.

(i) If thegraphhasnonodesthenits rootmustbeavariablex. Thetermx
representsthegraph.

(ii) If thegraphg hasoneor morenodesthenthe root is a nodev. Let x
bea freshvariable.Thegraphsgi areobtainedfrom g by removing the
nodev, usingx asargumentwherev wasusedbeforeandby takingthe
subgraphstartingwith A 
 v� i � . If A 
 v� i �Y	 v thenthe root is x. Due to
the fact that that thereis no horizontalsharingin g we have that there
is no horizontalsharingin eachgi . Becausewe remove thenodev we
have that eachgi is smallerthang. By inductionhypothesiswe can
representeverygi with aµ-termMi. Let F bethelabelof v. Thegraphs
gi do not have any nodesin commonbecausethereis no horizontal
sharingin g. Therefore,we have thatg is representedby

µx� F 
 M1
�������!�

Mn ��� �
Example4.3.2 Let us follow the constructionin the previous proof to obtain a
representationof thegraphg on thefirst row of Fig. 4.11.

We choosey asthe freshvariableandthencomputeg1
�
g2 andg3 which are

drawn on thesecondrow of thefigure.Thefirst two graphson thesecondrow are
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representedby x andy, respectively. In orderto obtaina representationof thethird
graph,wehave to decomposeit. Now wechoosezasour freshvariable.Theresult
if thegraphshown on thethird row. This graphis representedby y. Thus,thelast
graphin thesecondrow is representedby µz� A 
 y� andthegraphon thefirst row by

µy� F 
 x � y� µz� A 
 y���>�
Note that the µz is superfluous.That is, µy� F 
 x � y� A 
 y��� is alsoa representation.
Adding an occurcheckwould make the algorithmoptimal, we have omittedthis
checkbecausewe areonly interestedin theexistenceof a representationandnot
in themostefficient representationpossible.

4.4 Representationby let and µ

Theclassof termgraphsthatis representedby µ-termswith let is theclassof term
graphsthat only have horizontaland/orvertical sharing. In otherwords,it is the
classof termgraphsthatdo nothave twistedsharing:

Theorem 4.4.1 A term graphcanbe representedby a term with let andµ if and
only if thegraphcontainsnohomeomorphicembeddingof Þ .

Proof. Givena termgraphg. Wehave two cases,dependingonwhetheror not this
termgraphhasahomeomorphicembeddingof Þ :

- If g hasa homeomorphicembeddingof Þ andis thegraphof a termwith µ
andlet thenwe canderive acontradiction.

Usingthe recursive definitionof graphsemantics,we cantagall theedges.
The edgesthat were introducedwith the clausefor µ are tagged”up”; all
theothersaretagged”down”. Thetaggedgraphsatisfiesthefollowing two
properties:

- Every cyclic pathincludesat leastoneedgethathasan”up” tag.
- Every acyclic pathfrom theroot to a nodecontainsonly edgeswith the

”down” tag.

Becauseg containsahomeomorphicembeddingof Þ , thereexist threenodes
u
�
v
�
w in g andfivedisjoint acyclic pathsp1 from theroot to u, p2 form u to

v, p3 from u to w, p4 from v to w andp5 from w to v. Becausethepathsare
disjoint, we have that p1p2p4 is anacyclic pathfrom theroot to w. Sucha
pathcannotcontain”up” edges,so in particularp4 containsno ”up” edges.
Similarly p1p3p5 is anacyclic pathfrom the root to v. Hence,p5 contains
no ”up” edges.However, p4p5 is a cyclic path,which mustcontainat least
one”up” edge.Contradiction.

- If g hasno homeomorphicembeddingof Þ thenwe will inductively con-
structa termwith let andµ thatrepresentsthegraph.



64 CHAPTER4. REPRESENTABILITY OF GRAPHS

B

z

F

B

A

B

F

B

A

B

F

x y

A

B

z

A

p

B

x

A

B

Figure4.12:Recursive planardecompositionof agraph.

(i) If thegraphhasnonodesthenits rootmustbeavariablex. Thetermx
representsthegraph.

(ii) If the graphg hasoneor morenodesthenthe root is a nodev. Let
x be a fresh variable. The graphgM is obtainedfrom g by replacing
every occurrenceof g asanargumentby x. We candecomposegM into
maximalstronglyconnectedcomponents.That is, we candecompose
gM into subgraphscalledplanes,suchthatbetweenevery two nodesin
theplanethereexistsa pathandsuchthatif a nodeis in theplaneand
thatnodelies on a cycle thenevery nodeon thecycle is in theplane.
Every planehasa singleroot. That is, thereis exactly onenodein the
planethatis referredto from outsidetheplane.Therefore,wecanview
a planeasa node. If gM consistsof a singleplanethenthis planemust
bea functionsymbolF with argumentsx1

�������
xn andwe canrepresent

theplanewith thetermM 	 F 
 x1
�������!�

xn � . If gM consistsof morethan
oneplanethenwe canapplyour inductionhypothesisto every plane.
By using the algorithmwe usedin the proof of Thm. 4.2.1,we can
combinetherepresentationsof theplanesinto arepresentationM of gM .
If x doesnot occurfreein M thenM alsorepresentsg. Otherwise,we
canrepresentg with µx�M. �

Example4.4.2 In Fig. 4.12wehaveappliedtheconstructionto asmallgraph.We
startwith the leftmostgraph. First, we must replaceevery referenceto the root
with a variablew. Then,we mustdecomposethegraphinto planes.Theresultof
thesestepsis drawn in thesecondpicture,whereaplaneis indicatedwith adashed
line. We mustnow considertheplanesthemselves,which meansthatwe have to
considerthegroupof graphswhich form thethird picture.Thetopandleft graphs
of thisgrouparetrivial andrepresentedby F 
 x � y� andB 
 x� , respectively. Theright
graphmustbedecomposedagain,whichis donein thefourthanfifth pictures.The
resultingrepresentationof thegraphin thefirst pictureis

let x 	 µz� let p 	 B 
 z� in A 
 p� in let y 	 B 
 x� in F 
 x � y�>�
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�����
F2

F1 F1

g1

F3

F2 F2 F2

g2

F4

F3 F3 F3 F3

g3

Figure4.13:A setof graphsthatcanonly berepresentedby termswith letrec

4.5 Representationby letrec

Theclassof termgraphsrepresentedby termswith letrec is theclassof all graphs.

Theorem 4.5.1 Every termgraphcanberepresentedby a termwith letrec.

Proof. Givena termgraphg 9Ô
 V � L � A � r � . Let xv
�
v _ V bedistinctvariables,such

that for no v we have thatxv occursfreein g. Let xy 	 y for every freevariablein
g andlet nv bethearity of L 
 v� . Wecanrepresentg with�

xr � xv 	 L 
 v�*
 xA Ñ ve 1Ò �������!� xA Ñ ve nv Ò � ;v _ V �<� �
Unlike the let, the letrec allowsarandomnumberof equations.A naturalques-

tion to askis whateffect thenumberof equationshason theexpressive power the
letrec. To give a partial answerto this questionlet us considerthe letrec with n
bindings:

letrecn x1 	 M1
�������!�

xn 	 Mn in M �
For thespecialcaseof letrecs with a singlebindingwe caneasilygive a complete
answer:

Proposition4.5.2 Theclassof graphsthatarerepresentableby termswith letrec1

is theclassof graphsthatis representableby termswith let andµ.

Proof. All of thefollowing rewrite rulespreserve thegraphsemantics:

letrec1 x 	 M in N � let x 	 µx�M in N
let x 	 M in N � letrec1 x 	 M in N
µx�M � letrec1 x 	 M in x

With theseruleswe cantranslatea giventermwith let andµ to a termwith letrec1

andviceversa. �
In generalwe cansaythat the letrecn is not aspowerful asthe letrecn§ 1. For

example,if we look at thegraphsg1
�
g2
� ����� thataredefinedin Fig. 4.13thenwe

can prove that eachgi can be representedby a term with letrec j if and only if
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Figure4.14:Graphsthatarenot representableby termswith letrec2

i ^ j. A completecharacterizationis difficult. For example,the graphsin Fig.
4.14 cannotbe representedusing letrecs with at most2 equations.Moreover, if
oneleavesout any edgein oneof thelast two graphsthentheresultinggraphcan
berepresentedby a termwith letrec2. Also, it is impossibleto homeomorphically
embedtheskeletonof onegraphinto theother. Theconclusionis thatwe cannot
characterizeletrec2 with a singleskeletongraph,but thatwe will have to usea set
of graphs.

In sucha setof graphswe mayhave to includeskeletons,which have a node
with threeor more outgoingedges. The presenceof suchnodesposesa prob-
lem with thedefinitionof homeomorphicembedding.Considerthegraphsin Fig.
4.15. The skeletongraphon the left is not homeomorphicallyembeddedin the
termgraphon theright. However, they look very similar. Theproblemis that the
nodewith threeargumentsin theskeletongraphhasto correspondto thetwo nodes
labeledF in thetermgraph.To solve theproblem,we defineweakhomeomorphic
embeddingby replacingtherelation ß with æ in thedefinitionof homeomorphic
embedding.The relation æ is the leasttransitive andreflexive relationthat in-
cludes � root andallows theexpansionof nodesinto trees,asdepictedin Fig.4.16.
Notethat theedgeexpansionrelation � e is containedin � node: to extendanedge
thatbeginsin a certainnodeyoucanalsoextendthestartingnode.

Definition 4.5.3 Givenaskeletongraph 
 V � E � s� d � r � andanodev _ V, we define
 V � E � s� d � r �&� node 
 V i # vM $ � E i # e$ � sM � d M m # 
 e� vM �`$ � r � �
wheresM is a functionsatisfying

sM r s m # 
 e� v�`$�m # 
 eM � vM �H��
 eM � v��_ s$a�
ÜÜ F

F

A

Figure4.15:An exampleof generalizedembedding
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Ü����� ����� ����� Ü Ü� node

�����
Figure4.16:nodeexpansion

Out intuition for thegeneralcaseis thatagraphwhichconsistsof aplanewith
n
�

1 nodesplusa root nodecannotberepresentedby a letrec with n equationsas
longasthatgraphis not theresultof a nodeexpansionof asmallergraph.Wecan
enforcethat conditionby requiringthat every nodein the planehastwo distinct
in-goingedges.This intuition leadsto thefollowing educatedguess:

Conjecture 4.5.4 Let v0
�
v1
�������

be a setof nodes.For n © 1 let ç n be thesetof
graphsg thatsatisfytheconditions:

- Thenodesof g arev0
�������!�

vn.
- Therootof g is v0.
- Thereis no edgefrom vi to v0.
- For i

�
j © 0 thereexistsapathfrom vi to v j .

- Thereis no edgefrom vi to vi

- For i © 0 therearetwo distinct j1
�
j2 suchthat thereareedgesfrom v j1 to vi

andfrom v j2 to vi .
Theclassof termgraphsthat is representableby termswith letrecn is theclassof
graphswhichcontainnoweakhomeomorphicembeddingof any elementof ç n§ 1.

In Fig. 4.17we have drawn a skeletongraph,that is a memberof ç 4, anda
graph,that is not representableby letrec3. The skeletongraphis not homeomor-
phically embeddablein thetermgraph.However, it is weaklyhomeomorphically
embeddable.Thus, it is essentialto useweakhomeomorphicembedding.Note
thatwe have that ç 2 	 # Þº$ . Sofor n 	 1 we alreadyhave a proof. Also notethat
givenagraphg _zç n wecanfind agraphgM _¹ç n§ 1, suchthatg is asubgraphof gM .

Ü
Ü Ü Ü

Ü F

F

F F

F

H

Figure4.17:
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Figure4.18:TheclassificationasaVenndiagram

4.6 Conclusion

Wenow haveacompletesetof descriptionsof theclassesof graphsrepresentedby
termswith let, µ and/orletrec. This classificationis nicelyexpressedin Fig. 4.18.



Chapter 5

Axiomatizations

In this chapterwe will axiomatizetheequivalencerelationson terms,inducedby
thefollowing equivalencerelationson thegraphsemantics:

- isomorphism

- isomorphismmodulogarbagecollection

- bisimilarity

- isomorphismof labeledgraphs

- isomorphismof treeunwinding

Theseaxiomatizationsare derived from the axiomatizationsfound in [AB97a,
AB97b]. Thedifferencesaremostlyin presentationandthetechnicaldetails.

Thefirst sectionof thischapteris devotedto thecommoncomponentof all our
axiomatizations:equationallogic. Thissectionis followedby severalsectionsthat
aredevotedto theaxiomatizationof oneof theequivalencerelations.Eachof these
sectionsbegins with an introductionof the necessarynew axiomsandan axiom
system.This introductionis followed by sometechnicallemmasandthe section
will end with a theoremthat summarizesthe importantresultsaboutthe axiom
system.In thesectionsaboutisomorphicgraphsemantics,graphsemanticsmod-
ulo garbageandisomorphiclabeledgraphsemanticswe alsoprovide a complete
rewrite system,whoseconversionis preciselytheprovableequalityof theaxiom
systemandwhosenormalformsareflat terms.

5.1 Equational logic

All of theproof systemsin this chapterhave a smallsetof inferencerulesin com-
mon: equationallogic. The inferencerulesof equationallogic aregiven in Table
5.1. In this tableM

�
N andP standfor termsandC for acontext.

With justtheinferencerulesof equationallogic wecannotdoverymuch.How-
ever, if we addaxiomsthenthe resultingproof systemcanprove preciselythose

69
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Table5.1Equationallogic

Reflexivity M 	 M

 refl�

Symmetry
M 	 N
N 	 M


 symm�
Transitivity

M 	 N N 	 P
M 	 P


 trans�
Compatibility

M 	 N
C �M �5	 C �N � 
 comp�

termsequalthatareconvertible in the rewrite relationthat is obtainedfrom those
axiomsby replacingtheequalsignswith arrows. For example,if we extendequa-
tional logic with theaxioms

A1 A 
 x � 0� 	 x
A2 A 
 x � S
 y����	 S
 A 
 x � y���

andreferto theresultas ¶ A thenwe canprove two termsM andN equalin ¶ A if
andonly if M andN areconvertible in thefollowing termrewrite system:

A 
 x � 0� � x
A 
 x � S
 y����� S
 A 
 x � y���

If wecanproveanequationM 	 N in aproofsystem¶ thenwewrite è�é M 	 N.
For examplewe have that è�é A A 
 O � S
 O���&	 A 
 S
 O� � O� . A completelyformal
derivationof this factis thefollowing proof tree:

A Ñ O e SÑ OÒdÒ[¤ SÑ A Ñ O e OÒdÒ A2
A Ñ O e O Ò;¤ O

A1

SÑ A Ñ O e O ÒdÒ[¤ SÑ O Ò Ñ compÒ
A Ñ O e SÑ OÒdÒ[¤ SÑ OÒ Ñ transÒ A Ñ SÑ OÒ=e OÒ*¤ SÑ OÒ A1

SÑ OÒ[¤ A Ñ SÑ OÒ=e OÒ Ñ symmÒ
A Ñ O e SÑ O ÒdÒ[¤ A Ñ SÑ OÒ=e OÒ Ñ transÒ

Wecanalsogiveaproof in a muchmorecompactstyle:

A 
 O � S
 O����	 S
 A 
 O � O��� A2	 S
 O� A1	 A 
 S
 O� � O� A1

Essentiallythis proof is a conversion,which meansthata proof in this styleexists
if andonly if aproof treeexists.

Besidestheprovableequalitywewill alsohave semanticaltruth. Thesemanti-
cal truth will dependon semanticsfor theterms � ��� � � andanequivalencerelationR
onthosesemantics.Wewill write � 	 R M 	 N if wehave that � �M � � R� �N � � . Thisgives
riseto two propertiesof aproof system¶ . Wesaythat ¶ is soundwith respectto
R if è�é M 	 N 	�].� 	 R M 	 N
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andthat ¶ is completewith respectto R if� 	 R M 	 N 	�]åè�é M 	 N �
Theusualsemanticsfor the termsin our examplewould beparameterizedwith a
valuation(afunctionfromvariablestonaturalnumbers)andyieldanaturalnumber.
As this schemedoesn’t fit our theory, we cheata bit by usinga non-parameterized
semanticsthat yields a function from valuationsto naturalnumbers.Apart form
this, thedefinitionof thesemanticsis theusualrecursive one:� � x� � 	 f 8� f 
 x�� �O� � 	 f 8� 0� �S
 M �-� � 	 f 8� 1

� � �M � �°
 f �� �A 
 M � N �-� �å	 f 8�.� �M � �°
 f � � � �N � �°
 f �
For example, � �A 
 x � y�-� �A	 f 8� f 
 x� � f 
 y���
If wedefinetherelationRA astheequalityrelationonsemanticsthenwehave that¶ A is soundandcompletewith respectto RA .

In theremainingsectionsof this chapterwe assumethat thesemanticsusedis
thegraphsemanticsof terms.Wewill axiomatizeseveralequivalencerelationson
thosesemantics,startingwith isomorphism.

5.2 Graph semantics

In this sectionwe will give a soundandcompleteaxiomatizationof isomorphism
on thegraphsof terms.

Definition 5.2.1 Theproof system¶ graph is theextensionof equationallogic with
theaxiomsin Table.5.2

In theremainderof thissectionwewill provethat ¶ graph is soundandcomplete
with respectto isomorphism. Becauseof the large numberof axiomsin ¶ graph

theseproofswill bequiteextensive.
A pictorial “proof” of thesoundnessof ¶ graph is givenin Fig. 5.1. In thisfigure

wehave constructedthegraphsemanticsof every left andright-handsideof every
axiom. In thesegraphswe have indicatedsubgraphsthat are the semanticsof a
letrecwith dashedboxesandwe have useddottedarrows to indicatethepresence
of zeroor morerealedges.For thelastthreeaxiomswe have omittedthesimplifi-
cationstepof theconstruction,becauseaftersimplificationtherewouldnotbeany
difference.Let usnow give theformalproof:

Theorem 5.2.2 Theproofsystem¶ graph is soundwith respectto isomorphism.
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Figure5.1: Pictorialdescriptionof ¶ graph
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Table5.2 theaxiomsof ¶ graph

Lift:
F 
 M1

�������!� �
Mi � D � �������!� Mn �À	 � F 
 M1

�������!�
Mi
�������!�

Mn �&� D �
Emptyboxgarbage collection:�

M �Î�À	 M
Merge: ���

M � D1 �H� D2 �À	 � M � D1
�
D2 ��

M � x 	 � N � D1 � � D2 �À	 � M � x 	 N
�
D1
�
D2 �

Naming:
M 	 � x � x 	 M � x fresh

Variablesubstitution:�
M � x 	 y

�
D �À	 � M � x : 	 y�X� D � x : 	 y�W� x o9 y

Black hole: �
M � x 	 x

�
D �À	 � M � x 	a� � D �

Proof. Becauseisomorphismis anequivalencerelationwehavethatthereflexivity,
symmetryandtransitivity rulesaresound.Becausethedefinitionof graphseman-
tics is basedon structuralinductionwe have that the compatibility rule is sound.
Thus,we only have to considertheaxiomsin Table5.2:

Lift: � � F 
 M1
�������"� �

Mi � x1 	 N1
�������"�

xk 	 Nk � �������!� Mn �-� �	 F 
�� �M1 � � �������"� � � � Mi � x1 	 N1
�������!�

xk 	 Nk �-� � �������"� � �Mn � �W�	 F 
�� �M1 � � �������"� Sim
 � � �Mi � �3� x1 	B� �N1 � � �������"� xk 	D� �Nk � �W��� �������"� � �Mn � �W�	 Sim
 F 
�� �M1 � � �������"� � � �Mi � �3� x1 	B� �N1 � � �������"� xk 	D� �Nk � �W� �������"� � �Mn � �W���	 Sim
 � F 
�� �M1 � � �������!� � �Mi � � �������!� � �Mn � �W�G� x1 	B� �N1 � � �������"� xk 	B� �Nk � �W���	 Sim
 � � �F 
 M1
�������!�

Mi
�������"�

Mn �-� �X� x1 	B� �N1 � � �������!� xk 	B� �Nk � �W���	B� � � F 
 M1
�������!�

Mi
�������!�

Mn �G� x1 	 N1
�������!�

xk 	 Nk ���-� �
Emptybox: Trivial.

Externalmerge:� � ��� M0 � x1 	 M1
�������"�

xk 	 Mk �H� y1 	 N1
�������!�

yn 	 Nn �-� �	 Sim
 � � � � M0 � x1 	 M1
�������!�

xk 	 Mk �-� ��� y1 	B� �N1 � � �������!� yn 	E� �Nn � �' (*) +
D

���	 Sim
 � Sim
 � � �M0 � �X� x1 	E� �M1 � � �������%� xk 	B� �Mk � �W���G� D ���	 Sim
 ��� � �M0 � �X� x1 	B� �M1 � � �������"� xk 	B� �Mk � �W�G� D ���	 Sim
 � � �M0 � �3� x1 	B� �M1 � � �������!� xk 	B� �Mk � � � y1 	B� �N1 � � �������!� yn 	D� �Nn � �W���	B� � � M0 � x1 	 M1
�������"�

xk 	 Mk
�
y1 	 N1

�������!�
yn 	 Nn �-� �
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Internalmerge:� � � M0 � x1 	 � M1 � y1 	 N1
�������"�

yn 	 Nn � � x2 	 M2
�������!�

xk 	 Mk' (*) +
D

�-� �	 Sim
 � � �M0 � �3� x1 	B� � � M1 � y1 	 N1
�������!�

yn 	 Nn �-� � � � �D � �W���	 Sim
 � � �M0 � �3� x1 	 Sim
 � � �M1 � �3� y1 	B� �N1 � � �������%� yn 	E� �Nn � �W��� � � �D � �W���	 Sim
 � � �M0 � �3� x1 	 � � �M1 � �3� y1 	B� �N1� � �������"� yn 	B� �Nn � �W� � � �D � �W���	 Sim
 � � �M0 � �3� x1 	B� �M1 � � � y1 	B� �N1 � � �������!� yn 	D� �Nn � � � � �D � �W���	B� � � M0 � x1 	 M1
�
y1 	 N1

�������"�
yn 	 Nn

�
x2 	 M2

�������!�
xk 	 Mk �-� �

Naming: Giventhat � �M � �5	E
 V � L � A � S� r ���
Wehave thatif x doesnotoccurin M then� � � x � x 	 M �-� �5	 Sim
 V  # v $ � L  # v 8� Í $ � A  # 
 v� 1��8� r

�
S
�
v��	B� �M � �¸�

Thelatterequalityis becausewe know thatthereareno indirectionnodesin� �M � � , whichmeansthatv is theonly indirectionnode.

