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Finite representation of infinite pattern

finite representation?
puXx.NUXx
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Finite representation of infinite pattern

finite representation?
puXx.NUXx

with p-rule
ux.s — S[x := px.9]
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Finite representation of infinite pattern

finite representation?
puXx.NUXx

with p-rule
ux.s — S[x := px.9]

pX.CUX = NUuX.NUX — MJUpX.(UX — MU UpX.flUX — ...
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Finite representation of infinite pattern

finite representation?
puXx.NUXx

with p-rule
ux.s — S[x := px.9]

pX.NUX = MUpX.(UX — MU UpX.NUX = MU UpX.(UX — ...

hieroglyph ... = phoenician ™ = greek u

Endrullis, Grabmayer, Klop, van Oostrom On Equal p-Terms

Summary



Weak pi-equality Avoiding c-conversion First-order proof Higher-order proof Proof using tree automata

Finite representations of infinite pattern

represented by
uXx.Nux

other representations of same pattern?
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Finite representations of infinite pattern

represented by
uXx.Nux

other representations of same pattern?

ux'.nux’
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Finite representations of infinite pattern

represented by
uXx.Nux

other representations of same pattern?

ux'.nux’

Apy. Ny
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Finite representations of infinite pattern

AUACAUAUAUAUAUAUAUAUA

represented by

uXx.Nux
other representations of same pattern?

ux'.nux’
Apy. Ny

rupz.ruz
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Finite representations of infinite pattern

Summary

AUACAUAUAUAUAUAUAUAUA

represented by

uXx.Nux
other representations of same pattern?

ux'.nux’
Apy. Ny
rupz.ruz

pw.ruuw
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Finite representations of infinite pattern

Summary

AUACAUAUAUAUAUAUAUAUA

represented by

uXx.Nux
other representations of same pattern?

ux'.nux’
Apy. Ny
rupz.ruz

pw.nJuw
when are two representations the same (finitely)?
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Weak p-equality

» Weak p-equality on p-terms:
=p = (U =)
(convertibility with respect to —,).
» Weak p-equality on u-pseudoterms:
Spla = (<_u/04 U —>p/o¢)* U =a

(convertibility with respectto —,, /., = =4 - =, =a)-
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Weak p-equality

» Weak p-equality on p-terms:
=p = (U =)
(convertibility with respect to —,).
» Weak p-equality on py-pseudoterms:
Spla = (<_u/04 U —>p/o¢)* U =a

(convertibility with respectto —,, /., = =4 - =, =a)-

Proposition

Summary

Forall M,N € Ter(u) and s, t € PTer(u):

S=uat = [8] =, [1
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u-pseudoterms, u-terms

Inductive definition of the set PTer(u) of y-pseudoterms:
() x,y,z,... € PTer(u) (variables);

(i) c,d,e,... € PTer(u) (constants);

(i) s,t € PTer(u) = F(s.t) € PTer(u);

(iv) s € PTer(n) and x a variable = ux.s € PTer(u).

Notation:
» s —, tfor a-renaming, and s =, t for a-equivalence induced by
a-conversion =, 1= (+, U —4)*.
» s[x := t| for a-converting substitution a la Curry.

The set Ter(u) of u-terms consists of a-equivalence classes of
u-pseudoterms.
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Deciding weak p-equality by rewriting?

» u-reduction ux.s — s[x := px.s] confluent but not terminating

ux.F(c, x) — F(c, ux.F(c, x)) — F(c, F(c, ux.F(c, x))) — ...
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Deciding weak p-equality by rewriting?

» u-reduction ux.s — s[x := px.s] confluent but not terminating
ux.F(c, x) — F(c, ux.F(c, x)) — F(c, F(c, ux.F(c, x))) — ...
> p-expansion s[x := ux.s] — px.s terminating but not confluent
A F(M; M) — N <+ ux.F(M,F(c, x)) 4

for
M= H’y~F(Ca :U'X'F(ya F(C’ X)))
N = F(M,F(c, ux.F(M,F(c, x))))

How to overcome?
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Deciding weak p-equality by rewriting!

u-reduction non-terminating but active part repeats

wux.F(e,x) — F(c, ux.F(c,x)) = F(c,F(c, ux.F(c,x))) — ...
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Deciding weak p-equality by rewriting!

u-reduction non-terminating but active part repeats
ux.F(c,x) = F(e, ux.F(c, x)) — F(c,F(c, nx.F(c, x))) — ...

