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2. Equational specification

Equational specification £ Mul

signature .
0,S, A M

equations over

A(x,0) = x
A(z,8(y)) ~ S(A(z,y))

M(z,0) ~ O
M(z,S(y)) ~ A(z,M(z,y))

equation considered w.r.t. EMul

M(S(x),8(0)) ~ S(z) (1)
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2.1. Validity

algebra A interprets signature (carrier, operations)
N at interprets > as set of natural numbers

N at interprets 0, S, A and M as

zero, successor, addition and multiplication

equation s =~ t holds in A
Nat = A(0,8(0)) ~ A(S(0),0) (since 1 = 1)
Nat £ A(0,0) ~ S(0) (since 0 # 1)

open equation holds, if so for all assignments «
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2.1. Validity

algebra A interprets signature (carrier, operations)
N at interprets > as set of natural numbers

N at interprets 0, S, A and M as

zero, successor, addition and multiplication

equation s =~ t holds in A
Nat = A(0,8(0)) ~ A(S(0),0) (since 1 = 1)
Nat £ A(0,0) ~ S(0) (since 0 # 1)

open equation holds, if so for all assignments «

A models &, if all equations hold
Nat = EMul

s =~ t valid in &, if holds in any model

£ = M(S(z),S(0)) ~ S(x)
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reduction step from s to ¢

s —¢t,if s=Clo(l)] and t = Clo(r))

(' context, o substitution, [ ~1r € &£
S(A(0,0)) —¢ 8(0)

C :=5([]), o(x) =0, A(x,0) =~ = € EMul
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C :=5([]), o(x) =0, A(z,0) = x € EMul
KN KN

s convertible to ¢
| e | connected by backward and forward reduction steps

M(S(x),S(0)) — A(S(x),M(S(x),0)) — A(S(x),0) — S(x)
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2.5. Birkhoff soundness

Thm 2 valid < derivable
Proof

by induction on derivations

All inference rules trivially preserve validity . ..

s~
o(s) ~ o(t)
needs semantic substitution lemma

[AUa](o(u) = [AUad](u)
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2.6. Birkhoff completeness

Thm 3 valid = derivable

Proof

Derivable equality ‘is’ a model

Term algebra 7 (%) (interpret terms as themselves)
not yet a model e.g. A(0,0) # 0

Quotient algebra 7 (%) /~ (terms modulo derivability)

7T (X)) /~ is algebra (derivable equality is congruence)
7 (X)/~ is a model
all derivable equalities hold by induction on derivation. . .

s~tef

needs syntactic substitution lemma

[7(2)/~Ublu) = [TE)U(u)]x  (3)
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Proof
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Thm 4 derivable <= convertible

Proof

reduction step C'lo(l)] —¢ Clo(r)] ‘is’ a derivation

[ — r simulated by srte k)
s~ o

o(l) — o(r) simulated by ﬁ

C[qu] —g C[z(fr)} simulated by

and

f(s15-ey8n) = ft1, ... tn) SRS
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2.7. Logicality soundness

Thm 4 derivable <= convertible

Proof

reduction step C'lo(l)] —¢ Clo(r)] ‘is’ a derivation
[ — r simulated by srte k)
st

o(l) — o(r) simulated by B

o(s) = o(t)
Clo(l)] —¢ Clo(r)] simulated by
sS1 =ty ... s, XU, -
f(Sl,..../S,,L)%f(tl,...,t”) S S
conversion (back/forward steps) ‘is" a derivation
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Proof

reduction step C'lo(l)] —¢ Clo(r)] ‘is’ a derivation
[ — r simulated by srte k)
st

o(l) — o(r) simulated by B

o(s) = o(t)
Clo(l)] —¢ Clo(r)] simulated by
sS1 =ty ... s, XU, -
f(Sl,..../S,,L)%f(tl,...,t”) S S
conversion (back/forward steps) ‘is" a derivation
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Sub-equational specification Mul

signature X
0, S, A M
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3.1. Sub-equational specifications

Sub-equational specification Mul

signature .
0, S, A M

statements over .

subset of inference modes
{(embedding), (compatibility),
(reflexivity), (symmetry), (transitivity)}
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