Variablesubstitution:� � � M0 � x0 	 x1
�
x1 	 M1

�������!�
xn 	 Mn �-� �	 Sim
 � � �M0 � �3� x0 	D� � x1 � � � x1 	B� �M1 � � �������"� xn 	B� �Mn � �W���	 Sim
 � � �M0 � x0 : 	 x1 �J� �3� x1 	B� �M1 � x0 : 	 x1 �J� � �������"� xn 	B� �Mn � x0 : 	 x1 �J� �W���	D� � � M0 � x0 : 	 x1 �3� x1 	 M1 � x0 : 	 x1 � �������%� xn 	 Mn � x0 : 	 x1 �W�-� �

More precisely, we have that� � �M0 � �X� x0 	E� � x1 � � � x1 	B� �M1 � � �������!� xn 	B� �Mn � �W�H���[�Î�Sim� � �M0 � x0 : 	 x1 �J� �X� x1 	B� �M1 � x0 : 	 x1 �J� � �������%� xn 	B� �Mn � x0 : 	 x1 �J� �W���
Blackhole: Wehave that � �ê��� �/	B
 # v $ � # v 8���"$ � /0 � /0 � v�á�� � � x � x 	 x�-� �å	 � 
 /0 � /0 � /0 � /0 � x��� x 	B
 /0 � /0 � /0 � /0 � x���	 Sim
 # v $ � # v 8� Í $ � /0 � /0 � v�	E
 # v $ � # v 8���"$ � /0 � /0 � v�

Using the axiomsthat we have alreadyproven sound,we may thenderive
that � � � M � x 	 x

�
D �-� �Ì	D� � � M � x : 	 y�X� y 	 x

�
x 	 x

�
D � y : 	 x�W�-� �	D� � � M � x : 	 y�X� y 	 � x � x 	 x� � D � y : 	 x�W�-� �	D� � � M � x : 	 y�X� y 	b� � D � y : 	 x�W�-� �	D� � � M � x 	b� � D �-� �
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�
In ourcompletenessproofwewill useacompleterewrite system¶>ëgraph, whose

normalforms areflat termsandwhoseconversionrelationis exactly thesameas
theprovableequalityof ¶ graph. We will alsousean isomorphismψ from higher-
ordertermgraphsto flat terms,whoseinverseis � ��� � � . Becauseψ is anisomorphism
it givesa uniquecanonicalrepresentingterm for every graph. Every other rep-
resentationof thesamegraphis rewritten to this uniquerepresentationby ¶áëgraph.
This impliesthatwecanproveevery representationof agraphequalto thecanoni-
cal representation,which in turn impliesthatwecanproveany two representations
equal.

We will now design ¶áëgraph. The goal is to rewrite every term to a flat term.
Westartby orientingtheaxiomsin ¶ graph from left to right, excepttheemptybox
axiom,whichwe orientfrom right to left. We needto orientthisaxiomfrom right
to left because

�
x �Î� is a flat termandx is not. However, by orientingtheaxiomin

thiswaywe introducenon-termination.For examplewehave that:

x � � x �Î��� ��� x �Î�G�Î��� ����� �
In this sequencethefirst stepis necessaryto rewrite x into anequivalentflat term,
but the further stepsform an unwanteddiverging sequence.The reasonfor this
unwantedexpansionis thatwe introducea new box aroundanexisting box. Intu-
itively this is unnecessarybecauseweonly needonebox. Thus,werestrictthebox
introductionrule to

M � � M �Î� , if M o9 � M M � D �<� (5.1)

This rulesout thediverging sequencein theexample,but we canstill getacycle:�
x � x 	 A��� � x � x 	 � A �Î���³� �[�[��� �merge

�
x � x 	 A� �

The reasonfor this cycle is that we canintroducea box wherewe don’t needit
in sucha way that we cancleanit up againwith a merge step. The solution is
to further restrictemptybox introductionto placeswherewe needthem. That is
to restrictbox introductionstepsto the rootsof the term andthe abstractionsin
the term. To write down this restrictionwe usethe following abbreviations for
contexts:

Cabs 	E� x�-�
Cfun 	 F 
 M1

�������!� � ������� Mn �
Cext 	 � �ã� D �
Cint 	 � M � x 	D� � D �

With theseabbreviationswe canwrite therestrictedruleasfollows:

M �g�[�[�;�[� �ì ¯CCabs

�
M �Î� , if M o9 � M M � D � � (5.2)

Anothersourceof non-terminationis thenamingrule. Like thebox introduction
rule this rulecanbeappliedto thewrongterm:

x �� � z � z 	 x�³�� � w � w 	 � z � z 	 x���G�� ����� �
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From this exampleit is clearthat we do not needto apply namingto a box. We
alsodo notneednamingfor variables:�

x �Î��� ��� z � z 	 x�G�Î��� � z � z 	 x� � x �Î��� ����� �
We do neednamingfor functionsymbolsbecausewe needto rewrite A to

�
x � x 	

A� . Thesameholdsfor abstractions.Like for box introductionwe canalsoapply
thenamingrule in thewrongplace:

A � � x � x 	 A�Y�� � x � x 	 � y � y 	 A����� � x � x 	 y
�
y 	 A� � y � y 	 A��� �����

in thesecondstepwearegiving thesymbolA thenamey, but A alreadyhadaname
: x. In turn we thenhave to remove thedoublename,which is donein thefourth
step. Intuitively thatmeansthatwe needto applynamingto functionapplication
andabstractionsthatdonotalreadyhaveaname.Wecanbecertainthesesubterms
donothaveanameif they occuratthetopof atermor astheargumentof afunction
or abstraction.Formally we have to take a slightly morerelaxed notion,because
we alsoneedto beableto applynamingto termssuchas�

A �Î�<�
That is, we have to allow a few boxes to be addedin betweenthe top and the
functionsymbol.Thesuitablerewrite rulesfor namingthusbecome:

λx �M �=�*�;�[�[�;�[�[�;�[�[���[�\�Ñ ì ¯C Ñ Cabs̄Cfun ÒdÒ C̈ext

�
y � y 	 λx �M �

F 
 M1
�������!�

Mn �í�=�*�;�[�[�;�[�[�;�[�[���[�\�Ñ ì ¯C Ñ Cabs̄Cfun ÒdÒ C̈ext

�
x � x 	 F 
 M1

�������%�
Mn ���

Notethattheserulesoverlapwith 5.2for functionapplicationandabstractions.We
remove thisoverlapby furtherrestrictingthebox introductionrule to

x ���[�[���[� �ì ¯CCabs

�
x �Î�

Definition 5.2.3 Therepresentationalrewriting system¶�ëgraph is givenby the fol-
lowing rewriting rules:

F 
 ����� � Mi � D � ����� � �c�d�
lift

�
F 
 ����� Mi

����� �G� D �
x

ì ¯CCabs�g�[�;�[�[�Î�ì I

�
x �Î����

M � D1 �G� D2 � � �[�;�[� �merge

�
M � D1

�
D2 ��

M � x 	 � N � D1 � � D2 � � �[�;�[� �merge

�
M � x 	 N

�
D1
�
D2 ��

M � x 	 x
�
D � � �Kî �

M � x 	a� � D ��
M � x 	 y

�
D � � �[� �Í �

M � x : 	 y�X� D � x : 	 y�W� x o9 y

λx �M Ñ ì ¯C Ñ Cabs̄Cfun ÒdÒ C̈ext�f�[�[�;�[�[�;�[�[�;�[�[�;���name

�
y � y 	 λx �M �

F 
 M1
�������%�

Mn � �f�[�[�;�[�[�;�[�[�;�[�[�;���Ñ ì ¯C Ñ Cabs̄Cfun ÒdÒ C̈ext

�
x � x 	 F 
 M1

�������!�
Mn ���
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Remark 5.2.4 To obtain our goalsof terminationand confluencewe put some
restrictionson the rewrite rulesto define ¶>ëgraph. That goal leavessomeroom for
choices.For example,insteadof therules

λx �M �=�[�[�;�[�[���[�[�;�[�[�;�\�Ñ ì ¯C Ñ Cabs̄Cfun ÒdÒ C̈ext

�
y � y 	 λx �M �

F 
 M1
�������"�

Mn �í�=�[�[�;�[�[���[�[�;�[�[�;�\�Ñ ì ¯C Ñ Cabs̄Cfun ÒdÒ C̈ext

�
x � x 	 F 
 M1

�������!�
Mn ���

wecouldhave optedfor

λx �M � �[�;�[�[���[�[�;�[�[� �Ñ ì ¯C Ñ Cabs̄Cfun ÒdÒ �
y � y 	 λx �M �

F 
 M1
�������"�

Mn �Ç�f�[�;�[�[�;�[�[�;�g�Ñ ì ¯C Ñ C ï"¯CF ÒdÒ �
x � x 	 F 
 M1

�������"�
Mn ���

Thisalternativechoiceleadsto asmallproblem:with theseruleswecannotrewrite�
A �Î� to aflat term.Also, we wouldhave hadacritical pair thatdoesnot converge:

A
�
A �Î�

�
x � x 	 A�

To fix theseproblemwe wouldhave hadto addtwo morerules:�
λx �M � D � � �[�[�[���[�[�;�[�[�;� �Ñ ì ¯C Ñ Cabs̄Cfun ÒdÒ �

y � y 	 λx �M � D ��
F 
 M1

�������"�
Mn �H� D �Ç� �[�[�[���[�[�;�[�[�;� �Ñ ì ¯C Ñ Cabs̄Cfun ÒdÒ �

x � x 	 F 
 M1
�������!�

Mn � � D �
We have chosenfor theslightly morecomplicatedrulesto keepthe total number
of rulessmaller.

Whenwe derived the rewrite systemfrom the axioms,we introducedseveral
restrictionsandnew rules.Nevertheless,theprovableequalityof theaxiomsystem
andtheconvertibility of therewrite systemarethesame:

Proposition5.2.5 Giventwo termsM andN. Wehave that¶ graph è M 	 N ä¸] M � � �[�;�[� �é³ð
graph

N �
Proof.

” ä ” Becauseall our rewrite rulesarerestrictionsof axioms,this is trivial.

” ] ” All axiomsarerewrite rulesexceptbox introductionandnaming,thuswe
only needto show thatthefollowing conversionsexist for any context C and
any termM:

C �M ��ñ C � � M �Î�-� (5.3)

C �M ��ñ C � � x � x 	 M �-� (5.4)

Wewill show 5.3by inductionon thecontext C:
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C 	B�ã� CM CabsWenow mustdistinguishcasesfor thetermM:

M 	 x
C �M �N�f�J�ì I C � � M �Î�-�

M 	 F 
 N1
�������"�

Nn � or M 	E� x� N
C �M �.�K�[�[� �name C � � x � x 	 M �-�� � �[�;�[�[�merge C � ��� x � x 	 M �H�Î�-�� �J�[�[�;�name C � � M �Î�-�

M 	 � N � D �
C � � M �Î�-�N� �;�[�[� �merge C �M �

C 	 CM Cfun
C �M �å9 CMW� F 
 ����� M ����� �-�� �J�K�

IH CM � � F 
 ����� M ����� �G�Î�-�� � �[�[�
lift

CM � F 
 ����� � M �Î� ����� �-�
C 	 CM Cext or C 	 CM Cint

C �M � � � �;�[�[�;�merge C � � M �Î�-�
To prove 5.4we will usethefollowing claim:

C � � M � D �-�5ñ C � � x � x 	 M
�
D �-� (5.5)

Usingthisclaim we have

C �M � � � �[� �
5 ò 3 C � � M �Î�-� � � �[� �

5 ò 5 C
�
x � x 	 M �-�¸�

Wecanprove theclaim 5.5by inductiononM:

M 9 y
C � � y � D �-� � �\�;�vs C � � x � x 	 y

�
D �-�º�

M 9 � M M � D M �
C � ��� M MO� D MJ�H� D �-�.� �[�;�[� �merge C � � M M/� D M � D �-�ñ C � � x � x 	 M M � D M � D �-� IH� � �[�;�[�[�merge C � � x � x 	 � M MA� D MJ� � D �-�

M 9D� x� M M or M 9 F 
 M1
�������!�

Mn � To prove theconversionfor thiscasewe
useinductiononC.

C 	B�ã� CMW
 Cabs � Cfunó �
C � � M � D �-�Ä�\�[�;� �name C � ��� x � x 	 M �H� D �-�� �[�;�[� �merge C � � x � x 	 M

�
D �-�
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C 	 CM Cext �
CM � ��� M � D �&� D M �-�.� �;�[�[� �merge CM � � M � D � D M �-�ñ CM � � x � x 	 M

�
D
�
D M �-� IH� � �;�[�[�;�merge CM�� ��� x � x 	 M

�
D �³� D Mg�-�

C 	 CM Cint

CMc� � M MA� y 	 � M � D � � D Mg�-�� �[�[�[� �merge CM � � M M � y 	 M
�
D
�
D M �-�� �K�[�vs CMc� � M MA� y 	 x

�
x 	 M

�
D
�
D M��-�� � �[�[�[�;�merge CM � � M M � y 	 � x � x 	 M
�
D � � D M �-� �

Wewill prove terminationof ¶ ëgraph, by definingameasureontermsandshow-
ing thateverystepdecreasesthemeasure.Thismeasurewill berecursively defined,
with casesfor variables,functionapplications,abstractionsand letrecs. Thecase
for variableswill dependon a parameterT and the casesfor function applica-
tionsandabstractionswill dependon a parameterS. Thus,thegeneralform of the
measureis �\�f� TS. We have to usetheseparametersbecausethe costof thesecases
dependson thecontext. That is, if a variableoccursdirectly below anabstraction
thenwe have to apply the box introductionrule to it, the costof which is

#J#
1$J$ ,

if we have an equationsuchasx 	 x thenwe have to introducea black hole, the
costof which is

#J#
0 $J$ , andif avariableoccursastheargumentof a functionwedo

nothave to doanything atall, thecostof which is /0. For functionapplicationsand
abstractionswe might have to apply the namingrule (cost

#J#
1 $J$ ) or not (cost /0).

Theformaldefinitionis:

Definition 5.2.6 Define �M �[	E�M � ô ô 1õ õô ô 1õ õ �
where � x � TS 	 T�F 
 M1

�������"�
Mn �[� TS 	 S

�
inc 
 Σn

i ¤ 1 �Mi � /0ô ô 1õ õ ��g� x� M � TS 	 S
�

inc 
��M � ô ô 1õ õô ô 1õ õ �� � M0 � D �[� TS 	 #J#
0$J$ � �M0 � ô ô 0õ õS

� �D �� x1 	 M1
�������"�

xn 	 Mn �ö	 Σn
i ¤ 1 
 #J# 0 $J$ � �Mi � ô ô 0õ õ/0 �

inc 
 #J# m1
�������!�

mn $J$¡� 	 #J#
m1
�

1
�������!�

mn
�

1 $J$
In the terminationproof we will have to prove many inequalitiesof the form�C �M �÷�"�D�C �N �÷� . Thenext lemma,tells usunderwhich conditions �M �"�D�N � im-

pliesthat �C �M �÷���a�C �N �÷� :
Lemma 5.2.7 Giventwo cyclic termsM andN, we have thatø w S� T : �M � TS �a�N � TS ù 	�] ø w C � S� T : �C �M �÷� TS �|�C �N �÷� TS ù �
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Proof. By structuralinductiononC:

C 9D� Trivial.

C 9 F 
 ����� CM ����� � For somemultisetU andany termP we have that�F 
 ����� P ����� �[� TS 	 U
� �P � /0ô ô 1õ õ �

By inductionhypothesiswehave that�CM �M �÷� /0ô ô 1õ õ �|�CM �N �÷� /0ô ô 1õ õ �
Hence:�C �M �÷� TS 	 U

�
inc 
��CM �M �÷� /0ô ô 1õ õ �³� U

�
inc 
��CM �N �÷� /0ô ô 1õ õ ��	E�C �N �÷� TS �

C 9B� x�CM For someU andby inductionhypothesiswe have:�C �M �÷� TS 	 U
�

inc 
��CM �M �÷� ô ô 1õ õô ô 1õ õ �³� U
�

inc 
��CM �N �÷� ô ô 1õ õô ô 1õ õ ��	E�C �N �÷� TS �
C 9 � CMA� D � For someU andby inductionhypothesiswe have:�C �M �÷� TS 	 U

� �CM �M �÷� ô ô 0õ õS � U
� �CM �N �÷� ô ô 0õ õS 	E�C �N �÷� TS �

C 9 � M � x 	 CM � D � For someU andby inductionhypothesiswehave:�C �M �÷� TS 	 U
� �CM �M �÷� ô ô 0õ õ/0 � U

� �CM �N �÷� ô ô 0õ õ/0 	E�C �N �÷� TS � �
Thenext lemmais theactualproof of terminationof ¶ ëgraph.

Lemma 5.2.8 ¶ ëgraph is terminating.

Proof. To show that ¶ ëgraph is terminating,we will show thatevery rule decreases
themeasuredefinedin Definition 5.2.6:� I Wehave that � x �;	 #J# 1 $J$ © #J# 0 � 0 $J$z	E� � x �Î�[�Z� (5.6)

For any S
�
T we alsohave that�g� x� y � TS 	 S

� #J#
2 $J$ © S

� #J#
1
�
1 $J$¹	E�g� x� � y �Î�[� TS � (5.7)

By Lemma5.2.7we concludefrom 5.7 that�C �J� x� y�÷� © �C �J� x� � y �Î�-�÷��� (5.8)

From5.6and5.8we concludethat

M �f�\�ì I N 	�] �M � © �N �v�
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NamingGiven
C �M �N�K�[�[� �name C � � x � x 	 M �-� �

we know that
M 9 F 
 N1

�������!�
Nn � or M 9B� x� N �

Fromthiswecaninfer thatfor any T andfor someU wehave that�M � Tô ô 1õ õ 	 #J# 1 $J$ � U © #J# 0 � 0 � 0 $J$ � U 	Ô� � x � x 	 M � Tô ô 1õ õ �
Wemustnow distinguishcasesfor C:

C 	D� Wenow immediatelyhave that�C �M �÷� © �C � � x � x 	 M �-�÷�Z�
C 	 CM 
 Cabs � Cfun � Cn

ext By inductionon n we canprove that�C �M �÷� © �C � � x � x 	 M �-�÷�Z�
Lift �F 
 � M � D � � N �[� TS 	 S

�
inc 
 #J# 0$J$ � �M � /0ô ô 1õ õ � #J# 1 $J$ � �D � � �N � /0ô ô 1õ õ �� � F 
 M � N �Y� D �[� TS 	 #J#

0 $J$ � S
�

inc 
��M � /0ô ô 1õ õ � �N � /0ô ô 1õ õ � � �D �
externalmerge � ��� M � D1 �G� D2 �[� TS 	 #J#

0
�
0$J$ � �M � ô ô 0õ õS

� �D1 � � �D2 �� � M � D1
�
D2 �[� TS 	 #J#

0$J$ � �M � ô ô 0õ õS
� �D1 � � �D2 �

internalmerge� � M � x 	 � N � D1 � � D2 � TS 	 #J#
0
�
0$J$ � �M � ô ô 0õ õS �N � ô ô 0õ õ/0

� �D1 � � �D2 �� � M � x 	 N
�
D1
�
D2 � TS 	 #J#

0$J$ � �M � ô ô 0õ õS �N � ô ô 0õ õ/0
� �D1 � � �D2 �Í � � M � x 	 y

�
D �[� TS 	 #J#

0 $J$ � �M � ô ô 0õ õS
� #J#

0
�
0 $J$ � �D �� � M � x : 	 y�X� D � x : 	 y�W�Ï	 #J#

0 $J$ � �M � ô ô 0õ õS
� �D �� � � M � x 	 x

�
D �[� TS 	 #J#

0 $J$ � �M � ô ô 0õ õS
� #J#

0
�
0 $J$ � �D �� � M � x 	b� � D � 	 #J#

0 $J$ � �M � ô ô 0õ õS
� #J#

0 $J$ � �D � �
Proposition5.2.9 ¶ ëgraph is confluentandterminating.
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Proof. We know that ¶ ëgraph is terminating(Lemma5.2.8). Therefore,confluence
follows immediatelyfrom localconfluence(Newman’s lemma).Theproofof local
confluenceis a long caseanalysis,which is left to thereader. �

We will now continuethe completenessproof with the definition of the iso-
morphismψ from higher-ordertermgraphsto flat terms,whoseinverseis � ��� � � . The
mappingψ is basedon the schemeof translatingevery nodeto an equationand
placingtheseequationsin sucha way thatevery equationgetsplacedin asubterm
of anabstractioncorrespondingto nodev if andonly if theequationcamefrom a
nodein theinteriorof thescopeof v.

Definition 5.2.10 Givena graphg 9Ô
 V � L � A � S� r � . To simplify matterssomewhat
weassumethatV r �H�7� , suchthatV is disjoint from thesetof freevariables.Let xv

bea variablefor every abstractionnodev _ V, suchthatall xv arepairwisedistinct
from eachother, from variablesin V andfrom thefreevariablesin thegraph.

For every nodev we definea termMv by

Mv 	´È F 
 A 
 v� 1� �������5� A 
 v� n��� L 
 v��	 F� xv � � A 
 v�G� DSú�Ñ vÒ � L 
 v��	~�
For every setof nodesSwedefine

DS 	 x1 	 Mx1

�������!�
xn 	 Mxn

�
where

#
x1
�������!�

xn $I	 # x _ S � x o_ S¦ 
 y� � y _ S$ . Finally wedefine

ψ 
 g��	 � r � DV � �
Lemma 5.2.11 Givenagraphg andaflat termM. Wehave that

- � �ψ 
 g�-� �N	 g

- ψ 
�� �M � �W��	 M

Proof. Trivial. �
This meansthat for flat termsψ is theinversefunctionof thegraphsemantics

andthatevery graphhasa representation.We will refer to ψ 
 g� asthecanonical
representationof g.

Theorem 5.2.12 Theproofsystem¶ graphis completewith respectto isomorphism.

Proof. Given two termsM
�
N with the samegraphs,we have that ¶>ëgraph
 M � and¶ ëgraph
 N � alsohave thesamegraphs.Becausethelatterareflat termswehave that¶ ëgraph
 M ��9 ψ 
�� � ¶ ëgraph
 M �-� �W��9 ψ 
�� � ¶ ëgraph
 N �-� �W��9>¶ ëgraph
 N � �

By Prop.5.2.5we have thatè�é graph M 	>¶ ëgraph
 M � and è�é graph N 	>¶ ëgraph
 N �<�
Wecanconcludethat è�é graph M 	 N � �
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5.3 GarbageCollection

Sofarwehaveconsideredgraphswheretherecouldbenodesthatarenotreachable
from therootof thegraph.Theseinaccessiblenodesarecalledgarbagenodes.For
many applicationsthe garbagedoesn’t matter. That is, graphsthat only differ as
far asthegarbagenodesareconcernedareto be consideredequivalent. Thus,in
this sectionwe will axiomatizethe equivalencerelation of termswhosegraphs
areequivalentup to garbagenodes.Also, for many applicationsit is importantto
considergarbagefreegraphs.Thatis, to considergraphsthatdo not have garbage
nodes.Thus,we will alsoprovide a confluentandterminatingrewrite systemthat
computesacanonicalgarbagefreeequivalentof agivencyclic term.

Definition 5.3.1 Givena graphg 9´
 V � L � A � S� r � . The garbagefree versionof g,
denotedgf 
 g� is thegraph 
W� L û W � A û W � SM � r � , wherewhereW is thesetof nodes
accessiblefrom r andSM : W � q 
W � is givenby SM 
 v�Y	 S
 v� � W. A graphg is
garbagefreeif g 9 gf 
 g� .

Giventwo graphsg1
�
g2. If gf 
 g1 �X	 gf 
 g2 � theng1 andg2 areequivalentmod-

ulo garbagecollection,denotedg1 � gc g2.

We want to find a proof systemthat is soundandcompletefor � gc. Because
two termswith thesamegraphalsohave thesamegarbagefreegraph,it is obvious
to try to find sucha proof systemby extending ¶ graph. Thus,we addthegarbage
collection(gc)axiom: �

M � D ��	 M
�

whereD doesnot bind a freevariableof M. As thecorrespondingrewrite rule we
have �

M0 � x1 	 M1
�������!�

xn 	 Mn ��� � M0 � x1 	 M1
�������!�

xk 	 Mk � �
wherek � n andxi doesnot occurfreein M j for 0 ^ j ^ k � i ^ n. Thus,we get
theproof system¶ gc andtherewrite system¶>ëgc :

Definition 5.3.2 Theproofsystem¶ gc is theextensionof ¶ graphwith theaxiom�
M � D ��	 M �

Therewrite system¶>ëgc is theextensionof ¶áëgraphwith therule�
M0 � x1 	 M1

�������!�
xn 	 Mn ��� � M0 � x1 	 M1

�������!�
xk 	 Mk � �

wherek � n andxi doesnotoccurfreein M j for 0 ^ j ^ k � i ^ n.

Before we prove that the proof systemis soundand complete,we will first
prove someconfluenceandterminationof therewrite system.

Lemma 5.3.3 Therewrite system¶ ëgc is confluentandterminating.
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M MD

Figure5.2: pictorialdescriptionof thegarbagecollectionaxiom

Proof. Confluencefollows form thefollowing threediagrams:é ð
graphé ð

graph
é ð

graphé ð
graph

gcé ð
graph

é ð
graph

gc

gc

gc gc

gc

Thefirst diagramis proven in Prop. 5.2.9. Theproofsof theothertwo diagrams
aresimplecaseanalyses,whichareleft to thereader.

To prove terminationwe will show that ¶ ëgc decreasesthemeasuredefinedin
5.2.6.For ¶>ëgraphthishasbeenshown in theproofof Lemma5.2.8,soweonly need
to show that an applicationof the garbagecollectionrule decreasesthemeasure.
By Lemma5.2.7we only needto prove that themeasureof the left-handsideof
therule is largerthanthatof theright-handside.If wecomputethesemeasureswe
get: � � M � D1

�
D2 �[� TS 	 �M � ô ô 0õ õS

� �D1 � � �D2 �� � M � D1 �[� TS 	 �M � ô ô 0õ õS
� �D1 �

BecauseD2 is neveremptywe have thatthemeasureof theleft-handsideis larger
thatthatof theright-handside. �
Theorem 5.3.4 Theproof system¶ gc is a soundandcompleteaxiomatizationof� gc.

Proof. To prove soundnesswe needto prove soundnessfor ¶ graph and for the
garbagecollectionaxiom. The soundnessof ¶ graph is obvious because¶ graph is
soundfor graph isomorphismand becauseisomorphicgraphshave isomorphic
garbagefree versions. The soundnessof the garbagecollection axiom follows
from thefactsthat � � � M � D �-� � � gc � �M � � �
if D doesnot bind a freevariablein M andthat for any context C andtermsM

�
N

we have that � �M � � � gc � �N � �Z	�] � �C �M �J� � � gc � �C �N �J� �¸�
Soundnessfollows from thefactsthata graphg is garbagefreeif andonly if ψ 
 g�
is a ¶ ëgraphnormalform andthat¶ gc è M 	 N äº] M � �=�;�g�é ð

gc
N � �
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Figure5.3: Bisimulationof higher-ordertermgraphs

5.4 Bisimilarity

In this sectionwe will definebisimulationon higher-ordertermsgraphsandpro-
videaproof systemthatis soundandcompletewith respectto bisimulation.

In theintroductionwehavealreadyintroducedbisimulationfor first-orderterm
graphs. We can definethis notion of bisimulationas follows: Two graphsare
bisimilar if they are both the samevariableor if they both have nodesas roots
andthereexistsa bisimulationbetweenthetwo graphsthat includethetwo roots.
A bisimulationbetweentwo graphsis a relation on the nodesof thosegraphs,
suchthatpairsof nodesin therelationhave thesamelabelandsuchthatfor every
matchingpair of argumentswe have thatthoseargumentsarethesamevariableor
apairof nodesthatis in thebisimulation.

To extendthis definitionto higher-ordergraphswe mustdealwith scopesand
back-pointers.Theobviousextensionfor back-pointersis thata matchingpair of
argumentscanalsobeback-pointersto nodesin thebisimulation.Without further
modificationwewouldhavethatall threegraphsin Fig. 5.3arebisimilar. However,
the last two graphsin the figure do not have the sameunwinding,so we do not
wantthemto bebisimilar. We cansolve this problemby requiringthatscopesare
bisimilar too. More precisely, for any pair of abstractionnodesin thebisimulation
andany otherpairof nodesin thebisimulationwehave thatif anodeof thesecond
pair is in theinterior of thescopeof a nodein thefirst pair thentheothernodein
thesecondpair is in theinteriorof thescopeof theothernodein thefirst pair. With
this requirementthemiddleandright graphsin Fig. 5.3areno longerbisimilar.

In ourformaldefinitionwemakeonemoreextension,whichweneedin proofs:
insteadof consideringonly identicalvariablesto bebisimilar we parameterizeour
notionof bisimulationwith a relationthatindicatesthebisimilar variable.

Definition 5.4.1 Givenhigher-ordergraphsg1 ü g2 anda relationRV on variables.
The graphsg1 andg2 arebisimilar up to RV , denotedg1 ý RV

g2, if thereexists a
relationR þ V1 ÿ V2 suchthatr1 Ṙ r2 andsuchthatfor all � v1 ü v2 ��� Rwe have that

- L1 � v1 ��� L2 � v2 �
- A1 � v1 � R̈A2 � v2 �
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- � v�1 � S�1 � v1 �Óü v�1 Rv�2 : v�2 � S�2 � v2 �
- � v�2 � S�2 � v2 �Óü v�1 Rv�2 : v�1 � S�1 � v1 �

wherea1 �	�	� an R̈S b1 �	�	� bn if ai ṘS bi andwhereṘ is givenby

- x Ṙy if x RV y

- v1 Ṙv2 if v1 Rv2

- v1 Ṙv2 if v1 Rv2

Thegraphsg1 andg2 arebisimilar, denotedg1 ý g2, if g1 ý 
 g2.

Remark 5.4.2 In additionwe coulddefineweakbisimulationby changing

- � v�1 � S�1 � v1 �Óü v�1 Rv�2 : v�2 � S�2 � v2 �
- � v�2 � S�2 � v2 �Óü v�1 Rv�2 : v�1 � S�1 � v1 �

into

- � v�1 � S�1 � v1 �Óü ��� i : A � v�1 ü i �� v1 �Óü v�1 Rv�2 : v�2 � S�2 � v2 �
- � v�2 � S�2 � v2 �Óü ��� i : A � v�2 ü i �� v2 �Óü v�1 Rv�2 : v�1 � S�1 � v1 �

It is an openquestionif this yields a notion of bisimulation,suchthat termsare
bisimilar if andonly if their labeledunwindingsarethesame.

In orderto give a completeaxiomatizationof bisimulationwe will needa new
axiom. The new axiom will be that two termsareequalif they arebisimilar. At
first sightit seemsthatthismakeseverythingtrivial, but bisimulationongraphsand
bisimulationon termsarenot the samenotion. Bisimulationon termsis defined
below. The definition hasto deal with a problem. In the definition for graphs
we hada naturalseparationbetweenrecursionvariablesandnodes.In termswe
only have variables.We will have to bevery carefulto decidewhich variablesare
allowed to be equatedto which othervariables. To do this we parameterizethe
definitionof bisimulationwith a relationS, which tells uswhich variableswe are
allowedto identify. With this in mind we have thefollowing intuitive clauses:

- Two variablesarebisimilar if we areallowedto identify them.

- Two functionapplicationsarebisimilar if they usethesamefunctionsymbol
andtheir argumentsarebisimilar.

- Two abstractionarebisimilar if their argumentsarebisimilar, considering
two variablesidenticalif:

- they arethetwo abstractionvariables
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- they werepreviously consideredidenticalandthey arenot theabstrac-
tion variables

- Two letrecsarebisimilar if thereexistsa relationon therecursionvariables,
suchthat termsboundby relatedrecursionvariablesarebisimilar andsuch
thatthetwo externalpartsarebisimilar. Variablesareconsideredidenticalif
they arerelatedrecursionvariablesor if they arepreviously relatedvariables
thatarenot recursionvariables.

Definition 5.4.3 GiventermsM andN. WedefineM ý S N by structuralinduction
as:

x ý S y
if x Sy

F � M1 ü	�	�	�!ü Mn � ý S F � N1 ü	�	�	�!ü Nn �
if Mi ý S Ni, for 1 � i � n�

x� M ý S
�
y� N

if M ý �	� x��� y����� S� x���
 x� y���
 y��� ��� x � y��� N 
M0 ! x1 � M1 ü	�	�	�!ü xm � Mm " ý S

 
N0 ! y1 � N1 ü	�	�	�%ü yn � Nn "

if � S�%þ$# x1 ü	�	�	�%ü xm % ÿ # y1 ü	�	�	�!ü yn % suchthat

M0 ý S� � N0 and �&� xi ü y j ��� S� : Mi ý S� � Nj ü
whereS� � � S�(' #)� x ü y�� S ! x *+ xi ü y *+ y j % .

Wehave thatM ý N if M ý id ,	-/. N.

Notethatin generalwedonothave thatM ý N if
� �
M � � ý � �N � � . For example,the

graphsemanticsof
 
x ! x � F � x�	" and

 
x ! x � F � F � x�	�	" arebisimilarbut theterms

arenot. However, the graphsemanticsof the latter term is equivalent to that of 
x ! x � F � y�Óü y � F � x�	" . This termis flat andhencebisimilar to thefirst term.Also

notethat thegarbagecollectionaxiomis a specialcaseof thebisimilarity axiom.
Thatis, we have that  

M ! D " ý M ü
if D doesnotbinda freevariablein M. Thus,we getthefollowing axiomsystem:

Definition 5.4.4 The axiom system0 bisim is the axiom system0 graph extended
with theaxiom

M � N, if M ý /0N 1
Wewill now provethat 0 bisim is asoundandcompleteaxiomatizationof bisim-

ulation.To do this,we will first prove two lemmas.
The first lemmastatesthat the bisimulationaxiom is sound. That is, if two

termsarebisimilar thentheir graphsemanticsarebisimilar.
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Lemma 5.4.5 If M ý SN then
� �
M � � ý S

� �
N � � .

Proof. By structuralinductionoverM andN.

xý Sy
It is easilycheckedthat

� �
x� � /0S

� �
y� � .

F � M1 ü	�	�	�!ü Mn � ý SF � N1 ü	�	�	�!ü Nn �
We have for 1 � i � n thatMi ý SNi. By inductionhypothesiswe have that� �
Mi � � Ri

S

� �
Ni � � . Let g1 � � �

F � M1 ü	�	�	�"ü Mn � � � andg2 � � �
F � N1 ü	�	�	�"ü Nn � � � . If v1 and

v2 arethe rootsof g1 andg2, respectively, thenwe canshow thatg1 RS g2,
for R � #)� v1 ü v2 � % ' R1 ' �	�	� ' Rn.�

x� M ý S
�
y� N

For S� � #)� x� ü y� �&� S ! x� *+ x ü y� *+ y % ' #)� x ü y� % we have that M ý S� N. By
inductionhypothesiswehavethat

� �
M � � ý S� � �N � � . Thus,thereexistsarelation

R suchthat
� �
M � � RS� � �N � � . Let g1 � � �2�

x� M � � andg2 � � �2�
y� N � � . If v1 andv2 are

the roots of g1 and g2, respectively, then we can show that g1 R�S g2, for
R� � #)� v1 ü v2 � % ' R. Hencewehave that

� �2�
x� M � � ý S

� �
N � � . 

M0 ! x1 � M1 ü	�	�	�%ü xm � Mm " ý S
 
N0 ! y1 � N1 ü	�	�	�!ü yn � Nn "

By definition we have that � S�Áþ3# x1 ü	�	�	�"ü xm % ÿ # y1 ü	�	�	�!ü yn % suchthat for
S� � � S�4' #)� x ü y�5� S ! x *+ xi ü y *+ y j % wehavethatM0 ý S� � N0 and�&� xi ü y j �6� S� :
Mi ý S� � Nj . By inductionhypothesisit thenfollowsthat

� �
M0 � � ý S� � � �N0 � � ü �7� xi ü y j � �

S� :
� �
Mi � � ý S� � � �Nj � � . By definition this meansthat thereexist Ri j suchthat� �

M0 � � R00
S� � � �N0 � � and �&� xi ü y j ��� S� : � �Mi � � Ri j

S� � � �Nj � � .
Thenodesof g1 � � �2 

M0 ! x1 � M1 ü	�	�	�!ü xm � Mm " � � arethenodesof thegraphs� �
M0 � � ü	�	�	�"ü � �Mm� � plussomeblackholesv1 ü	�	�	�"ü vk. Thenodesof g2 � � �2 

N0 !
y1 � N1 ü	�	�	�!ü yn � Nn " � � arethenodesof thegraphs

� �
N0 � � ü	�	�	�"ü � �Nn � � andsome

blackholesw1 ü	�	�	�!ü wl .

Let B � # v1 ü	�	�	�"ü vk % ÿ # w1 ü	�	�	�!ü wl % andlet

R � R00 ' B '8' � xi � yj � � S� Ri j 1
Weclaim thatg1RSg2. Thus,we have that� �2 

M0 ! x1 � M1 ü	�	�	�"ü xm � Mm " � � ý S
� �2 

N0 ! y1 � N1 ü	�	�	�"ü yn � Nn " � �91 :
Becauseof their specialstructurewe have that two flat termsarebisimilar if

andonly if their graphsemanticsarebisimilar. Oneof thedirectionswasalready
provenabove. Theotherdirectionfollows below.

Lemma 5.4.6 If g1 ý g2 thenψ � g1 � ý ψ � g2 �
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Proof. Given a bisimulationR for g1 andg2, we mustshow that ψ � g1 � ý ψ � g2 � .
Themostimportantthing to do is to definetheS� giventhetaskof showing that 

M0 ! x1 � M1 ü	�	�	�!ü xm � Mm " ý S
 
N0 ! y1 � N1 ü	�	�	�!ü yn � Nn " 1

A simpleinductionproof shows thatthefollowing definitionfor S� works:

S� � #)� x ü y�;� R ! x � # x1 ü	�	�	�"ü xm % ü y � # y1 ü	�	�	�!ü yn %<% 1 :
Theorem 5.4.7 The proof system0 bisim is soundand completewith respectto
bisimulation.

Proof.

SoundnessFollows from Lemma5.4.5,Thm. 5.2.2andthefact thatevery graph
is bisimilar to itself.

CompletenessGivenbisimilar graphsg1 ü g2, any representationM of g1 andany
representationN of g2. By Thm. 5.2.12we have that 0 graph = M � ψg1 and0 graph = N � ψg2. By Lemma5.4.6we have thatψg1 ý ψg2. Thus,we have
that 0 bisim = M � N. :

For first-orderterm graphswe have that two graphsarebisimilar if andonly
if they have thesameunwinding.Thatmeansthat for first ordertermswith letrec0 bisim is not only a soundand completeaxiomatizationof bisimilarity, but also
a soundandcompleteaxiomatizationof unwindingequivalence.For higher-order
termgraphsbisimilarity is equivalentwith having thesamescopedunwinding.The
termthathave thesame(labeled)unwindingarenotnecessarilybisimilar. Wewill
now startworkingtowardsasoundandcompleteaxiomatizationfor theunwinding
equivalenceon higher-ordertermgraphs.

5.5 ScopeEquivalence

If theunwindingsof two termgraphsarethesame,but their unwindingsarenot,
thenthescopedunwindingsof thosetwo graphsdiffer only by their scopes.Thus,
it seemsnaturalto startby trying to find an axiomatizationof graphsthat differ
only by their scopes.

Definition 5.5.1 Giventwographsg1 ü g2. If g1 > � V ü L ü A ü S1 ü r � andg2 > � V ü L ü A ü S2 ü r �
theng1 andg2 areequivalentmoduloscopes,denotedg1 > scopeg2. If gf � g1 � > scope

gf � g2 � theng1 andg2 areequivalentmodulogarbageandscope,denoted> gs.
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M D M D

: :
Figure5.4: Pictorialdescriptionof theabstractionlift axiom

Wewill defineanaxiomsystemandprovethatit is soundwith respectto scope
equivalence.We will alsoprove that thesystemis soundwith respectto garbage
freeterms.

Definition 5.5.2 Theproof systems0 scopeand 0 gs arethesystems0 graphand 0 gc

extendedwith theabstractionlift axiom:�
x�  M ! D "��  	�

x� M ! D " , if x doesnotoccurfreein D.

Lemma 5.5.3(soundness)Giventwo termM ü N.

(i) If 0 scope = M � N then
� �
M � � > scope

� �
N � � .

(ii) If 0 gs = M � N then
� �
M � � > gs

� �
N � � .

Proof. It is clearfrom thepictorial descriptionof theabstractionlift axiomin Fig.
5.4 that the lift axiom only hasan effect on the scopesof a graph. Thus, the
soundnessof 0 scopeis obvious.Thesoundnessof 0 gs follows from thefactthat

g1 > scopeg2 �@? g1 > gs g2 1 :
As arewrite rulethelambdalift axiomsuffersfrom acritical pairthatis similar

to thecritical pair from which thegarbagecollectionaxiomsuffers:�
x�  	 y ! y � F � x ü z�	"A! z � A"  	�

x�  y ! y � F � x ü z�	"A! z � A"�
x�  y ! y � F � x ü z�Óü z � A"

Wecanresolve thiscritical pair by usingtherewrite rule:�
x�  M ! D1 ü D2 "&BCBDBEBFB GH � lift

 	�
x�  M ! D1 "7! D2 "<ü

if neitherx nor thevariablesdefinedin D1 occurfreein D2. This ruleallows trivial
infinite sequences.For example:�

x�  y !C"�G  	�
x�  y !C"7!C"G  	 	�

x�  y !C"I!C"J!C"�GK�	�	�
To make therule terminatingwe requirethatD2 is non-empty. Theresultsarethe
following two rewrite systems:



5.5. SCOPEEQUIVALENCE 91

Definition 5.5.4 Therewrite systems0MLscopeand0NLgs aretherewrite systems0NLgraph
and 0 Lgc extendedwith therule�

x�  M ! D1 ü D2 "&BCBDBEBFB GH � lift

 	�
x�  M ! D1 "7! D2 " , if D2 *� /0 1

Proposition5.5.5 Therewrite systems0 Lscopeand0 Lgs areterminatingandconflu-
ent.

Proof. To prove terminationwe will show that both rewrite systemdecreasethe
measuredefinedin 5.2.6.For 0NLgc thishasbeenshown in theproofof Lemma5.3.3,
so we only needto show that an applicationof the abstractionlift rule decreases
themeasure.By Lemma5.2.7we only needto prove that themeasureof theleft-
handsideof therule is largerthanthatof theright-handside.If we computethese
measuresweget:! � x�  M ! D1 ü D2 "F! TS � S O inc ��#2# 0 %2% O !M ! � � 0� �� � 1� � O !D1 ! O !D2 !C�!  	� x�  M ! D1 "I! D2 "F! TS � #2# 0 %2% O S O inc ��#2# 0 %2% O !M ! � � 0� �� � 1� � O !D1 !C� O !D2 !
BecauseD2 is never emptywe have thatthemeasureof theleft-handsideis larger
thatthatof theright-handside.

Becausewe have termination,confluenceis implied by weakconfluence.In
turnweakconfluencecanbeprovenby a lengthycaseanalysis,which is left to the
reader.

:
Lemma 5.5.6 Theproofsystem0 gs is completefor > gs.

Proof. Giventwo termsM ü N, suchthat
� �
M � � > gs

� �
N � � , we have to show that 0 gs =

M � N.
Let M1 andN1 bethe 0 Lgs normalformsof M andN, respectively. Because

P P B�BEB/GQ&R
gs

Q S ? 0 gs = P � Q

wethenhave that 0 gs = M � M1 and 0 gs = N � N1.
Furthermore,it is possibleto derive that thegraphsof M1 andN1 areisomor-

phic,whichmeansthatwehave that 0 graph = M1 � N1.
Wemaythenconcludethat 0 gsM � N 1 :
The proof system0 scope is not complete. Considerthe graphsin Fig. 5.5.

Thesegraphsarerepresentedby 
z ! x0 � �

y0 �  x ! x1 � �
y1 �  y ! x2 � y0 y1 "	"	"
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Figure5.5: Exampleof scopeequivalentgraphswith garbage

and  
z ! x1 � �

y1 �  y ! x0 � �
y0 �  x ! x2 � y0 y1 "	"	" 1

It is impossibleto prove thesetermsequalusingthelift axiombecausethatwould
requirelifting theinnerabstractionoutof thescopeof theouterabstraction,which
is impossiblebecauseof thegarbageapplicationnodewhich hasto be insidethe
scopesof both abstractions.It is an openproblemto find a soundandcomplete
axiomatizationof > scope.

5.6 Unwinding

We have now reachedthe last axiomatization:that of termsrepresentinggraphs
with thesameunwinding. To axiomatizethis equivalence,we will use 0 graph ex-
tendedwith bothbisimilarity andabstractionlift. (We do not have to addgarbage
collection,becausegarbagecollection is a specialcaseof bisimilarity.) We can
formulatethisextensionasaunionof proof systems.

Definition 5.6.1 Given two graphsgü h, we say that g andh have the sameun-
winding, denotedg > unw h, if gl

u � gl
u. The proof system 0 unw is definedby0 unw � 0 bisim ' 0 scope.

To prove the soundnessandcompletenessof 0 unw for > unw we needseveral
lemmas.The first lemmastatesthat term graphsarebisimilar if andonly if they
have thesameunwinding.

Lemma 5.6.2 Givengraphsg ü h. Wehave that

gý h S ? gu � hu 1
The secondlemmastatesthat given two graphsg ü h with the same(labeled)

unwindingtherearetwo othergraphsg� ü h� , suchthatg andg� havethesamescoped
unwinding,h andh� have thesamescopedunwindingandg� andh� areequivalent
moduloscopes.

Lemma 5.6.3 Givengraphsgü h. If gl
u � hl

u thenthereexist graphsg� ü h� suchthat
g�u � gu, h�u � hu andg� > scopeh� .

Thelastlemmastatesthatgraphswhichareequivalentmoduloscopeshave the
samelabeledunwinding.
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Table5.3An overview of theaxioms.
Axiom System

F � �	�	�"ü  M ! D "Óü	�	�	�T� �  
F � �	�	�!ü Mi ü	�	�	�4�I! D " 

M !C" � M 	 
M ! D1 "7! D2 " �  

M ! D1 ü D2 " 
M ! x �  

N ! D1 "Óü D2 " �  
M ! x � N ü D1 ü D2 "

M �  
x ! x � M " x fresh 

M ! x � yü D " �  
M
�
x : � y� ! D � x : � y� " x *+ y 

M ! x � x ü D " �  
M ! x �VU%ü D "

WCXXXXXXXXYXXXXXXXXZ
all

 
M ! D " � M 0 gc ü 0 gs�
x�  M ! D " �  	�

x� M ! D " 0 scopeü 0 gs ü 0 unw

M � N M ý N 0 bisim ü 0 unw

Lemma 5.6.4 Givengraphsgü h. If g > h thengl
u � hl

u.

Theorem 5.6.5 Theproofsystem0 unw is soundandcompletefor > unw.

Proof. Follows easilyfrom previouslemmas.
:

5.7 Summary

In Table5.3we have givenanoverview of theaxiomsof all theproof systemswe
havedefinedin thischapter. Theseproofsystemswereusedtogiveaxiomatizations
of theequivalencerelationsin thehierarchyin Fig. 5.6. Excepttheproof system0 scope, which is only sound,all proofsystemsaresoundandcomplete.



First andhigherorder Higherorderonly

> unw

ý
> gc� scope

> gc

> scope

>
Figure5.6: A hierarchyof equivalencerelations



Chapter 6

Abstract Rewriting

In thischapterwewill studytheconstructionof Böhmtreesandthebasicprinciples
of infinitary rewriting. This studywill take placein thesettingof AbstractReduc-
tion Systems.In orderto beableto developsomeusefultheorywemustreplacethe
setsof objectsin ARSswith structuresthatmodelinfinite objects.Thesestructures
expresssomeusefulpropertiesof infinite objects.We have chosento modelinfi-
nite objectswith algebraiccompletepartialorders,becausein thesestructuresthe
behavior of the infinite elementsdependsfor a very large parton thebehavior of
thefinite elements.For thetheorydevelopedin thisthesisthis is sufficient. Further
developmentwill requireadditionalrestrictionson the structures.For example,
computationdomainsor concretedomainscanbeused(see[KP93]).

This chapterconsistsof four sections.In thefirst section,we definethenotion
of skew confluence. In the following sections,we study Böhm trees, infinitary
rewriting andtherelationshipbetweenthem.

6.1 Skew Confluence

In this sectionwe formally definethe notion of skew confluence, which was in-
troducedin Sect.1.4.2.We will also prove a few simple propertiesaboutskew
confluence.

Theformaldefinitionof skew confluencereads:

αα

β

(i)

α

α

β α(ii)

Figure6.1: Skew ConfluenceandCR.
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Definition 6.1.1 GivenanARS [ + � A ü�B B Gα ü�B G β � . Wehave that B B Gα is skew conflu-

entwith respectto B G β if� a ü b ü c � A ü a B B GαG b ü a B B GαG c : � d � A : b B G βG d ü c B B GαG d 1
In Fig. 6.1we havedrawn two diagrams.Diagram � i � expressesthatα is skew

confluentwith respectto β. Diagram � ii � expressesthatα is skew Church-Rosser
with respectto β. Skew CR is formally definedas:

Definition 6.1.2 Wehave that B B Gα is skew CRwith respectto B G β if� a ü b � A ü a P B B Gα b : � c � A : a B G βG c ü b B B GαG c 1
For any ARS we have that confluenceand the CR propertyare equivalent.

For any ARS we alsohave that skew confluenceand the skew CR propertyare
equivalent:

Proposition 6.1.3 GivenanARS � A ü�B B Gα ü�B G β � , we have that B B Gα is skew confluent

with respectto B G β if andonly if B B Gα is skew CR with respectto B G β .

Proof.

“ ? ” Wecanderive theskew CR from skew confluenceby tiling asfollows:

αα αα

β α
α

�	�	�
αβ

β

“ S ” Skew confluenceis just aspecialcaseof skew CR. :
Commutativity is a generalizationof confluencein the sensethat a reduction

relation G is confluentif andonly if is commuteswith itself. Similarly, we have
thatskew confluenceis ageneralizationof confluence:

Proposition 6.1.4 GivenanARS � A ü�GV� . TheARS is confluentif andonly if G
is skew confluentwith respectto G .
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Proof. Elementary.
:

In order to apply the notion of skew confluencesuccessfully, we must have
waysof proving skew confluence.We will now give a lemmathat will help us
later in this thesis.This lemmausesa third reductionrelation. ( B G γ ). The ideais
that although B B Gα is not confluent,we might be able to find a reductionrelationB G γ þ B B GαG thathasbetterproperties.For example,for B G γ two diagramsmight hold:

γ

α

γ

β

γ

α

γ

β

Thiswouldbegood,becausewecanderive confluenceup to from thesediagrams:

Lemma 6.1.5 Given an ARS � A ü�BG i � i � � α � β � γ � , we have that B B Gα is skew confluent
with respectto B G β if B G γ þ B B GαG andthefollowing two diagramshold:

γ

α

γ

β

γ

α

γ

β

Proof. Fromthegivendiagramswe canconcludethatwe alsohave thefollowing
two diagrams:

γ

α

γ� i �
β

γ

α

γ� ii �
β

Fromthesetwo diagramswe canprove thelemmawith thefollowing diagram:



α

γ

α

γ



α� i � � ii �

β β

 :
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To prove thetwo diagramsin thepremiseof thepreviouslemma,wecanprove
thatthefollowing threediagramshold:

γ

β

γ

β

γ

α

β

γ

α

β

This completesthe discussionof skew confluencein its own right. We will now
focuson its mainapplication.

6.2 Böhm Semantics

In thissectionwedevelopthetheoryof infinitenormalforms, whichisageneraliza-
tion of thetheoryof Böhmtreesto abstractreductionsystems.Thisgeneralization
will bebasedon theBöhmtreedefinitionof Lévy, which we gave in section1.4.1
of theintroduction.

Seenfrom anabstractpointof view theBöhmtreeconstructionof Lévyworks
asfollows. We have anARS � A ü�GV� , a partialorder � B ü � � anda monotonicfunc-
tion ω : A G B from theelementsof theARS to theelementsof thepartialorder.
Theinfinite normalform of anelementa is supposedto bethesetof all information
thatcanbefoundin reductsof thatelement.If wefollow thedefinitionof Lévywe
would formalizethatsetas: \ # ω � b�A! a BGEG b % 1 (6.1)

This formalizationworksfine for computingtheBöhmtreeof a finite lambdacal-
culusterm,but for infinite termstherearetwo problems.

Thefirst problemis dueto thefactthatwe expecttheBöhmtreeof bothfinite
andinfinite lambdatermsto bea possiblyinfinite lambdaterm. For finite lambda
termsthe set in 6.1 is an ideal over finite lambdatermswhich canbe seenasa
possiblyinfinite lambdaterm. For infinite lambdatermswe get a setof infinite
lambdaterms. Even if this set is an ideal it cannotbe seenasa possiblyinfinite
lambdaterm.

Thesecondproblemis thatfor infinite termswe do not quitehave theunique-
nesswe want.For example,let usconsiderthefollowing reductions:� λx 1 yx � yx � yx �	�	�D�	�	� � I z� � λx 1 yx � yx � yx �	�	�]�	�	� z yz � yz � yz �	�	�^�	�

y � I z� � y � I z� � y � I z�)�	�	�4�	� yz � y � I z� � y � I z�)�	�	�4�	� �	�	�
Accordingto definition6.1 thesetof derivableinformationof yz � yz � yz �	�	�^�	� is# Ω ü yΩΩ ü yzΩ ü yΩ � yΩΩ �Óü	�	�	�<ü yz � yz � yz �	�	�(�	� %
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andthesetof derivableinformationof y � I z� � y � I z� � y � I z�)�	�	�4�	� is# Ω ü yΩΩ ü yzΩ ü yΩ � yΩΩ �Óü	�	�	� % 1
Thesesetshave thesameleastupperbound,but they arenotequal.

We can solve theseproblemsby only allowing finite elementsin the set of
derivableinformation:

\)_ # ω � b�J! a BG`G b % 1 (6.2)

In the caseof finite lambdatermsthis definition is equivalent to the old oneand
in thecaseof infinite lambdatermswe geta set,which we canseeasa possibly
infinite lambdaterm. Theproblemof thetwo infinite termswith almostthesame
setof derivableinformationis alsosolved,becausein analgebraiccompletepartial
orderwe have that:

lubS1 � lubS2 S ? \)_
S1 � \)_ S2 ü

for every two setsS1 ü S2, whoseleastupperboundsexist. We have now discussed
all aspectsof theconstructionof infinite normalforms. We summarizein thefol-
lowing definitions:

Definition 6.2.1 A structure[ + �	� A ü�GV�Óü ω ü � B ü � �	� is an ARSwith information
content(ARSI) if � A ü�GV� is anARS, � B ü � � is acompletepartialorderandω : A G
B is monotonicwith respectto G . We saythat [ is anabstractreductionsystem
with finite informationcontentif for every a � A we have thatω � a� is finite.

GivenanARSI �	� A ü�GV�Óü ω ü � B ü � �	� wereferto ω � a� astheinformationcontent
of a or asthedirectapproximationof a. Thefunctionω inducesa quasiorder � ω
onA, definedby a � ω a� if ω � a� � ω � a� � . TheARSI thatcorrespondsto theBöhm
treedefinitionof Lévy is thestructure�	� Λ ü�B G β �Óü ωBT üTa � ωBT � Λ �Óü � Ω � 1 (6.3)

This ARSI hasfinite informationcontent.As a resultof this, Lévy’s definitionof
BöhmTreecoincideswith ourmoregeneraldefinitionof infinite normalform:

Definition 6.2.2 Given an ARSI �	� A ü�Gb�Óü ω ü � B ü � �	� . The infinite normal form
Inf � a� of anelementa � A is definedby

Inf � a�@� \)_ # ω � a� �7! a BGEG a� % 1
TheARSI hasuniqueinfinite normalforms(UN∞) if

a P BG a� �? Inf � a�@� Inf � a� � 1
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Wesaythatanotionof informationcontentis trivial if theinformationcontent
of every termis alsotheinfinite normalform of thatterm.

Beforewe continueto study the conditionsthat imply uniquenessof infinite
normalformswe will introducesomenotationanda differentcharacterizationof
the infinite normalform that is moreconvenientin proofs. Thenotationwe need
is a rewrite relation

_BCB Gω that allows us to rewrite every elementto every finite
approximationof theinformationcontentof thatelement:

Definition 6.2.3 GivenanARSI �	� A ü�GV�Óü ω ü � B ü � �	� , wedefinetherewrite relation
_BCB Gω asfollows: � b � \)_ � ω � a�	� : a

_BCB Gω b

Wethenhave thefollowing facts:

Inf � a�;� # b ! a BGEG _BCB Gω b % ; (6.4)

a

_BCB Gω b ü b� � b ü b� finite �? a

_BCB Gω b� ; (6.5)

a BG a� �@? Inf � a�7c Inf � a� � 1 (6.6)

To prove that the ARSIs in Equation6.3 have uniqueinfinite normal forms
we usea theoremthatstatesthatevery confluentARSI hasuniqueinfinite normal
forms:

Theorem 6.2.4 Given an ARSI [ + �	� A ü�GV�Óü ω ü � B ü � �	� . If � A ü�GV� is confluent
then [ hasuniqueinfinite normalforms.

Proof. It sufficesto show that if a G a� thenInf � a�d� Inf � a� � . We will distinguish
two cases.

“ c ” If a� BGFG _BCB Gω b thenalsoa BGEG _BCB Gω b. Hence# b ! a� BG`G _BCB Gω b % þe# b ! a BG`G _BCB Gω b % 1
” þ ” Giventhata BGEG a� � _BCB Gω b, we have by confluencethatthereexistsana� � � such

thata� � BG`G a� � � anda� BGFG a� � � . By monotonicitywe have thatω � a� � � � ω � a� � � � .
This impliesthata� � � _BCB Gω b. In turn this impliesthata� BG`G _BCB Gω b andhence# b ! a BGEG _BCB Gω b % þ$# b ! a� BGFG _BCB Gω b % 1 :
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Thesecondcasein thisproofcanalsobegivenin theform of adiagram:

a a�
a� �

ω

_
a� � �

ω

_
b

+
b

Theabove theoremstatesthatconfluenceis a sufficient conditionfor uniqueness.
However, it is notanecessarycondition.

Example6.2.5 Considerthe ARSI �gf ü�GV�Óü id ü � f ü � �	� , wheren G p � n if p is a
prime numberlarger than n. For example1 G 2 G 6 G 66 and 1 G 5 G 55.
TheARS is not confluentbecause66 will never reduceto anoddnumberand55
will never reduceto anevennumber. However, the infinite normalform of every
numberis ∞, whichmeansthatwedo have uniqueinfinite normalforms.

Usingthenotionof skew confluencewe canextendtheresultin Thm 6.2.4:

Theorem 6.2.6 GivenanARSI [ + �	� A ü�B B Gα �Óü ω ü � B ü � �	� andanotherreductionre-
lation B G γ , we have that if B G γ is monotonicwith respectto ω and B B Gα is skew con-

fluentwith respectto B G γ then [ hasuniqueinfinite normalforms.

Proof. Becauseof Eq. 6.6 it sufficesto show that

a B B Gα a� �@? Inf � a� þ Inf � a� � 1
Givena B B Gα a� andb � Inf � a� , thereexistsana� � suchthata B B GαG a� � _BCB Gω b. Becauseof
skew confluencewe have that thereexistsana� � � suchthata� B B GαG a� � � anda� � B G γG a� � � .
BecauseB G γ is monotonicwe canconcludethatω � a� � � � ω � a� � � � . This andthefact

thata� � _BCB Gω b impliesthata� � � _BCB Gω b.
:

The above theoremstatesthat skew confluenceis a sufficient condition for
uniquenessof infinite normforms. For ARSswith finite informationcontentit is
alsonecessary:

Theorem 6.2.7 GivenanARSwith finite informationcontent[ + �	� A ü�B B Gα �Óü ω ü � B ü ��	� , we have that [ hasuniqueinfinite normalformsif andonly if B B Gα is skew con-
fluentwith respectto � ω.

Proof.
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” ? ” Given a BG`G a� anda BGEG a� � we mustshow the existenceof an a� � � suchthat
a� � BGFG a� � � anda� � ω a� � � . Becausethe informationcontentis finite we have

thata� _BCB Gω ω � a� � . BecauseInf � a� �h� Inf � a� � � wehavethata� � BGFG a� � � _BCB Gω ω � a� � .
For thisa� � � we alsohave thata� � � ω a� � � .

” S ” Corollaryfrom Thm. 6.2.6. :
In thischaracterizationit is essentialthatwehavefinite informationcontent.If

we donothave this thenyoucanhaveanARSI with uniqueinfinite normalforms,
which is not skew confluent:

Example6.2.8 ConsidertheARSI �	� f ÿ f ü�Gb�Óü id ü � f ÿ f ü � �	� , where� 0 ü 0�iG � ∞ ü 0�� 0 ü 0�iG � 0 ü ∞ �� ∞ ü n�@G � ∞ ü n O 1�� n ü ∞ �@G � n O 1 ü ∞ �
andwhere � mü n� �3� p ü q� if m � p andn � q. The finite elementsof the partial
orderarethe elementsof the set f ÿ f . The uniqueinfinite normalform of any
elementis f ÿ f . However, � ∞ ü 0� P BG � 0 ü ∞ � . Noneof the reductsof � 0 ü ∞ � will
belargerthan � ∞ ü 0� , sotheARSI is not skew confluentwith respectto � ω.

In all of our examplestheinfinite normalform wasanidealandthereforehad
a leastupperbound. For ARSswith finite informationcontentit is known that
skew confluenceup to informationcontentimpliesthattheinfinite normalform is
a directedset,which implies that the leastupperboundexists. Thesameholdsif
the informationcontentis a c.p.o. whereevery two finite elements,which have
anupperboundalsohave a finite upperbound.Termswith the � Ω orderfall into
thelattercategory, becauseevery idealcompletionof a partialorderfalls into that
category. For arbitraryc.p.o.’s it is anopenquestionif theinfinite normalform is a
directedsetor hasa leastupperbound.

6.3 Infinitary Rewriting

In this sectionwe give a formal presentationof our abstractversionof infinitary
rewriting. More precisely, we will defineanoperatorthat is capableof extending
rewrite relationsfrom finite to infinite objects.

Kennawayetal. definedreductiononinfinite terms,by extendingthedefinition
of substitutionto infinite termsandapplyingthe usualdefinition of rewrite step.
Becausein thesettingof anARSwedonothave substitutions,wewill have to use
adifferentsolution.Thedefinitionof Corradini[Cor93] is muchmoresuitable.He
defineshow to contractan infinite setof redexes in an infinite term, by defining
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how to contractthatinfinite setof redexesoneveryfinite prefixof theinfinite term.
Theresultis thentheleastupperboundof thesetof all reducts.This definitionis
complicatedby the fact that it is requiredto rewrite every prefix of the left-hand
side.Instead,wewill justsaythatgivenadirectedset,whereeachelementrewrites
to someotherelementswherethereductsform aseconddirectedset,we have that
the leastupperboundof thefirst directedsetrewrites to the leastupperboundof
theseconddirectedset.Wedenotethis extensionwith anoperator

� �j" , which takes
a rewrite relationandreturnsa rewrite relation. The transitive reflexive closureis
denotedwith

� �j"2" andtheconversionrelationwith
 �j" .

Definition 6.3.1 Givena completepartialorder � A ü � � , anabstractreductionsys-
tem � A� ü�GV� with A�)k A, wedefinethereductionrelation

� GV" by

lubDL
� GV" lubDR ü

wherefor somesetI we have thatDL � # l i % i � I andDR � # r i % i � I aredirectedsets,
suchthatfor all i � I we have that l i G r i .

In diagramswewill usethearrows L , L and L
to represent

� Gb" , � GV"2" and
 GV" respectively.

Thelackof restrictionsonthechoiceof rewrite relationanddirectedsetsallows
for a variety of rewrite relationson infinite terms. For example,considerinfinite
terms,orderedwith thestandard� Ω andthefollowing rewrite rulesonfinite terms:

C G A � B � C �	�
A � X �lG X
B � X �lG X

Wethenhave that:

A � B � A � B � A � B � �	�	���	�	�	�	�	� � Gb" A � A � B � A � B � �	�	�m�	�	�	�	��ü
because

A � B � Ω �	� G A � Ω �
A � B � A � B � Ω �	�	�	� G A � A � B � Ω �	�	�
A � B � A � B � A � B � Ω �	�	�	�	�	�nG A � A � B � A � B � Ω �	�	�	�	�

...

Wealsohave that:
A � B � A � B � A � B � �	�	���	�	�	�	�	� � BG`GV" Aω ü

because
A � B � Ω �	� BGFG A � Ω �
A � B � A � B � Ω �	�	�	� BGFG A � A � Ω �	�
A � B � A � B � A � B � Ω �	�	�	�	�	�oBGFG A � A � A � Ω �	�	�

...
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Similarly, we have that

A � B � A � B � A � B � �	�	���	�	�	�	�	� � BGpGV" Bω 1
Thesameresultscanalsobe obtainedby usinginfinite reductionsequences.For
example:

A � B � A � B � A � B � �	�	���	�	�	�	�	�G A � A � B � A � B � �	�	���	�	�	�	�@GK�	�	� Aω 1 (6.7)

Using infinite reductionsequences,the termsBω andAΩ do not have a common
reductunlessoneaddsa rewrite rule thatallows themto berewritten to Ω. In our
approachwe don’t needto addtheserules.Thatis, we have that

Aω � BGEGV" Ω andBω � BGFGV" Ω 1
However, we cannotexpressthefollowing sequence:

C G A � B � C �	�@G A � B � A � B � C �	�	�	��GK�	�	� A � B � A � B � A � B � �	�	���	�	�	�	�	��ü (6.8)

becauseeventhoughwehave that

C BGFG C
C BGFG A � B � C �	�
C BGFG A � B � A � B � C �	�	�	�
C BGFG A � B � A � B � A � B � C �	�	�	�	�	�

...

the right-handsidesdo not form a directedset. The intuitive differencebetween
6.7 and6.8 is that the former contractsonly redexes that arepresentin the left-
handsideandthe latter contractsredexes that werecreated.In otherwords,the
first sequencedoesan infinite numberof redexesin parallelandtheseconddoes
an infinite numberin sequence.Parallel redexesseema goodapplicationof this
extension,but sequentialredexes can betterbe handledby transfinitereduction
sequences.

Givena labeledARS � A ü�BG l � l � L, we oftenconsiderthereductionrelation GV�' l � L BG l . This unionoperatorandthe infinitary extensiondo not commute,sowe
needto distinguishbetweentheorderof theunionandtheextension:

Definition 6.3.2 Givena labeledARS � A ü�BG l � l � L, wehave thefollowing notation:� GV"@� � '
l � L BG l " and

� BG�q�"�� '
l � L � BG l " 1

With thisnotationwecandefinethecontractionof apossibleinfinite setof re-
dexesasfollows: Let � Rü�B G p � p�^r]s	t be a orthogonalTRS, labeledwith positions.

Given a set of positionsP and terms M ü N, we define M PB B G N, if for the set
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P� � P uwvyx{z`� M � we have that N is the resultof a completedevelopmentof the
redexesatpositionsP� . Therelation

� BG�q�" now expressesthecompletedevelopment
of possiblyinfinite setsof redexes.

A very similar notionof parallelreductionhasalreadybeendefinedby Corra-
dini in [Cor93]. The most importantdifferenceswith the definition of Corradini
arethatwe allow arbitrarydirectedsetsfor DL insteadof idealsandthatwe allow
any reductionrelationinsteadof aspecificallychosenone.

The following lemmaexpressesan importantpropertyof the infinitary exten-
sion. It generalizesthe fact that if given a CRS we have that M

� GV" N then we
have that every approximationof M canbe extendedto an approximationof M
thatrewritesto anapproximationof N andeveryapproximationof N extendsto an
approximationof N thatis theresultof rewriting anapproximationof M.

Lemma 6.3.3 GivenanalgebraicCPO � A ü � � , suchthat� a ü b �}| � A� : � c � A : a ü b � c �@? � c �}| � A� : a ü b � c ü
andanARS � | � A�Óü�Gb� , we have that

a
� GV" b S ? ~� � a� � \)_ � a� : � a� � � \)_ � a�Óü b� � � \)_ � b� : a� � G b� �(� a��� a� ��� b� � \)_ � b� : � a� � � \)_ � a�Óü b� � � \)_ � b� : a� � G b� �(� b��� b� �

�� 1
Proof. Wedistinguishtwo cases:

” ? ” Given a
� GV" b, we have that thereexists a set I andsetsDL � # l i % i � I and

DR � # r i % i � I , suchthatDL andDR aredirected,fori � I we have that l i G r i ,
lubDL � a andlubDR � b. Wenow have two cases:

- Givena� � \)_ � a� . Becausea� is finite anda� � lubDL thereexistsa� � �
DL, suchthata��� a� � . For somei wehave thata� � � l i . Becausel i G r i ,
we have thata� � is finite. If we defineb� � � r i thenwe have that

a� � G b� � � a� � a� � 1
- Given b� � \)_ � b� . Becauseb� is finite and b� � lubDR thereexists

b� � � DR, suchthatb��� b� � . For somei we have thatb� � � r i . Because
l i G r i , we have thatb� � is finite. If wedefinea� � � r i thenwe have that

a� � G b� � � b� � b� � 1
” S ” Assumethat� a� � \)_ � a� : � a� � � \)_ � a�Óü b� � � \)_ � b� : a� � G b� �]� a��� a� ��� b� � \)_ � b� : � a� � � \)_ � a�Óü b� � � \)_ � b� : a� � G b� � � b� � b� � 1
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Define I � # l ! l � \)_ � a�Óü � r � \)_ � b� : l G r %d� # r ! r � \)_ � b�Óü � l � \)_ � a� :
l G r % . Given l � I , thereexist an r � \)_ � b� suchthat l G r andwe define
l l � l andr l � r. Givenr � I , thereexist an l � \)_ � a� suchthat l G r andwe
definel l � l andr l � r. DefineDL � # l i ! i � I % andDR � # r i ! i � I % .
To prove thata

� Gb" b, we have to show thatDL andDR aredirectedsetsand
thatlubDL � a andlubDR � b. Weprove theseclaimsbelow:

DL is a directedsetGiven a1 ü a2 � DL, we have that a1 ü a2 � \)_ � a� . This
impliesthata1 ü a2 � a, sothereexistsa� � \)_ � a� suchthata1 ü a2 � a� .
We alsohave that � a� � � \)_ � a�Óü b� � � \)_ � b� : a�5� a� �E� a� � G b� � . This
impliesthata� � � DL. Wealsohave thata1 ü a2 � a� � , sowehave thatDL

is adirectedset.

DR is adirectedsetSimilarargument.

lubDL � a By definition, we have that DL þ \)_ � a� . Thus,we have that
lubDL � lub

\)_ � a��� a. Given a� � \)_ � a� , we have that � a� � � \)_� a�Óü b� � � \)_ � b� : a�<� a� �T� a� � G b� � . By definition,wehavethatla� � � a� � .
Thus,wehave thata� � � DL. This impliesthat

a� � a� � � lubDL 1
Wecanconcludethat

lub

\)_ � a� � lubDL

lubDR � b Similarargument. :
In this thesis,we will be mainly interestedin

� �j" in conjunctionwith Böhm
semantics.But asthedefinitionitself is new, otherquestionsmaybeasked.

For example,do wehave thefollowing compressionproperty:

a
� BGEGV" b � BGpGV" c ?�@? a

� BG`GV" c 1
We will leave this as an openquestion,but not without remarkingthat at least
someβη sequences,which arenot compressiblein the infinitary lambdacalculi
of Kennaway et al [KKSdV97], canbe compressed.For example,the reduction
sequence

λx 1��	� λy1 z� x� ω x
� B G β " λx 1�� z �	� λy1 z� x� ω � x � B G βGV" λx 1 zω x

� B G η " zω 1
Becausewe have that

λx 1��	�	� λy1 z� x� n Ω � x B G βG λx 1�� zn Ω � x B Gη � zn Ω �<ü
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wehave that
λx 1��	� λy1 z� x� ω x

� B�B2GβηGV" zω 1
Anotherquestionis, if givenanorthogonalTRS 0 , we have that

� BCB GQ G$" is conflu-

ent?Again,we will leave this asanopenquestion.We will continuewith a study
of BöhmSemanticsandInfinitary Rewriting.

6.4 Böhm Semanticsand Infinitary Rewriting

In theprevioussectionwehaveshown how wecanextendarewrite relationonthe
finite elementsof an algebraiccpo to a rewrite relationon the entirecpo. In this
sectionwe will show how to extenda notion of Böhm semanticsfrom the finite
elementsto thewholecpo.

The extensionof Böhm semanticscan be donein two ways. First, we can
directly defineaninfinite normalform basedon theinfinite normalform for finite
elements. Second,we can definea notion of information contentfor arbitrary
elementsbasedon theinformationcontentof finite elements.

In the connectingtext betweenthe formal definitionsandresults,we will be
talking aboutan algebraiccpo � A ü � � andan ARSI �	� | � A�Óü�GV�Óü ω ü � B ü � B �	� with
uniqueinfinite normal forms definedon the finite elementsof A. Note that in
this settingwe have to dealwith threepartial orders: � A, � ω and � B. To avoid
confusionwe will referto elementsof A asobjectsandto elementsof B asbits of
information.

6.4.1 The dir ect extension

DefiningthedirectextensionInf∞
ω of Infω is simple.Weexpectthedirectextension

to beasetof finite bitsof informationjustastheusualinfinite normalform. Thus,
we candefinethe infinite normalform of any elementastheunionof the infinite
normalformsof all finite approximationsof theelementwe wantto compute.We
alsowant this extensionto bea trueextension.That is, for all finite elementswe
want theextensionto coincidewith the original infinite normalform. Therefore,
wewill requirethatInfω is monotonicwith respectto � A. Thatis, werequirethat:� a ü a� ��| � A� : a � A a� �@? Infω � a� þ Infω � a� � 1
Wesummarizeformally:

Definition 6.4.1 Givenacpo � A ü � A � andanARSwith informationcontent�	� | � A�Óü�BG�Óü ω ü � B ü � B �	� with uniqueinfinite normalforms,suchthat Infω is monotonicwith
respectto � A. TheBöhmsemanticsof any elementa � A is givenby

Inf∞
ω � a�@� ' # Infω � a� �7! a� � \)_ � a� % 1
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Wemustnow checkthatthepropertiesweexpectdoindeedhold. Wewill start
by proving thatInf∞

ω is anextensionof Infω � a� :
Proposition 6.4.2 Givenacpo � A ü � A � andanARSwith informationcontent�	� | � A�Óü�BG�Óü ω ü � B ü � B �	� with uniqueinfinite normalforms,suchthat Infω is monotonicwith
respectto � A, wehave that:� a ��| � A� : Infω � a�@� Inf∞

ω � a� 1
Proof. Let a ��| � A� be given. The fact that a is finite implies that a � \)_ � a� .
Therefore,we have that

Infω � a� þ Inf∞
ω � a� 1

Becauseof themonotonicityof Infω wehave that� a� � \)_ � a� : Infω � a� � þ Infω � a� 1
Therefore,we have that:

Inf∞
ω � a� þ Infω � a� 1 :

Apart from thefactthatInf∞
ω is arealextension,wealsoexpectthatit is unique.

That is, we expectthat two convertible termshave thesameextendedinfinite nor-
mal form. To prove that,we needthefollowing lemma:

Lemma 6.4.3 Given a cpo � A ü � A � , a directedset D þ | � A� and an ARS with
information content �	� | � A�Óü�BGb�Óü ω ü � B ü � B �	� with uniqueinfinite normal forms,
suchthatInfω is monotonicwith respectto � A, we have that:

Inf∞
ω � lubD ��� ' # Infω � d �I! d � D % 1

Proof. Wewill distinguishtwo cases:

” c ” Trivial.

” þ ” It sufficesto show thatfor every a � \)_ � lubD � thereexistsad � D suchthat

Infω � a� þ Infω � d � 1 (6.9)

Becausea is finite anda � A lubD, thereexists a d suchthat a � A d. By
monotonicityof Infω we have that6.9holdsfor thisd. :

With this lemmatheuniquenessof thedirectextensioncanbeproven:

Theorem 6.4.4 Givenacpo � A ü � A � andanARSwith informationcontent�	� | � A�Óü�BG�Óü ω ü � B ü � B �	� with uniqueinfinite normalforms,suchthat Infω is monotonicwith
respectto � A, wehave that:

a
 BGEGb" b �@? Inf∞

ω � a�@� Inf∞
ω � b� 1
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Proof. To prove theresultit sufficesto prove that

a
� BGEGV" b �@? Inf∞

ω � a�@� Inf∞
ω � b� 1

If a
� BGEGV" b thenfor someindex setI thereexist directedsetsDL � # l i % i � I andDR �# r i % i � I , suchthatlubDL � a, lubDR � b andfor i � I wehave that l i G r i. We then

have that

Inf∞
ω � a��� Inf∞

ω � lubDL �� ' # Infω � d �7! d � DL % Lemma6.4.3� ' # Infω � l i �7! i � I %� ' # Infω � r i �7! i � I % uniquenessof Infω� ' # Infω � d �7! d � DR %� Inf∞
ω � lubDR � Lemma6.4.3� Inf∞
ω � b� :

6.4.2 The extensionof the information content

Fromnow onwewill assumethat � A ü � A � isanalgebraicsemilattice.Thisstrength-
eningof theassumptionallows usto concludethat

\)_ � a� is a directedsetfor any
a � A. If we alsoassumethatω is monotonicwith respectto � A thenfor any a � A
wehave that # ω � a� �&! a� � \)_ � a� % is adirectedset.Thisallowsusto defineanotion
of informationcontenton A asfollows:

Definition 6.4.5 Givenanalgebraicsemilattice � A ü � A � andanARSI [ + �	� | � A�Óü�G�Óü ω ü � B ü � B �	� , suchthat ω is monotonicwith respectto � A, we definethe the in-
finitary extensionof [ asfollows:[ ∞ � �	� A ü � BGEGV"	�Óü ω∞ ü � B ü � B �	��ü
where

ω∞ � a∞ ��� lub # ω � a�A! a � | � a∞ � % 1
We would like to have that for any a � A thetwo infinite normalformsarethe

same.However, monotonicityof ω andInfω is not a sufficient conditionfor the
equivalenceof the two infinite normalforms. It is not evena sufficient condition
for theuniquenessof Infω∞ . This is shown in thefollowing example:

Example6.4.6 WedefinethesetA as:

A � #�� % ' # 1 ü 2 ü 3 % ÿ f ' # 4 % ÿ f�1
Onthis setwe defineanorder � A:� a � A : ��� A a and � i � # 1 ü 2 ü 3 % ü � mü n � f : � i ü n� � A � i ü m� , if n � m 1
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On thefinite elementsof A we definethefollowing reductionrelation:� n � f : � 1 ü n�G � 2 ü n�Óü � 1 ü n�&G � 3 ü n�Óü � 2 ü n�&G � 4 ü n� 1
Wedefinea functionω : | � A�@G f asfollows:

ω ��� �� 0 andω �	� i ü n�	�� n 1
Wethenhavethat �	� A ü � A �Óü ω ü �gf ü � �	� is anARSI, thatω is monotonicwith respect
to � A andthat

Infω �	� i ü n�	�;� # 0 ü 1 ü	�	�	�"ü n % 1
Fromthis we canconcludethatInfω is monotonicwith respectto � A. If we com-
putetheinfinite normalformsof � i ü ∞ � we get

Inf∞
ω �	� i ü ∞ �	�� Infω∞ �	� 1 ü ∞ �	�;� Infω∞ �	� 3 ü ∞ �	�� f�1

However, we alsoget
Infω∞ �	� 2 ü ∞ �	�;� # 0 % 1

The problemin the exampleis that by rewriting finite elementswe can get
informationthatwecannotgetby rewriting theleastupper-bounds.Soby rewriting
infinite objectswe maynotgetall informationwe cangetby rewriting finite ones.

Givenmonotonicityof Infω andω, we have apositive resultin theotherdirec-
tion. That is, every bit of informationwe cangetby usingtheextendedreduction
relationcanalsobegotby reducingfinite approximations.Theproof of this result
requiresthefollowing lemma,whichusesthenotation

_BCB G for

_BCB G� � :

Lemma 6.4.7 Givenanalgebraicsemilattice � A ü � A � andanARS with informa-
tion content[ + �	� | � A�Óü�Gb�Óü ω ü � B ü � B �	� with uniqueinfinite normalforms,such
thatω andInfω aremonotonic,we have thefollowing diagram:L�L_ _

ω

_
ω

_�
B

Proof. Theresultfollows easilyfrom thefollowing two diagrams:L�L_ � i � _�
A� iii �

ω

_
ω

_
ω

_�
B 


L�L_ � ii � _�
A� iii � � iv �

ω

_ _
ω

_
ω�

B
�

B
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(i) Givenarea� ü a andb, suchthata

_BCB G a� anda
 BGEG � b. Fromthedefinitionof

� �j"
wegetthattherearedirectedsets# ai % i � I and # bi % i � I , suchthatlub # ai % i � I � a,
lub # bi % i � I � b andbi BGFG ai . Becausea� is finite anda�5� A a, we have that
thereexists an index j suchthat a�5� A a j . BecauseG is only definedon

finite elementswe have thatb

_BCB G b j .

(ii) Similar to (i).

(iii) Frommonotonicityof Infω.

(iv) Fromtheuniquenessof Infω andthefactthat + þ�� B. :
Corollary 6.4.8 Givenanalgebraicsemilattice � A ü � A � andanARSI [ + �	� | � A�Óü�G�Óü ω ü � B ü � B �	� with uniqueinfinite normalforms,suchthat ω andInfω aremono-
tonic,we have thatfor any possiblyinfinite elementa that

Infω∞ � a� k Inf∞
ω � a� 1

Proof. Wehave to show that

a
� BGEGV"2" c �@? ω∞ � c� � B Inf∞

ω � a� 1
This follows from thepreviouslemma,

Inf∞
ω � a�;� \)_ # b ! a BCB G_ BGEG�B B Gω b %

and
ω∞ � c�@� \)_ # b ! c BCB G_ B B Gω b % 1 :

Someanalysislearnsthat Inf∞
ω � a� k Infω∞ � a� is equivalentwith thefollowing

diagram: _ L�L _
ω

ω

(6.10)

A very simplepropertythat implies monotonicityof the infinite normalform
and6.10is

a � A a� ü a G b �@? � b� : b � A b� ü a� G b� 1
As adiagramthispropertylookslike

�

A

�

A
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All orthogonaltermrewriting systemshave thisproperty. Not all orthogonalcom-
binatoryreductionsystemshave this property. For example,the lambdacalculus
with βη reductiondoesn’t have thispropertybecause

λx 1 x � yΩ �JB Gη yΩ

but no M � ω yΩ suchthat
λx 1 x � yx�]BgB2GβηG M

exists. The problemis that by expandingthe subtermΩ to x we introducedan
boundvariablex into a subtermwheretheη-rule doesnot allow it. However, all
orthogonalcombinatoryreductionsystemswherein the left-handsidesthereare
norestrictionsontheoccurrenceof boundvariableshave theproperty. 1 Any CRS
(andhenceany TRS)with anon-left linearruledoesnothave thisproperty.

1In CRSterminology:everyCRS,suchthatin theleft-handsideof every ruleeverymetavariable
hasevery possibleboundvariableasanargumenthastheproperty.



Chapter 7

Semanticsof Graph Rewriting

One way of developing a graphrewriting systemis to start with a term rewrite
systemor a higher-order rewrite systemandextendthis treerewrite systemto a
graphrewrite system.Whendoingso it is convenientto usethe letrec syntaxfor
graphs,becausethis syntaxis anextensionof thesyntaxof termrewrite systems.
An exampleof sucha derived systemis the following derivation of the lambda
calculus: � λx 1M � N B2B�Gβ �  

M ! x � N " 
C
�
x� ! x � M ü D " B B Ges

 
C
�
M � ! x � M ü D " 

M ! D " N B�B2Glift  
M N ! D " (7.1)

We will refer to a rewrite systemdevelopedin sucha way asa cyclic extension.
The rewrite rulesof a cyclic extensioncanbedivided into two subsets:thework
rulesthataredirectlyderivedfrom rulesin thetreerewrite systemandtheadminis-
trativerulesthatarethereonly becausethey areneededto bring a termwith letrec
into a form that allows a rule of the first subsetto be applied. For example,our
simplecyclic extensionof the lambdacalculushasonework rule: B2B�Gβ � andtwo

administrative rules: B B Ges and B�B�Glift .

Anotherway of thinking of thesegraphrewrite systemsis astheimplementa-
tionof infinitary rewriting. Thatis,wethink of termswith letrecsasrepresentations
of infinite termsandof graphrewrite stepsasrepresentationsof completedevel-
opmentsof setsof redexes. This way of thinking makesit naturalto requirethat
rewriting a termwith anadministrative ruledoesnot changetheunwindingof that
term.

By addingrules to the administrative part of a graphrewrite systemwe can
make thegraphrewrite systemmorepowerful, but by doingsowe caneasilylose
theconfluenceproperty.

113
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7.1 Unwinding Calculi

In Chap.3 we have implicitly definedtheunwindingof a cyclic termby defining
thegraphof a term andtheunwindingof a graph. Anotherway of obtainingthe
unwindingis to definea rewrite systemanda notionof informationcontentsuch
that the infinite normalform is theunwinding. In this chapterwe will studysuch
rewrite systemswith information content,which we will refer to as unwinding
calculi. As long as the infinite normal forms are the unwindings,any notion of
informationcontentis allowedin anunwindingcalculus.Theresultof thisfreedom
is thatany rewrite systemthatdoesnotchangetheunwindingof a termcanbeseen
asanunwindingcalculusby usingtheunwindingitself astheinformationcontent.

As the formal definition of the unwindingof a term we will usethe infinite
normal form of the term with respectto a simple rewrite system. The rewrite
system,thatwe will useto definetheunwinding,is a translationof theµ-calculus.

For µ-terms,we can definethe unwinding as the infinite normal form with
respectto theµ-ruleandtheinformationcontentdefinedby:

µx1M B�B/Gωµ
Ω 1

Unfortunately, thestraight-forwardtranslationµx1M G  
x ! x � M " doesnotwork.

If we translatetheµ-rule basedon this translationwe get 
x ! x � M "�G M

�
x : �  

x ! x � M " �i1
It is not obvious how we canextendthis rule to allow for arbitrary termsin the
externalpartandarbitrarysetsof declarations.Wesolve thisproblemby usingthe
translation

µx1M G  
M ! x � M " 1

This translationdoesnotpreserve graphs.Thatis, thegraphof µx1M is usuallynot
thesameasthegraphof

 
M ! x � M " . However, thegraphsof thosetwo termsdo

have thesameunwinding.Theresultingtranslationof theµ-rule is 
M ! x � M "�G M

�
x : �  

M ! x � M " �i1
Therule for informationcontentcanalsobetranslated: 

M ! x � M "�G Ω 1
Both translationscaneasilybeextendedto arbitraryexternalpartsandsetsof dec-
larations.Theresultis thegeneralizedµ-calculus,displayedin Table7.1. Like the
µ-calculusthegeneralizedµ-calculusis anorthogonalCRS.Therefore,it is conflu-
entandhenceit hasuniqueinfinite normalforms.Weusethis rewrite systemwith
informationcontentfor theformaldefinitionof theunwindingof a term:
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Table7.1Thegeneralizedµ-calculus
Axiom: 

M ! x1 � M1 ü	�	�	�!ü xn � Mn� �D� �
D

"dB/B Gµ� M
�
x1 : �  

M1 ! D "Óü	�	�	�!ü xn : �  
Mn ! D " �91

Informationcontent:  
M ! D "dBCBFB Gωµ� Ω 1

Definition 7.1.1 Givena cyclic term M, we definetheunwindingUnw � M � of M
as:

Unw � M ��� Infµ� � M � 1
Usingthisdefinitionasa referencepoint we candefineanunwindingcalculus

asa rewrite systemwith informationcontent,whoseuniqueinfinite normalforms
areequivalentto theunwinding.Formally:

Definition 7.1.2 A rewrite systemwith informationcontentB�BEB/Gunw is anunwinding
calculusif it hasuniqueinfinite normalformsandfor everycyclic termM wehave
Unw � M � + Infunw � M � .

Like rewrite systemswith informationcontent,unwindingcalculi canhave fi-
nite or infinite informationcontent. The generalizedµ-calculusis an exampleof
anunwindingcalculuswith finite informationcontent.Given any rewrite systemG that preserves the unwinding,we candefinean unwindingcalculuswith infi-
nite informationcontentby usingUnw astheinformationcontentof theterms.In
particularwecanusetheemptyreductionrelation,obtainingthetrivial unwinding
calculus:

Definition 7.1.3 The trivial unwindingcalculusover a signatureΣ is given by�	�� 5¡{¢m£�z Σ ü /0 �Óü Unw üTa �� �¡{¢�£�z Σ ü � Ω �	� .
We expectthat thegraphof theunwindingof a term is isomorphicto theun-

windingof thegraphof thatterm. in theremainderof this sectionwewill sketcha
proof of this fact. In thenext sectionwe continuewith therelationbetweengraph
rewriting andinfinitary rewriting.

A completemetricspaceon thesetof finite graphsandinfinite treesis formed
by defininga metric asfollows: given two graphs,we give every nodea second
label(thefirst labelbeingthefunctionsymbol)thatconsistsof thesetof pathsby
which the nodesis accessiblefrom the root. The distancebetweentwo different
graphsis definedas2� l , wherel is the lengthof theshortestpaththat exposesa
differencebetweenthe two graphs.(A paththat leadsfrom theroot to two nodes
in thegraphwherethetwo labelsdo notmatchis a paththeexposesa difference.)
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A

A

A

A

A

ε

1 � 11� 111� q2q2q ε

1 � 111� 11111� q2q2q
11� 1111� 111111� q2q�q

Figure7.1: Labelsfor computingthedistancebetweentwo graphs.

The distancebetweenidenticalgraphsis of course0. For example,the distance
betweenthetwo graphsin Fig. 7.1 is 1

2.

Let B�BFBFB`B�GFS� µ�4� denotetheresultof doingacompletedevelopmentof all µ¤ redexes.

Givena termM0 weconsiderthesequence

M0 B�B]B`BFB�GFS� µ�4� M1 B�BDBEBFB�GFS� µ�4� M2 B�BDBEBFB�GFS� µ�4� �	�	� 1
Weconjecturethatthis sequencehasthefollowing properties:

- Thegraphsof Mi have thesameunwinding.

- Thelimit of thesequence � �
M0 � � ü � �M1 � � ü � �M2 � � ü	�	�	� (7.2)

existsandis thesameastheunwindingof M0.

- Theunwindingof thetermM0 is thelimit of thesequence

ωµ� � M0 �Óü ωµ� � M1 �Óü ωµ� � M2 �Óü	�	�	� 1 (7.3)

- Thelimits of thesequences7.2and7.3arethesame.

7.2 Propertiesof Cyclic Extensions

We describeda cyclic extensionof a rewrite systemasa rewrite systemon cyclic
termsthatwasderivedfrom theoriginal rewrite system.We do not intendto give
apreciseformaldefinitionof thenotionof cyclic extension,but wewill definetwo
propertiesthatcyclic extensionscanhave: infinitary soundnessandcompleteness.

A cyclic extensionis infinitarily soundwith respectto a rewrite systemon
treesif wehave thatif acyclic termreducesto anothercyclic termusingthecyclic
extensionthen the unwinding of the first term reducesto the unwinding of the
secondterm in the infinitary extensionof the multi-steprewrite relation on the
finite acyclic terms.Formally:
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Definition 7.2.1 GivenaCRS 0 andacyclic extension0 x of 0 . Wesaythat 0 x

is infinitarily soundif

M B BEB GQ x N �@? Unw � M � � BCB GQ GV" Unw � N � 1
Severalproofsin this chapterwill usediagrams.Therefore,we will formulate

infinitary soundnessin termsof diagramsin thenext proposition:

Proposition7.2.2 Givena CRS 0 anda cyclic extension0 x of 0 , we have that0 x is infinitarily soundif andonly if thefollowing two diagramshold:

U
nw

¥

U
nw

¦
Q x

Unw

_
�

Ω

Q
U

nw

¥
U

nw

¦
Q x

Unw

_
�

Ω

Q
Proof. By Lemma6.3.3we have that P

� BCB GQ Gb" Q if andonly if the following two

diagramshold:

P

U
nw

¥

U
nw

§
Q

Unw

_
�

Ω

Q
Q

U
nw

¥
U

nw

¨
P

Unw

_
�

Ω

Q
Fromthis theresultfollows easily.

:
The simplestpossiblecyclic extensionof a CRSis that CRSitself. That is,

thesimplestextensionis obtainedby keepingthesamerewrite rulesandextending
only thesignaturewith letrec. Thisvery simpleextensionis infinitarily sound:

Lemma 7.2.3 Given an orthogonalCRS 0 , we have that BCB GQ is an infinitarily

soundcyclic extensionof 0 .

Proof. Wehave to show thatthediagramsindicatedin Prop.7.2.2hold,wewill do
thisby decomposingtheminto smallerdiagrams:

Unw

_
Q

µ� � i � µ�
Unw

_
ωµ�

Q
� iii � ωµ��

Ω Q 

Unw

_
Q

µ� � ii � µ�
Unw

_
ωµ� µ�

ωµ�
Q
� iii � ωµ��

Ω
�

Ω Q 
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Thenumbereddiagramsneedfurtherproof.

(i) Let usconsidercompletedevelopmentsof µ¤ -steps,denotedwith © µ¤ . Be-
causeBªBDBFB GQ � µ� is anorthogonalCRS,we have that BªBDBEB GQ � µ� is confluentby com-

pletedevelopments.Thus,thefollowing diagramholds:Q«
µ� «

µ�Q
(7.4)

By tiling with thisdiagramwecanderive diagram(i).

(ii) By thesameargumentusedto prove 7.4,wealsohave:

µ�«
µ� «

µ�
µ�

(7.5)

Wealsohave thediagram: Q
«
µ� «

µ�
µ� Q

(7.6)

By tiling wecanthenderive thediagram:Q
µ� µ�

µ� Q
µ� Q q q q

Q
µ�

(iii) Giventwo cyclic termsM ü N, we claim that

M BCB GQ G N �@? ωµ� � M �]BCB GQ G ωµ� � N � 1
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Thisclaimtogetherwith thefactthat BCBFB Gωµ� is confluentandterminatingproves

thediagramsmarkedwith (iii).

A simpleanalysisshows thatthefollowing diagramholds:

ωµ�
Q

ωµ�Q 

By tiling with thisdiagramwe canprove that

ωµ�
Q

ωµ�Q
Becausecontractingan 0 -redex doesnot createanωµ� -redex we alsohave

ωµ�
Q

ωµ�Q
Finally, theconfluenceandterminationof BCBFB Gωµ� allowsusto concludethatthe

claimholds. :
A rewrite rule from anunwindingcalculusdoesn’t changetheunwindingand

thereforeit is infinitarily soundwith respectto every possiblerewrite systemon
terms:

Lemma 7.2.4 Givenarewrite systemonterms0 andanunwindingcalculusunw,
wehave that B�BFBªGunw is aninfinitarily soundcyclic extensionof 0 .

Proof. If M B�BFB/Gunw N thenwe have thatUnw � M ��� Unw � N � . This impliesthat

Unw � M � � + " Unw � N � 1
Because+ þ BCB GQ G , we have that

Unw � M � � BCB GQ GV" Unw � N � 1
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From Lemmas7.2.3and7.2.4we canimmediatelyconcludethat BjBFBFB GQ � µ� is an

infinitarily soundcyclic extensionof a given orthogonalCRS 0 . By combining
thetwo lemmaswe canprove thatevery cyclic extension,which is a restrictionof0 modulounwindingequivalencepossiblyextendedwith anunwindingcalculus
is infinitarily sound:

Theorem 7.2.5 Given a cyclic extension 0 x of a CRS 0 , we have that 0 x is
infinitarily soundif B BFB GQ x þb� � Unw ¤ BCB GQ ¤ � Unw � ' � Unw.

Proof. If M B BFB GQ x N thenwe have two cases:

- If M � Unw N thenby Lemma7.2.4Unw � M � � BCB GQ GV" Unw � N � .
- If M � Unw M � BCB GQ N � � Unw N then

Unw � M � + Unw � M � � � BCB GQ Gb" Unw � N � �� �D� �
Lemma7.2.3

+ Unw � N � 1
:

We canapply this theoremto prove that the simpleextensionof the lambda
calculusgiven at the startof this chapteris an infinitarily soundextensionof the
lambdacalculus:

Example7.2.6 The rewrite systemin Equation7.1 is a cyclic extensionof the
lambdacalculus.Wecanshow this by applyingtheprevioustheorem.Givena β ¤
rewrite step

C
� � λx 1M � N � B2B�Gβ � C

�2 
M ! x � N " � ü

we have that
C
� � λx 1M � N � B G β C

�
M
�
x : � N �2�

andthat

C
�2 

M ! x � N " � B/BCGµ� C
�
M
�
x : �  

N ! x � N " �2� BªBCGµ� G C
�
M
�
x : � N �2�i1

Fromtheµ¤ -reductionwe canconcludethat

C
�
M
�
x : � N �2� � Unw C

�2 
M ! x � N " �i1

This meansthatwehave that

C
� � λx 1M � N � B G β C

�
M
�
x : � N �2� � Unw C

�2 
M ! x � N " �
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andthereforethatwehave thatB2B�Gβ � þ � Unw ¤ B G β ¤ � Unw 1
If we abbreviatex1 � M1 ü	�	�	�!ü xn � Mn with D thenwehave that 

M ! D " N lift

µ�  
M N ! D "

µ�� M �
xi : �  

Mi ! D " � � N 
 � M N � � xi : �  
Mi ! D " �

and  
C
�
x1 � ! D " es

µ�  
C
�
M1 � ! D "
µ�

C
�
x1 � � xi : �  

Mi ! D " � µ� C
�
M1 � � xi : �  

Mi ! D " �
Fromthesediagramswe mayconcludethatB�BFBFB�Glift � es

þ � Unw 1
If acyclic extensionof aCRSis infinitarily soundthenweknow thatthecyclic

extensiondoesnot equatemoreinfinite termsthanthe infinitary extensionof the
sameCRS.In generalwe do not have theinverse,that is if Unw � M � � BGEGb" Unw � N �
thenwe do not necessarilyhave that M B BDB GQ xG N. The reasonis that to mimic the

rewrite stepon the unwindingyou may needinfinitely many stepson the cyclic
term.For example,theunwindingof

 
x ! x � yx ü y � I " is I � I � �	�	�4�	� . Wehave that

I � I � �	�	�T�	� � B G βGV" Ω ü
but in thecyclic extensionB BFBFB Gβ � µ� thetermwill never rewrite to termwhoseunwind-

ing is Ω.
Fortunately, wedonothave to look at reductionon infinite terms:reductionon

infinite termsis derivedfrom reductiononfinite approximationsof thoseterms,so
wecansimply considerreductionsonfinite approximationsof theunwinding.

Given a cyclic term M, finite approximationP of the unwindingof M anda
reductionP BCB GQ G Q in a CRS 0 , we mayhave for a cyclic extension0 x of 0 that

M B BDB GQ xG N in sucha way that Q is a finite approximationof the unwindingof N.

Thatis, thediagram Q
Unw

_
Unw

_
Q x

(7.7)
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might hold. However, not in every cyclic extensiondo we have this diagram.For
example,considerthefollowing cyclic extensionof thelambdacalculus:� λx 1M � N G  

M ! x � N " 
M ! D " N G  

M N ! D " 
M ! x �  

N ! D1 "Óü D2 " G  
M ! x � N ü D1 ü D2 " 

C
�
x� ! x � λy1M ü D " G  

C
�
λy1M � ! x � λy1M ü D " 

M ! x � λy1N ü z � C
�
x� ü D "@G  

M ! x � λy1N ü z � C
�
λy1N � ü D " 

M ! x � λy1C � x� ü D " G  
M ! x � λy1C � λy1C � x�2� ü D "

ThetermM +  
xyy ! y � � λu 1 u� z" reducesto normalform asfollows: 

xyy ! y � � λu 1 u� z"dG  
xyy ! y �  

u ! u � z"	"@G  
xyy ! y � u ü u � z" 1

Theunwindingof M is x � I z� � I z� . This unwindingis a finite approximationof it-
selfandit reducesto xz � I z� . Theonly two reductsof M havexzzasits unwinding,
so xz � I z� cannotbe the finite approximationof the unwindingof a reductof M.
Wedohave thatxz � I z�&B G β xz � I z� , sowe might hopethatthediagramQ

Unw

_ Q
Unw

_
Q x

(7.8)

holds. Unfortunatelyit doesn’t. For example,the termx � I z� � Ωz� is alsoa finite
approximationof theunwindingof M andreducesto xz � Ωz� . Thelattertermis not
itself afinite approximationof theunwindingof areductof M nordoesit reduceto

one.Wesolve thisproblemby replacingthereduction
Q

with anunspecified
relation¬ andcall theresultingpropertycompletenessup to ¬ .

Definition 7.2.7 Givena CRS 0 , a cyclic extension0 x of 0 anda relation ¬ on
thetermsof 0 , wesaythat 0 x is completeupto ¬ if thefollowing diagramholds:

Unw

_ Q 
Unw

_
Q x

In many cases,we will beableto find a convenientrelationfor which we can
prove completenessup to. For example,if we have a relation 0 thatsatisfies7.7
then 0 is completeup to + andif 0 satisfies7.8 thenwe have that 0 is complete
up to BCB GQ G . A key propertyusedto prove completenessup to is � Ω-monotonicity:
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Definition 7.2.8 A CRS 0 is � Ω-monotonicif thefollowing diagramholds:

Q �
Ω Q�
Ω

Thelambdacalculuswith β-reductionis � Ω-monotonic.With βη-reductionit
is not. For � Ω-monotonicorthogonalCRSswe have thefollowing result:

Proposition7.2.9 Givenan � Ω-monotonicorthogonalCRS 0 , we have that the
cyclic extensionBªBDBEB GQ � µ� is completeup to + .

Proof. Wehave thefollowing diagram:

Unw

_
Q®

Ω _
Unw

ωµ� Q ¯ Ω

ωµ�
µ� Q 


Theresultfollows from thisdiagramby meansof asimpletiling argument.
:

7.3 Böhm Semanticsof Cyclic Extensions

In the previous chapterwe have shown how to extend Böhm semanticsfrom a
CRSto its infinitary extension. To be able to definethis extensionwe needthe
CRSto have a notion of informationcontent,suchthat its infinite normalforms
areuniqueandbothits informationcontentandthosenormalformsaremonotonic
with respectto � Ω. Becausewe will needtheseconditionsasstandard,we will
call anotionof informationcontentregularif it hastheseproperties:

Definition 7.3.1 We saythat the informationcontentof a CRSwith information
content0 is regular if

- 0 hasuniqueinfinite normalforms;

- ω Q is monotonicwith respectto � Ω;

- Inf Q is monotonicwith respectto � Ω.
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Wewill alsoneedwell-behavedcyclic extensions.Thatis, we will needcyclic
extensionsthat are infinitarily soundand completeup to a useful relation. For
this usefulrelationwe choose� ω° andwe refer to a cyclic extensionwith these
propertiesasa regular cyclic extension:

Definition 7.3.2 A cyclic extension0 x of a CRS 0 with informationcontentis
regular if 0 x is infinitarily soundandcompleteup to � ω° .

GivenaCRSwith regularinformationcontent0 andacyclic extension0 x of0 that containsan unwindingcalculusunw, we cannow definethe information
contentof a cyclic termastheinformationcontainedin thepartof thecyclic term
thathasbecomestablewith respectto unwinding:

Definition 7.3.3 Givena completeandinfinitarily soundcyclic extension0 x of a
CRSwith regular informationcontent0 containingan unwindingcalculusunw,
we definethefunctionω �Q x by

ω �Q x � ω∞Q ¤ ωunw 1
Notethatif theinformationcontentof theunwindingcalculusis finite wehave

that
ω �Q x � ω Q ¤ ωunw ü

becauseω∞Q is a properextensionof ω Q . The function ω �Q x is not necessarilya
notionof informationcontent,asthefollowing exampleshows:

Example7.3.4 Let 0 bethetermrewrite systemwith thesinglerule

A � X ��G B � X � 1
Theinformationcontentof a termis definedasthenormalform of theterm:

ω Q � M ��� 0b� M � 1
This notionof informationcontentis regular. DefineB BEB GQ x �8BªBDBFB GQ � µ� 1
As theunwindingcalculusof 0 x weconsidertherewrite ruleµ¤ with information
contentdefinedby 

A � M �7! x1 � M1 ü	�	�	�"ü xn � Mn "oB�BFBFBEB Gωunw° A � M � � x1 : � Ω ü	�	�	�"ü xn : � Ω � 
B � M �7! x1 � M1 ü	�	�	�"ü xn � Mn "oB�BFBFBEB Gωunw° Ω

Evenwith this modifiednotionof informationcontentunwQ is anunwindingcal-
culus.Wenow have that  

A � x�I!C"&B BFB GQ x

 
B � x�I!C" 1
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However,
ω �Q �  A � x�I!C"	�� 0V� A � x�	�� B � x�
ω �Q �  B � x�I!C"	�� 0V� Ω � � Ω

Thus,the functionω �Q is not monotonicwith respectto B BEB GQ x andhenceit is not a

notionof informationcontent.Notethat 0 x is a regularcyclic extensionof 0 .

If ω �Q x is a notion of informationcontentthenit will generateuniqueinfinite
normalforms if in addition 0 x is a completeandinfinitarily soundcyclic exten-
sion:

Theorem 7.3.5 Givena regularcyclic extension0 x of a CRSwith regular infor-
mationcontent0 containinganunwindingcalculusunw,suchthatω Q x is anotion
of informationcontent,we have that 0 x hasuniqueinfinite normalforms.

Proof. To prove that 0 x hasuniqueinfinite normalforms,we have to prove that
thefollowing diagramholds:

ω° x

_ Q x Q x Q x

ω° x

_



Thisdiagramcanbeproveneasilyusingthefollowing claims:

M

_B BFBFB Gω° x
a S ? M

_B BFBEB Gωunw

_B BDB Gω° a (7.9)

unw

Q x

unw

ωunw

_
ωunw

_
Q Q

ω° _
ω° _



(7.10)

unw Q x

ωunw

_Q ωunw

_
ω° _

ω° _



(7.11)

To completetheproof,we mustprove theclaims:
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(7.9)
M

_B BFBFB Gω° x
a S ? a � \)_ � ω Q x � M �	��� \)_ � ω∞Q � ωunw � M �	�	�S ? a � \)_ � lub # ω Q � N �7! N � \)_ � ωunw � M �	� % �S ? a � \)_ # ω Q � N �7! N � \)_ � ωunw � M �	� %S ? � N � \)_ � ωunw � M �	� : a � \)_ � ω Q � N �	�S ? M

_B BFBFB Gωunw

_B BFB Gω° a

(7.10)Thisdiagramcanbeobtainedby tiling with thefollowing two diagrams:

unw � i �
Q x

unw

ωunw

_
ωunw

_
Q �

Ω� ii � Q Q� iii � Q
ω° _

ω° _
ω° _


 


unw � i �
Q x

unw

ωunw

_
ωunw

_
Q �

Ω� ii � QQ � iv � Q
ω° _

ω° _
ω° _


 

(i) Fromtheinfinitary soundnessof 0 x by applyingProp.7.2.2.

(ii) Fromthemonotonicityof Inf Q with respectto � Ω.

(iii) Fromtheuniquenessof theinfinite normalform of 0 .

(iv) Trivial.

(7.11)BecauseB�BFB/Gunw þ B BFB GQ x thefollowing diagramprovestheclaim:

unw
Q x

ωunw

_
unwQ ωunw

_
ω° _ �

ω°
ω° _



Thetoppartof thisdiagramfollowsfrom thecompletenessof 0 x upto � ω° .
Thebottompartis elementary. :

Theinformationcontentof a cyclic termdependsnot only on the information
contentof the finite terms,but alsoon the chosenunwindingcalculus. We will
now show that the choiceof unwinding calculushasno effect on the resulting
infinite normalforms.Wewill do soby showing thatno matterwhatthechoiceof
unwindingcalculusis, we alwayshave that the infinite normalform of thecyclic
termis equalto theinfinite normalform of theunwindingof thecyclic term:
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Theorem 7.3.6 Givena regularcyclic extension0 x of a CRSwith regular infor-
mationcontent0 containinganunwindingcalculusunw,suchthatω Q x is anotion
of informationcontent,we have for every cyclic termM that:

Inf Q x � M ��� Inf∞Q � Unw � M �	� 1
Proof. By someelementaryreasoningwe canderive that

Inf∞Q � Unw � M �	��� # a ! M _B BFBFB GUnw BCB GQ G _B BFB Gω° a% 1
Theclaims7.9,7.10and7.11areagainvalid. Fromtheseclaimswe canprove that

M B B]B GQ xG _B B]B`B Gω° x
a S ? M

_B BFBFB GUnw BCB GQ G _B BDB Gω° a 1
Hence,we have that

Inf Q x � M ��� # a ! M _B BDBEB GUnw BCB GQ G _B BFB Gω° a% 1 :
BecausewehavethatInf∞Q is aproperextensionof Inf Q , animportantcorollary

from this theoremis thatInf Q x is aproperextensionof Inf Q :

Corollary 7.3.7 Givena completeandinfinitarily soundcyclic extension0 x of a
CRSwith regular informationcontent0 containingan unwindingcalculusunw,
suchthatω Q x is a notionof informationcontent,we have for every plain termM
that:

Inf Q x � M ��� Inf Q � M � 1
We have now shown how to extenduniquenessresultsfrom Böhmsemantics

on plain termsto cyclic terms.We will continuewith a studyof a property, which
wecouldnot introduceon abstractrewriting systems:syntacticcontinuity.

7.4 Syntacticcontinuity of Böhm Semantics

Böhmtreeequivalenceis acompatiblerelation.Thatis, if two termsM andN have
thesameBöhmtreethenfor any context C we have thatC

�
M � andC

�
N � have the

sameBöhm tree. To prove this for the lambdacalculus,Lévy ([L év78]) showed
thattheBöhmtreehadapropertycalledsyntacticcontinuity. Thispropertyimplies
thatBöhmtreeequivalenceis compatible.

Syntacticcontinuity is a propertywhich can be definedon rewrite systems,
wherethe infinite normal forms arepossiblyinfinite terms. The propertystates
thatgivenany context C andany termM, theinfinite normalform of C

�
M � depends

only onC andtheinfinite normalform of M:
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Definition 7.4.1 A rewrite systemwith informationcontent0 is syntacticallycon-
tinuousif

Inf Q � C �M � �@� ' # Inf Q � C �P� ! P � Inf Q � M � % 1
Thegoalin thissectionis tofindconditionsonCRSsandtheircyclic extensions

thatallow us to prove that thecyclic extensionsaresyntacticallycontinuous.An
obviousconditionis therequirementthat theCRSis syntacticallycontinuous,but
thereis anotherrequirement:substitutivecontinuity:

Definition 7.4.2 A rewrite systemwith informationcontent0 is substitutive con-
tinuousif

Inf Q � Mσ ��� ' # Inf Q � Pσ ! P � Inf Q � M � % 1
In thelambdacalculuswith theβ-rulewecanderive thispropertyfrom syntac-

tic continuity if the freevariablesin the infinite normalform area subsetof those
in theterm.GivenatermM andasubstitutionσ, let ±x beavectorof variablessuch
thatFV � M ��� #�±x % . We thenhave

Inf � Mσ ��� Inf �	�	� λ ±x 1M � ±x� σ �� ' # Inf �	�	� λ ±x 1 P� ±x� σ �I! P � Inf � M � %� ' # Inf � Pσ �7! P � Inf � M � % 1
It is possiblefor a CRSwith informationcontentto have uniqueinfinite normal
formsandbesyntacticallycontinuous,without alsobeingsubstitutive continuous.
This is shown in thefollowing example:

Example7.4.3 GiventheCRS

B � C � G C
B � A� G B � A�
F x 1 Z � x�@G Z � A�

with informationcontentdefinedby

B � Z � B B Gω Ω
F x 1 Z � x�&B B Gω Z � Ω �

This CRSis syntacticallycontinuous,but it is not substitutive continuous:

C � Inf � B � C �	��� Inf � B � x� � x : � C� �*� ' # Inf � P � x : � C� �I! P � Inf � B � x�	� %� ' # Inf � P � x : � C� �I! P � Ω %� Ω 1
Theexampleshowedthatfor CRSssyntacticcontinuitydoesnot imply substi-

tutive continuity. However, for cyclic extensionssyntacticcontinuity doesimply
substitutive continuity:
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Proposition7.4.4 Given a cyclic extension0 x of a CRS 0 , we have that 0 x is
substitutive continuousif 0 x is syntacticallycontinuous.

Proof. Givena termM andasubstitutionσ, let ±x beavectorof variablessuchthat
FV � M ��� #p±x % . Wethenhave

Inf � Mσ �l� Inf �  M ! x1 � x1σ ü	�	�	�"ü xn � xnσ "	�� ' # Inf �  P ! x1 � x1σ ü	�	�	�!ü xn � xnσ "	�J! P � Inf � M � %� ' # Inf � Pσ �7! P � Inf � M � % 1 :
Becausefor plain termswe have that Inf Q � M �d� Inf Q x � M � , we canconclude

from thepropositionandtheexamplethatwewill needto requiresubstitutive con-
tinuity.

Wearenow goingto developthetheorythatweneedin orderto proveourmain
result. Thefirst thing we needis anoperationon multiple holecontexts, thatfills
all theholeswith thesameterm:

Definition 7.4.5 Givenamultiple holecontext C anda termM, we define

C # M % � C
�
M ü	�	�	�7ü M �91

With thisnotationwecanproveasimpleextensionof syntacticcontinuityfrom
singleholecontexts to multipleholecontexts:

Lemma 7.4.6 GivenaCRSwith syntacticallycontinuousregularinformationcon-
tent,we have that:

Inf Q � C # M % �@� ' # Inf Q � C # a % �J! a � Inf Q � M � % 1
Proof.

Inf Q � C # M % �� Inf Q � C �M ü	�	�	�"ü M � �� ' # Inf Q � C � a1 ü M ü	�	�	�!ü M � �7! a1 � Inf Q � M � % � 1��	�	�� ' # �	�	� ' # Inf Q � C � a1 ü	�	�	�!ü an � �I! an � Inf Q � M � % �	�	��! a1 � Inf Q � M � % � 1�� ' # Inf Q � C � a1 ü	�	�	�!ü an � �I! ai � Inf Q � M � %� ' # Inf Q � C � a ü	�	�	�5ü a� �I! a � Inf Q � M � % � 2�� ' # Inf Q � C # a % �²! a � Inf Q � M � % 1
(1) Applicationof continuityin asingleholecontext.

(2) It is obviousthatwe have ” c ”. BecauseInf Q � M � is anideal,we have thatfor
every givencombinationof ai � Inf Q � M � thereexistsana � Inf Q � M � , such
thatai � ω a. Frommonotonicityof Inf Q with respectto � Ω we get” þ ”.
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As afirst steptowardsproving syntacticcontinuityof cyclic extensionswewill

now considertheextensionof CRSswith let.

Definition 7.4.7 GivenaCRSwith informationcontent0 , wedefinetheextension
of 0 with letsasfollows:0 let � 0 ' # let x � M in N B/BCGlet N

�
x : � M � %

ω Q
let
� M ��� ω Q � let � M �	�

An importantcharacteristicof the let-extensionis thatit is syntacticallycontin-
uousif theCRSis syntacticallyandsubstitutive continuous:

Lemma 7.4.8 Givenan orthogonalCRS 0 with informationcontentthat is syn-
tacticallyandsubstitutive continuous,wehave that 0 let is syntacticallyandsubsti-
tutive continuous.

Proof. Oncewe have provensyntacticcontinuitywe canprove substitutive conti-
nuity in thesameway aswe did for Prop7.4.4. Givena context C anda termM,
bothwith lets, let ±x bea vectorof variablessuchthat #�±x % � FV � M � . For any term
Q, suchthatFV � Q� þ FV � M � we thenhave that

C
�
let ±x � ±x in Q� BªBCGletG C� # let ±x � ±P in Q % ü

whereC� containsno lets,by rewriting every let in C. Wealsohave that

C� # let ±x � ±P in Q % B/BCGletG C� # let ±x � ±P in let � Q� %
andthat

C� # let ±x � ±P in let � Q� % B/BCGletG C� # let � Q� � x1 : � let � P1 �Óü	�	�	�%ü xn : � let � Pn � �� �D� �
σ

%<% 1
BecauseC

�
let ±x � ±x in Q� B/B GletG C

�
Q� , we canconcludethat

let � C � let ±x � ±x in Q� ��� C� # let � Q� σ % 1
This impliesthat

Inf Q
let � C �Q� �@� Inf Q � let � C �Q� �	�� Inf Q � C� # let � Q� σ % � 1

Usingthis identity wehave that:

Inf Q let � C �M � �@� Inf Q � C� # let � M � σ % �� ' # Inf Q � C��# Q % �I! Q � Inf Q � let � M � σ � %� ' # Inf Q � C� # Q % �I! Q � ' # Inf Q � Pσ �I! P � Inf Q � let � M � %� ' # Inf Q � C��# Q % �I! Q � Inf Q � Pσ �Óü P � Inf Q let � M � %� ' # ' # Inf Q � C��# Q % �J! Q � Inf Q � Pσ � % ! P � Inf Q let � M � %� ' # Inf Q � C��# Pσ % �7! P � Inf Q
let
� M � %� ' # Inf Q

let � C �P� �I! P � Inf Q
let � M � % :
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Definition 7.4.9 GivenanorthogonalCRS0 with regularinformationcontentand
a regularcyclic extension0 x of 0 , wehave0 x

let � 0 x ' BªBCGlet
1

Lemma 7.4.10 GivenanorthogonalCRS 0 with regularinformationcontentand
a regularcyclic extension0 x of 0 , we have that 0 x

let is a regularcyclic extension
of 0 let andthat

Inf Q x
let
� M ��� Inf Q x � let � M �	� 1

Proof. First, we have that 0 x
let is infinitarily soundbecauseit is given that 0 x is

infinitarily soundandbecauseB/B Glet
is infinitarily soundbecauseby Lemma7.2.3.

Secondwe have that

Unw

_ Q let

let

Q
let �

ω°
Unw

_
Unw

_ Q
let

Q x

Finally, we have that

Inf Q x
let
� M ��� Inf Q x

let
� let � M �	��� Inf Q x � let � M �	� 1 :

We will now considersomespecialcasesof Inf Q x � C �M � � . Thecaseswe want
to considercorrespondto the caseswherefree variablesin M arenot boundby
letrecs in C. In thesecases,we have thespecialpropertythat

Unw � C �M � �@� \ # C� # M � % ! C� � Unw � C �Óü M � � Unw � M � % 1
For contexts andtermswith thispropertywecanprove syntacticcontinuity:

Lemma 7.4.11 Givena regularcyclic extension0 x of a CRSwith regular infor-
mationcontent0 containinganunwindingcalculusunw,suchthatω Q x is anotion
of informationcontent,wehave thatif 0 is syntacticallycontinuousthenfor every
context C andevery termM, wehave that

Unw � C �M � ��� \ # C��# M � % ! C� � Unw � C �Óü M � � Unw � M � %�@?
Inf Q x � C �M � �@� # Inf Q x � C �P� �7! P � Inf Q x � M � % 1
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Proof.

Inf Q x � C �M � �� Inf∞Q � Unw � C �M � �	� 7.3.6� ' # Inf Q � P�7! P � Unw � C �M � � %� ' # Inf Q � P�7! P � \ # C��# Q % ! C� � Unw � C �Óü Q � Unw � M � %<%� ' # Inf Q � P�7! P � # C� # Q % ! C� � Unw � C �Óü Q � Unw � M � %<%� ' # Inf Q � C��# Q % �J! C� � Unw � C �Óü Q � Unw � M � %� ' # ' # Inf Q � C� # a% �A! a � Inf Q � Q� % ! C� � Unw � C �Óü Q � Unw � M � % 7.4.6� ' # Inf Q � C��# a % �A! C� � Unw � C �Óü a � ' # Inf Q � Q�7! Q � Unw � M � %<%� ' # Inf Q � C��# a % �A! C� � Unw � C �Óü a � Inf∞Q � M � %� ' # Inf Q � C� # a % �A! C� � Unw � C �Óü a � Inf Q x � M � % 7.3.6� ' # Inf Q � a� �I! a� � # C��# a% ! C� � Unw � C � % ü a � Inf Q x � M � %� ' # Inf Q � a� �I! a� � \ # C� # a % ! C� � Unw � C � % ü a � Inf Q x � M � %� ' # Inf Q � a� �I! a� � Unw � C � a� �Óü a � Inf Q x � M � %� ' # ' # Inf Q � a� �I! a� � Unw � C � a� � % ! a � Inf Q x � M � %� ' # Inf∞Q � Unw � C � a� �	�J! a � Inf Q x � M � %� ' # Inf Q x � Unw � C � a� �	�A! a � Inf Q x � M � % 7.3.6 :
We now have all the lemmaswe needto prove syntacticcontinuity of cyclic

extensions.

Theorem 7.4.12 Givena regularcyclic extension0 x of anorthogonalCRSwith
regular informationcontent 0 containingan unwindingcalculusunw, suchthat
ω Q x is a notion of information content,we have that if 0 is syntacticallyand
substitutive continuousthen 0 x is syntacticallycontinuous.

Proof. Given a context C anda term M, let ±x be a vectorof variablessuchthat#�±x % � FV � M � . We thenhave that

Inf Q x � C �M � �� Inf Q x
let
� C � let ±x � ±x in M � �� ' # Inf Q x

let
� C � let ±x � ±x in Q� �7! Q � Inf Q x

let
� M � % Lemma7.4.11� ' # Inf Q x

let
� C �Q� �I! Q � Inf Q x

let
� M � %� ' # Inf Q x � C �Q� �I! Q � Inf Q x � M � %

Notethatin this proof we usethe let asa functionsymbolandnot asthesyntactic
abbreviation of a letrec.

:
7.5 Conclusion

We have given an extensiontheorythat works fine for � Ω-monotonicCRSs,we
do not yet know muchaboutCRSsthataren’t. In many caseswe dependon � Ω-
monotonicity in key partsof proofs. Thus, it will be hard to either modify the
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theoryin a way thatallows thesenon-monotonicsystemsto work. It mayevenbe
necessaryto developacompletelynew framework to dealwith them.

Anotherpossibledirectionof future work is extendingacyclic calculi rather
thanCRSs.This couldbeusefulbecausegivena cyclic calculus,its acyclic frag-
mentmayhave betterpropertiesthantheentirecalculus.For example,thecyclic
lambdacalculusis non-confluent,but its acyclic fragmentis in essenceconfluent
by completedevelopments.

In thenext chapterwe considera few applicationsof theextensiontheory.





Chapter 8

Applications

In this chapterwe will considerapplicationsof the theoryof semanticsof graph
rewriting in thepreviouschapter. Wewill considerorthogonalCRSsin generaland
cyclic lambdacalculi in particular, but first we will give somemoreexamplesof
unwindingcalculi.

8.1 Unwinding Calculi

Theonly examples,we have seenof unwindingcalculi wereµ¤ andsomecalculi
with Unw asinformationcontent.For example,thetwo rule rewrite system 

C
�
x� ! x � M ü D ")B B Ges

 
C
�
M � ! x � M ü D " ; 

λx 1M ! D " N BgB�Glift  � λx 1M � N ! D " 1
We want to have a notion of informationcontentfor this rewrite systemthat is
finite. The notion ωµ� doesnot work, becausethereis a fundamentaldifference
betweenthis simpletwo rule systemandµ¤ . Both systemsmove letrec aroundin
terms.Thetwo rule systemlifts letrecs towardsthetop of theterm. In contrastµ¤
distributesthe letrec away from thetop of theterm. Thesetwo systemsandmany
othersbuild up a tree-like prefix in a term. A systemthat distributesthe letrecs
exposesthis treelikeprefixveryclearly. A systemthatlifts letrecskeepstheprefix
moreor lesshidden.For example,we have that 

x ! x � F � x�	"IBªBCGµ�  
F � x�I! x � F � x�	"BªBCGµ� F �  F � x�A! x � F � x�	"	�BªBCGµ� F � F �  F � x�I! x � F � x�	"	�	�BªBCGµ� �	�	�

andthat  
x ! x � F � x�	"7B B Ges

 
F � x�J! x � F � x�	"B B Ges

 
F � F � x�	�J! x � F � x�	"B B Ges

 
F � F � F � x�	�	�J! x � F � x�	"B B Ges �	�	� 1
135
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Table8.1Therewrite rulesof thelift calculus(lc) 
C
�
x� ! x � M ü D " B B Ges

 
C
�
M � ! x � M ü D " 

M ! x � C
�
y� ü y � N ü D "³B B G is  

M ! x � C
�
N � ü y � N ü D " 

M ! x � C
�
x� ü D " B B Gcs

 
M ! x � C

�
C
�
x�2� ü D "

F � �	�	�!ü  M ! D "Óü	�	�	�4� B BFBFBFB GF � lift

 
F � �	�	�!ü M ü	�	�	�T�7! D "�

x�  M ! D1 ü D2 " B BDBEBFB Gλ � lift

 	�
x� M ! D1 "7! D2 " 	 

M ! D1 "7! D2 " B BFB Gem

 
M ! D1 ü D2 " 

M ! x �  
N ! D1 "Óü D2 " B2B�Gim  

M ! x � N ü D1 ü D2 " 
M ! D1 ü D2 " B�B Ggc

 
M ! D1 " 

M !C" B�B Ggc M

M BªBFBFBCGbisim
N , if M ý N

In thiscasethesameprefixis beingbuilt, but in thesecondsequenceit stayshidden
in theexternalpartof the letrec. Weexposetheinformationin theexternalpartby
definingtheinformationcontentasfollows:

Definition 8.1.1 Wedefinethefunctionωlift by meansof therewrite system 
M ! x1 � M1 ü	�	�	�!ü xn � Mn "&B/BFB´Gωlift

M
�
x1 : � Ω ü	�	�	�!ü xn : � Ω �i1

Later in this chapter, we will give several examplesof rewrite systemswith
informationcontentωlift areunwindingcalculi. First,wewill studyalargesuperset
of this calculus:thelift calculus.An importantpropertyof thelift calculus,given
in Table8.1, is that its convertibility relationidentifiespreciselythosetermsthat
havethesameunwinding.Thenotionof informationcontentthatweusefor thelift
calculusis ωlift . Theproofof thefactthatthelift calculusis anunwindingcalculus
is complicatedby thefactit is notconfluent.For example,thetermson thebottom
of thefollowing diagramdo nothave a reductin common: 

x ! x � F � x�	"  
F � x�I! x � F � x�	" 

x ! x � F � F � x�	�	"  
F � x�J! x � F � F � x�	�	"

To show thatthelift calculusis anunwindingcalculuswe will useyet another
reductionrelationandsomelemmas.Thereductionrelationis a restrictionof the
externalsubstitutionrule in thelift calculus.We referto this reductionrelationas
standard reduction: Standardreductionis arestrictionof theapplicationof external
substitutionto certaincontexts. The redex that areallowed arethosethat do not
occurin thedefinitionof avariable:
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Definition 8.1.2 Standardexternalsubstitutionreductionis definedby

E1
�2 

E2
�
x� ! x � M ü D " ��µ B B Ges E1

�2 
E2
�
M � ! x � M ü D " � ü

where
E :: � : ! F � �	�	�!ü E ü	�	�	���J! � x��1E !  E ! D " 1

Becausewewill have to distinguishbetweenstandardandnon-standardreduc-
tion, we introducethenotation( ¤ B B Ges ) for non-standardreduction:¤ B B Ges �8B B Ges ¶ µ B B Ges 1
A few examplesof standardandnon-standardstepsare: 

F � x ü x�J! x �  
y ! y � z"	" µ B B Ges

 
F � x ü  y ! y � z"	�J! x �  

y ! y � z"	" 
F � x ü x�J! x �  

y ! y � z"	" µ B B Ges

 
F �  y ! y � z"Óü x�A! x �  

y ! y � z"	" 
x ! x �  

y ! y � z"	" ¤ B B Ges

 
x ! x �  

z ! y � z"	"
The mostcomplicatedstepin showing that the lift calculusis an unwinding

calculusis thefollowing lemma:

Lemma 8.1.3 Wehave thefollowing diagram:

lc

lc lc�
ωlift

Proof. Wewill prove thediagramby usinga tiling argument,but first weeliminate
internal and cyclic substitutionstepsby replacingthem with alternative conver-
sions:  

M ! x � C
�
y� ü y � N ü D "·B/BFBFBCGbisim

 
M ! x � C

�
y��� ü y� � N ü y � N ü D "P BgBFBim

 
M ! x �  

C
�
y� � ! y� � N "Óü y � N ü D "B B Ges

 
M ! x �  

C
�
N � ! y� � N "Óü y � N ü D "B�B Ggc

 
M ! x �  

C
�
N � !C"Óü y � N ü D "B�B Ggc

 
M ! x � C

�
N � ü y � N ü D " 

M ! x � C
�
x� ü D "oB/BFBEBCGbisim

 
M ! x � C

�
y� ü y � C

�
x� ü D "P B�BFBim

 
M !  x � C

�
y� ! y � C

�
x� "Óü D "B B Ges

 
M !  x � C

�
C
�
x�2� ! y � C

�
x� "Óü D "B2B�Gim  

M ! x � C
�
C
�
x�2� ü y � C

�
x� ü D "B�B Ggc

 
M ! x � C

�
C
�
x�2� ü D "

Wewill now distinguishthreecasesfor thetopstep:externalsubstitutionsteps
from left to right externalsubstitutionstepsfrom right to left andothersteps,de-
noteḑ s, in bothhorizontaldirections:
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B B Ges Externalsubstitutionis confluentby completedevelopmentsof descendants.
Duplication in elementarydiagramsis limited: an arbitrarystepcanhave
oneor two descendantsanda standardstepcanonly have onedescendant.
Therefore,thesearetheonly elementarydiagrams:

es

es

es

es

es

es

es

es es

es

es 


Fromthesediagramswecanconcludethat

es

es

es

es

(8.1)

P B�BFBes If thegivenstepis a standardstepthenwehave

es

es

es

(8.2)

To dealwith thecaseof a non-standardstepwe will usecompletedevelop-
mentsof nonstandardstepsdenotedwith ¤ B BFB G« es

. Considerthediagram

N

es

«
es � M

P

A non-standardstepcannotcreatea standardstep,so the redex contracted
in N is a descendantof a redex in M. Moreover, a non-standardstepcan-
not duplicatea standardredex. Thus,the redex contractedin N is theonly
descendantof theredex in M. Hence,thegivenreductionsequenceis acom-
pletedevelopment.We canalsodo a completedevelopmentof thesameset
of redexes,by first contractingall standardredexesandthendevelopingthe
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setof theremainingnon-standardredexes:

es

«
es �

es«
es

�
Fromthisdiagramand8.2wecanderive:

es

es

es

es
�

(8.3)

B�B G¹ s ü P B2BFB¹ s A lengthycaseanalysiswill show thatwe have thefollowing two dia-
grams:

es

¸ es

¸ es

s

es

¸ es

¸ es

s

Fromthesediagramwe mayconcludethat

es

¸ es

¸ es

s

es

¸ es

¸ es

s

(8.4)

BecauseB B Ges doesnot decreasethe informationcontentand ¤ B B Ges and B2B�G¸ s do not
changetheinformationcontent,theresultfollows from 8.1,8.3and8.4.

:
In thefollowing propositionwe prove thattheinfinite normalformscomputed

with respectto µ B B Ges arepreservedby B B Glc andthattheinfinite normalform computed
with respectto the µ B B Ges and B B Glc arethesame.

Proposition8.1.4 Wehave that

(i) M P B B Glc N �@? Inf º � � Les
� M ��� Inf º � � Les

� N � ;
(ii) Inf º � � Les

� M ��� Inf � � Llc � M � .
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Proof. Dueto symmetryit is sufficient to show thatgivenM P B B Glc N, wehave that

Inf º � � Les
� M � þ Inf º � � Les

� N � 1
FromLemma8.1.3we get:

M
lc

lc

N

lc�
ωlift

Wealsohave �
ωlift

ωlift

_
ωlift

_



Thecompositionof thesetwo diagramsprovestheresult.
:

Becauseµ B B Ges is confluent,its infinite normalformsareunique. Fromthis and
thepreviouspropositionit follows thattheinfinite normalformsof B B Glc areunique.
We arenow almostreadyto comparethe infinite normalforms of µ¤ andthe lift
calculus.Theonly thing weneedis acomparisonbetweenthenotionsof informa-
tion contentωµ� andωlift usedin thosecalculi:

Proposition 8.1.5 Givena termM, thereexistsa termN, suchthatM B/B Gµ� G N and

ωlift � M ��� ωµ� � N � .
Proof. Wehave that 

M ! x1 � M1 ü	�	�	�!ü xn � Mn� �D� �
D

"
ωlift

µ�
M
�
xi : �  

Mi ! D "
ωµ�

M
�
x1 : � Ω ü	�	�	�!ü xn : � Ω �

Wealsohave that
ωµ�

µ� µ�
ωµ�
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Hencewe canprove the resultby inductionon the numberof ωlift stepsthat are
necessaryto rewrite M to ωlift � M � :

ωlift

µ�
ωµ� µ�

ωlift

µ�
ωµ�

ωµ� :
Thiscompletesthepreliminariesfor themaintheoremof thissection:

Theorem 8.1.6 Thelift calculusis anunwindingcalculus.

Proof. Wehave to show that

Infµ� � M ��� Inf lc � M � 1
Wemustdistinguishtwo cases:

“ þ ” Given M B/B Gµ� G N

_BCBFB Gωµ� a, we canprove that M P BG N. We thenhave the fol-

lowing diagram:

N
lc
 M

es�
ωlift

lc

ωµ� _ ωlift

_



The top halve follows from Lemma8.1.3thebottomhalf follows from the
factthatfor every termP we have thatωµ� � P� � Ω ωlift � P� .

“ c ” By Prop.8.1.4it sufficesto show that

Inf º � � Les
� M � þ Infµ� � M � 1

GivenM µ B B GesG N

_B/BFB´Gωlift
a, wecanprovethatM P B/BCGµ� N. By Prop.8.1.5wehave

thatN B/BCGµ� G
_BCBFB Gωµ� a. Fromtheuniquenessof Infµ� it follows thatM B/B Gµ� G

_BCBFB Gωµ�
a. :

As acorollarywehavethatmany otherrewrite systemwith ωlift asinformation
contentareunwindingcalculi:
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Table8.2Thevalueunwindingcalculus(unwV)
Rewrite system: 

C
�
x� ! x � V ü D " B BDB GesV

 
C
�
V � ! x � V ü D " 

M ! y � C
�
x� ü x � V ü D "»B BFB GisV

 
M ! y � C

�
V � ü x � V ü D " 

M ! x �  
N ! D1 "Óü D2 " B2B�Gim  

M ! x � N ü D1 ü D2 "
where

V :: � x ! λx 1M 1
Informationcontent:

ωV � M ��� lub # a ! M BªBFB Ges@G
_B/BFB´Gωlift

a % ü
where  

C
�
x� ! x � M N ü D ";BªBFB Ges@

 
C
�
M N � ! x � M N ü D " 1

Corollary 8.1.7 Every rewrite system B�BFB/Gunw with informationcontentωlift , such
that µ B B Ges þ B�BFBªGunw þ B B Glc , is anunwindingcalculus.

Proof. It is easyto show that

Inf º � � Les
� M � þ Inf �´�¼� Lunw

� M � þ Inf � � Llc � M � 1
Therestfollows from Prop.8.1.4.

:
As aresultof thiscorollary, wehave that B B Ges and B�BFBFB�Ges� lift areunwindingcalculi.

Wewill now continuewith anunwindingcalculusfor cyclic lambdaterms.

Someexisting lambdacalculiwith let or letrec restrictsubstitutionto variables
andlambdaabstractions.The ideais that by only copying thesesocalledvalues
therewill be no unnecessaryduplicationof redexes. In Table8.2 we have given
thevalueunwindingcalculus.This calculusis a rewrite systemwith information
contentthat obeys the restrictionon substitution.We will now show that it is an
unwindingcalculus.

Theorem 8.1.8 Thevalueunwindingcalculusis anunwindingcalculus.

Proof. Wehave that

M

_B BFB GωV
a S ? M BjBDB Ges@G

_B/BFB´Gωlift
a 1

Henceit is easyto show that

InfωV � M � þ Inf lc � M � 1
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Wewill now show that
Inf º � � Les

� M � þ InfωV � M � 1
GivenM µ B B GesG

_B/BFB´Gωlift
a, wehave that

M
es

im

ωlift

_
a


es
ωlift

_
Wealsohave that

esV � isV

es@

n steps
esV es

m steps
ωlift

_



es@

n steps 

es

� msteps
ωlift

_
Note that the standardsequenceon the bottomis shorterthanthat at the top, by
startingwith the previous diagramandtiling with the seconddiagramaslong as
possiblewe get

M
es

unwV

ωlift

_
a


es@
ωlift

_
:

8.2 Standard information content for CRSs

In this sectionwe definea notion of informationcontentthat is applicableto all
orthogonalCRSs.

Definition 8.2.1 Givenan orthogonalCRS 0 , we definethe rewrite relationω Q
by:

M B BDB Gω° Ω, if Ω ½ Ω M � Ω N andN is a redex.

Proposition8.2.2 GivenanorthogonalCRS 0 , therewrite relationω Q is conflu-
entandterminating.

Proof.

- Terminationfollows from thefactthat BCB GQ decreasesthenumberof function

symbolsotherthanΩ in a term.
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- Given termination,confluencefollows from weak confluence. To prove
weakconfluencewe mustconsidera term with two redexes. The two re-
dex canbe eitherdisjoint or onenestedbelow the other. In both caseswe
caneasilyfind commonreducts:

C
�
M1 ü M2 � C

�
M1 ü Ω �

C
�
Ω ü M2 � C

�
Ω ü Ω �

C1
�
C2
�
M �2� C1

�
C2
�
Ω �2�

C1
�
Ω � :

Proposition 8.2.3 GivenanorthogonalCRS 0 , wehave that

M � Ω N �@? ω Q � M � � Ω ω Q � N � 1
Proof. If M B BDB Gω° M � thenM �)� Ω M. Hencewe have that

ω Q � M � � Ω M 1 (8.5)

Givenω � M � � Ω N andN B BFB Gω° N � , wehave thatN + C
�
P� B BDB Gω° C

�
Ω � + N � , because

thereexistsatermP�¾� Ω P, which is a redex. If wedonothave thatω Q � M � � Ω N �
then we must have that ω Q � M � + C� �Q� , wherethe holesin C andC� occur in
exactlythesamepositionandQ *+ Ω. Becauseω Q � M � � Ω N, wehavethatQ � Ω P.
This impliesthatQ � Ω P� , which in turn implies thatC� �Q� B BFB Gω° C� �Ω � . This is in

contradictionwith thefactthatω Q � M � is in ω Q -normalform. Hence,wehave that

ω Q � M � � Ω N ü N B BFB Gω° N � �@? ω Q � M � � Ω N � 1
Fromthis implicationandtheterminationof ω Q , we mayconcludethat

ω Q � M � � Ω N �@? ω Q � M � � Ω ω Q � N � 1 (8.6)

By 8.5 we have thatM � Ω N implies that ω Q � M � � Ω N. Hence,we mayderive
from 8.6that

M � Ω N �@? ω Q � M � � Ω ω Q � N � 1 :
GivenC

�
M � BCB GQ C

�
N � , wehave thatω Q � C �M � ��� ω Q � C �Ω � � . BecauseC

�
Ω �y� Ω

C
�
N � , we have that ω Q � C �Ω � � � Ω ω Q � C �N � � . This implies that ω Q � C �M � � � Ω

ω Q � C �N � � . Fromthis we canconcludethat BCB GQ is monotonicwith respectto Ω Q .

Therefore,we cannow definethe standardinformationcontentof a CRSasfol-
lows:

Definition 8.2.4 Given an orthogonalCRS 0 , we definethe the CRSwith stan-
dardinformationcontent0 as ��0 ü Ω Q ü �� 5¡{¢m£�z ∞Q ü � Ω �	� .
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Thestandardinformationcontentis usefulin thetheoryof programminglan-
guages.For example,in programminglanguagestheLévy-Longotreeis usedwith
thelambdacalculusinsteadof theBöhmtree.Theinformationcontentcorrespond-
ing to theLévy-Longotreeis givenby� λx 1M � N G Ω

ΩM G Ω

This is preciselythestandardinformationcontentof the lambdacalculuswith β-
reduction.

We will now prove somepropertiesof CRSswith standardinformationcon-
tent. Fromtheprevious chapteris hasbecomeclearthatmonotonicityof Inf Q is
a desirableproperty. It is anopenquestionwhetherthis propertyholdsfor every
orthogonalCRSwith standardinformationcontent.However, for � Ω-monotonic
CRSsthispropertyis easyto prove:

Proposition8.2.5 Givenan � Ω-monotonicorthogonalCRS 0 with standardin-
formationcontent0 , we have thatInf Q is monotonicwith respectto � Ω.

Proof. GivenM � Ω N, wehave thefollowing diagram:

M
�

ΩQ NQ
ω° _ �

Ω

ω° _



Hence,we have that

Inf Q � M ��� # a ! M BCB GQ G _B BFB Gω° a % þe# a ! N BCB GQ G _B BFB Gω° a % � Inf Q � N � 1 :
We will now considersyntacticandsubstitutive continuityof CRSswith stan-

dardinformationcontent.To prove syntacticcontinuity we will follow the proof
strategy of Lévy ([L év78]). Thisstrategy requiresintroducingthenotionof reduc-
ing a termwithout touchingredexesdescendingfrom acertainsubterm:

Definition 8.2.6 In anorthogonalCRS,we write

C
�
M � B´B G¿ MG N ü

if C
�
M � reducesto N without reducinga descendantof a redex in M.
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An arbitraryreductionfromC
�
M � toatermN maycontractmany redexeswhich

aredescendantsfrom redexesin M. However, it is possibleto reduceM to a term
M � , suchthatacommonreductN � of C

�
M ��� andN canbefoundin suchaway that

thereductionform C
�
M � � to N � doesnotcontractdescendantsfrom redexesin M � :

Lemma 8.2.7 In any orthogonalCRSwe have thediagram:

C
�
M � N

C
�
M �j� ¿

M � N �
Proof. Wecanview thegivensequenceC

�
M � BGFG N asasequence

C
�
M � B�B GS1

BjB GS2
�	�	�ÀBjB GSn

N ü
whereeachstep B B GSi

standsfor thecompletedevelopmentof thesetof redexesSi .

Givenasequenceof completedevelopments

C
�
M � B�B GS1

BjB GS2
�	�	�ÀBjB GSn

N ü
let Si bethefirst setof redexeswhichcontainsadescendantfrom aredex in M. Let
Sbethesetof redexesin M, whosedescendantsarein Si . Wethenhave:

C
�
M �

S

S1

q q q
Si

q q q
Sn

N

C
�
M ���

S�1 q q q
S�i q q q

Sn
N �

In thisdiagramwe have thatS�1 ü	�	�	�!ü S�i do not containdescendantsform redexesin
M � , soin afinite numberof iterationswewill finishwith thediagramweneededto
prove.

:
Theorem 8.2.8 An � Ω-monotonicorthogonalCRSwith standardinformationcon-
tentis syntacticcontinuous.

Proof. Wehave to show that

Inf � C �M � �@� ' # Inf � C �P� �J! P � Inf � M � %
Wewill distinguishtwo cases

” c ” GivenP � Inf � M � , wehave to show thatInf � C �P� � þ Inf � C �M � � .
BecauseP � Inf � M � , we have thatM BGDG N

_BCB Gω P. This impliesthatP � ω N.
From this it follows thatC

�
P��� Ω C

�
N � so by monotonicityanduniqueness

of Inf wehave:

Inf � C �P� � þ Inf � C �N � �� Inf � C �M � � 1
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” þ ” Given C
�
M � BGEG N, we will show that thereexists a P � Inf � M � , suchthat

C
�
P� BGFG N � andN � ω N � .

By Lemma8.2.7 we have thatC
�
M � BGEG C

�
M �´� B¼B�G¿ M � G N � � , with N BGFG N � � . We

have that
C
�
Q� ¿

Q

ω

R

ω

C
�
Q�´� ¿

Q� R�
If we defineP � ω � M � � thenwe have that

C
�
M �´� ¿

M �
ω

N � �
ω

C
�
P� N �

By monotonicity of ω it follows from N BGDG N � � that N � ω N � � . Because
ω � N � � �@� ω � N � � we have that

N � ω N � 1 :
Theorem 8.2.9 An � Ω-monotonicorthogonalCRSwith standardinformationcon-
tent 0 is substitutive continuous.

Proof. In thisproofweuse0 let, theextensionof 0 with let. In thepreviouschapter
wealreadydefinedanotionof informationcontentfor 0 let, but in thisproofwewill
usestandardinformationcontentfor 0 let. With thisextensionwe have that:

Inf Q � Mσ ��� Inf Q
let
� Mσ �� Inf Q

let � let σ in M �� ' # Inf Q
let
� let σ in P�7! P � Inf Q

let
� M � %� ' # Inf Q

let
� Pσ �7! P � Inf Q

let
� M � %� ' # Inf Q � Pσ �7! P � Inf Q � M � % :

8.3 Cyclic Lambda Calculi

Thework on Böhmsemanticsfor non-confluentsystemsstartedwith thedevelop-
mentcyclic lambdacalculi in [AB97a, AB97b]. In this articleandcorresponding
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Table8.3Thecall-by-namecyclic lambdacalculus� λx 1M � N B2B�Gβ �  
M ! x � N " 

C
�
x� ! x � M ü D " B B Ges

 
C
�
M � ! x � M ü D " 

M ! x � C
�
y� ü y � N ü D " B B G is  

M ! x � C
�
N � ü y � N ü D " 	 

M ! D1 "7! D2 " B BFB Gem

 
M ! D1 ü D2 " 

M ! x �  
N ! D1 "Óü D2 " B2B�Gim  

M ! x � N ü D1 ü D2 " 
M ! D " N B�B�Glift  

M N ! D "
M
 
N ! D " B�B�Glift  

M N ! D "
λx 1  M ! D1 ü D2 " B�B�Glift  

λx 1  M ! D1 "I! D2 " � x �VU%ü D1 � � D2 *� /0 
M ! D1 ü D2 " B�B Ggc

 
M ! D1 " D2 *� /0 ü D2 �  

M ! D1 " 
M !C" B�B Ggc M

Mσ B�B Gcp M σ : Á G Á
technicalreport,threecyclic lambdacalculiweredeveloped:acall-by-namecalcu-
lus,asharingcalculusandacall-by-valuecalculus.Thefirst two calculi arecyclic
extensions. The call-by-value cyclic lambdacalculusis not a cyclic extension,
becauseletrecs may be part of the infinite normalform. Therefore,we will only
discussthecall-by-nameandsharingcalculi from theearlierwork in this section.
Wewill alsobriefly discussthepossibilitiesfor acall-by-valuecalculus.

The call-by-namecyclic lambdacalculusλ ¤{Lname is given in Table 8.3. We
canderive anunwindingcalculusfrom λ ¤ Lnameby excludingtheβ ¤ -rule andusing
Ωlift asinformationcontent.We canthenapplyThm 7.2.5to show thatλ ¤{Lname is
infinitarily sound.To show thatλ ¤{Lnameis completeupto + , it sufficesto show that
thesubsetconsistingof β ¤ , lift andesis completeup to + :

Proposition 8.3.1 Therewrite systemB�BEBFBFB`B2Gβ �4� lift � es
is acyclic extensionof thelambda

calculus,which is completeup to + .

Proof. Wehave thefollowing diagram:

Unw

_ ®
Ω

β 
Â

Ω

Unw

_
β

ωlift ωlift

es β �4� lift � es
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Thekey subdiagramis

ωlift

β

ωlift

β �T� lift � es

To prove thisdiagramwereplaceeveryβ stepwith areductionsequencesimilar to� λx 1M � N B2B�Gβ �  
M ! x � N "]B B GesG  

M
�
x : � N � ! x � N "dB/BFB´Gωlift

M
�
x : � N �i1

Thediagramis now provenif we canprove that

ωlift

β �T� lift � es

ωlift

β �T� lift � es

(8.7)

Wewill prove this diagramby tiling with elementarydiagrams.Theonly possible
elementarydiagramsare

ωlift

β �
ωlift

β �
ωlift

lift

ωlift

lift

ωlift

es

ωlift

es

ωlift

β �
ωlift

β � β �
ωlift

lift

ωlift

lift lift

ωlift

es

ωlift

ωlift

es

Diagram8.7 follows by applyingdecreasingdiagramswith theorder

es Ã ωlift Ã lift ü β ¤Ä1 :
Thecyclic sharingcalculusλ ¤ shareis givenin Table8.4. It is easyto show that

thiscalculusis infinitarily soundwith respectto thelambdacalculus.Wewill now
show thatit alsocompleteup to:

Theorem 8.3.2 Therewrite systemλ ¤ shareis completeup to � B G β ' � Ω �TÅ .
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Table8.4Thecyclic lambdacalculuswith sharing� λx 1M � N B2B�Gβ �  
M ! x � N " 

C
�
x� ! x � V ü D " B BFB GesV

 
C
�
V � ! x � V ü D " 

M ! x � C
�
x1 � ü x1 � V ü D "�B BEB GisV

 
M ! x � C

�
V � ü x1 � V ü D " 

M ! D " N B�B�Glift  
MN ! D "

M
 
N ! D " B�B�Glift  

MN ! D "
λx 1  M ! D ü VD " B�B�Glift  

λx 1  M ! D "7! VD " x �VU%ü D � VD *� /0 	 
M ! D "I! D � " B BFB Gem

 
M ! D ü D � " 

M ! x �  
N ! D "Óü D1 " B2B�Gim  

M ! x � N ü D ü D1 " 
M ! D ü D � " BjB Ggc

 
M ! D " /0 *� D � ü D �{�  

M ! D " 
M !F" B2BFB´GgcÆ M

M BjBFB GcpV
N � σ : Á G Á ü Nσ + M and� x *+ x� ü σ � x� + σ � x� � : σ � x�

boundto avaluein M
Csafe

�
M N � BjBFBEB Gname Csafe

�2 
x ! x � M N " � x anew variable

where
Csafe :: � C� ! C � λx 1C�ª� ! C �C� M � ! C �M C���91

C� :: � : !  C� ! D "
V :: � x ! λx 1M

VD :: � x1 � V1 ü	�	�	�"ü xn � Vn

Proof. The result follows by inductionon the lengthof the given reductionfrom
thefollowing threediagrams:

�
Ω

«
β �

Ω«
β

β

«
β

β«
β

Unw

_ «
β

β � � Ω

Unw

_
λ � share

Thefirst two diagramsareeasilyproven.Thelastdiagramis provenasfollows:

Unw

_ «
β

ωlift

_
β � � Ω«

β � Unw

_

Unw

_
unwV

es@ «
β �
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The top sub-diagramis easilyproven, the left sub-diagramfollows from the fact
thatunwV is anunwindingcalculusandthelastsubdiagramfollows from thefol-
lowing threediagrams:«

β �
es@

β �
es@«

β �
Unw

_
β � �

Ω

β �
Unw

_ Unw

_
es@ 


Unw

_
:

Formall of this,wecanconcludethatthecall-by-namecyclic lambdacalculus
andthecyclic sharinglambdacalculusarecyclic extensionsof thelambdacalculus
andhencethatthey have thesameinfinite normalforms.

To defineacall-by-valuecyclic lambdacalculusasacyclic extension,wemust
chooseasuitablecall-by-valuelambdacalculus.For example,we coulduse� λx 1M � N G let x � N in M

let x � M in C
�
x� G let x � M in C

�
M �

let x � λy1M in N G N , if x *� FV � N �
Note that we do not includevariablesasvalues.We have to excludebecausewe
want a call-by-value calculusthat is substitutive continuous. For example,we
shouldhave that

Infvalue� let x � � λx 1 xx� � λx 1 xx� in λx 1 x�;� Ω

andthat
Infvalue� λx 1 x�;� λx 1 x 1

If we assumesubstitutive continuitythenwe have that

Infvalue� let x � � λx 1 xx� � λx 1 xx� in λx 1 x�� Infvalue�	� let x � y in z� � y : � � λx 1 xx� � λx 1 xx�Óü z : � λx 1 x�� �D� �
σ

�� ' # Infvalue� aσ �I! a � Infvalue� let x � y in z� 1
Wealsohave that' # Infvalue� aσ �I! a � Infvalue� z� % � Infvalue� zσ �� Infvalue� λx 1 x� 1
Hence,we mustconcludethat

Infvalue� let x � y in z� *� Infvalue� z� 1
Thus,it is impossibleto rewrite let x � y in z to z while keepingtheuniquenessof
infinite normalformsproperty.
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Nederlandsesamenvatting

Termgraafherschrijven
syntaxensemantiek

De belangrijksteonderwerpenvandit proefschriftzijn eengeneraliseringvan
detheorievandeBöhmboomende toepassingvandie theorieop niet-confluente
termgraafherschrijfsystemen.

Niet-confluentetermgraafherschrijfsystemenkomenvoort uit het modelleren
vanprogramma’s,geschrevenin (pure)functioneleprogrammeertalen.Dezemod-
ellering kan op twee fundamenteelverschillendemanierengebeuren.De eerste
methodemodelleertdedataalseeneerste-ordetermgraafendecodealseengraafher-
schrijfsysteem.De tweedemethodemodelleertdedataendecodeals éénenkele
tweede-ordetermgraaf. Beidemethodeszijn geschiktom de uitvoeringvan een
programmate beschrijven. Voor hetbeschrijven van programmatransformatiesis
detweedemethodebeteromdathetredenerenovereentermeenvoudigeris danhet
redenerenovereenherschrijfsysteem.

Als eerstegaathetproefschriftin op derepresentatievan termgrafenmetbe-
hulp van de let, letrec en µ syntax. Voor eerste-ordetermgrafenwordt precies
aangegeven welke grafen wel en welke niet met de verschillendesyntactische
constructieskunnenwordengerepresenteerd.Tevenswordt door middel van ax-
iomatiseringenaangegevenwelke termenequivalentegrafenrepresenteren.In het
tweedegedeeltewordt detheorievanoneindigenormaalvormenuitgewerkt. Eerst
wordenop het niveauvan abstractereductiesystemende basisprincipesuitgew-
erkt. Vervolgenswordteenstellingbewezenwaarmeeeenoneindigenormaalvorm
voor termenmet letrec onderbepaaldevoorwaardenkan wordenafgeleiduit een
oneindigenormaalvorm voor gewone termen. Ten slotte wordt van eenlambda
calculusmet letrecaangetoonddatdezeaandevoorwaardenvoldoet.
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