Active part and repetition intuitions formalised in rest of talk
» Clemens: proof system
» Jorg: automata

Allows to bound the search space (loop checking).

Endrullis, Grabmayer, Klop, van Oostrom On Equal p-Terms

Summary



Weak pi-equality Avoiding c-conversion First-order proof Higher-order proof Proof using tree automata

Deciding weak p-equality by rewriting!

u-reduction non-terminating but active part repeats
ux.F(c,x) = F(e, ux.F(c, x)) — F(c,F(c, nx.F(c, x))) — ...

Active part and repetition intuitions formalised in rest of talk
» Clemens: proof system
» Jorg: automata

Allows to bound the search space (loop checking).
Problem dealt with now: dealing with a-equivalence

ux.F(c,x) = F(c,ny.F(c,y)) — F(e,F(e,uz.F(c,2))) — ...

Repetiton?
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1. Weak p-equality
2. Avoiding a-conversion in p-reductions

3. Decidability of =,,/, by a first-order proof

e

4. Decidability of =, ,, by a higher-order proof

u/a
5. Decidability of =, using regular languages

6. Summary
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a-conversion unavoidable in \-calculus

(Aw.ww)Axy.xy
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a-conversion unavoidable in \-calculus

(Aw.ww)Axy.xy

= (AXy.xy)Axy.xy
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a-conversion unavoidable in \-calculus

(Aw.ww)Axy.xy
= (AXy.xy)Axy.xy

= Ay.(Axy.xy)y
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a-conversion unavoidable in \-calculus

(Aw.ww)Axy.xy
= (AXy.xy)Axy.xy
= Ay.(Axy.xy)y

= Ay.(A\y.yy) wrong!

Endrullis, Grabmayer, Klop, van Oostrom On Equal p-Terms

Summary



Weak p-equality Avoiding ce-conversion First-order proof Higher-order proof Proof using tree automata

a-conversion unavoidable in \-calculus

(Aw.ww)Axy.xy
= (AXy.xy)Axy.xy
= Ay.(Axy.xy)y
= Ay.(A\y.yy) wrong!
» first step: non-linear (duplicating)
» second step: non-development (redex was created by first)

» third step: non-weak (redex below \)
a-conversion can be avoided if one of these does hold.
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Safe reduction

term is safe if a-free substitution s[x := t] correct during reduction

Definition (a-free substitution)

> X[x:=t]=t

> ylx=1t=y

» (F(s,8))[x :=t] = F(s[x := 1], s'[x :=1])
> (ux.8)[x :=1t] = px.s

> (uy.s)[x :=t] = py.s[x :={

Endrullis, Grabmayer, Klop, van Oostrom On Equal p-Terms



Is the following term safe?

px.F(y, py.x)
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Unsafe p-terms

Is the following term safe?

px-F(y, py.x)

No:
— F(y, my.ux.F(y, ny.x))
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Unsafe u-terms

Is the following term safe?

px-F(y, py.x)

No:
— F(y, my.ux.F(y, ny.x))

but can be a-converted to safe p-term

px.F(y, pz.x)

— F(y, pz.px.F(y, pz.x))
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Unsafe u-terms

Is the following term safe?

px-F(y, py.x)

No:
— F(y, py.px .F(y, py X))
but can be a-converted to safe p-term

px.F(y, pz.x)

— F(y, pz.px.F(y, pz.x))

can this always be done?

Endrullis, Grabmayer, Klop, van Oostrom On Equal p-Terms
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Analysis of problem: self-capturing chains

px o opz ooy

3 A A A

; AN\
X V4

y

A self-capturing chain of length 5 for the term px.F(y. pz.F(x, py.z)).
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Self-capture-freeness guarantees safety

Definition

Term is self-capture-free if no self-capturing chains
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Self-capture-freeness guarantees safety

Definition
Term is self-capture-free if no self-capturing chains

Theorem (Preservation of Self-capture-freeness)
If s — t and s self-capture-free then t self-capture-free.

Endrullis, Grabmayer, Klop, van Oostrom On Equal p-Terms



Weak pi-equality Avoiding ce-conversion First-order proof Higher-order proof Proof using tree automata Summary

Self-capture-freeness guarantees safety

Definition
Term is self-capture-free if no self-capturing chains

Theorem (Preservation of Self-capture-freeness)

If s — t and s self-capture-free then t self-capture-free.

Theorem (Self-catpure-free a-conversion)

Every term can be a-converted to a self-capture-free term.

Choose all bound-variables distinct and distinct from free ones. O
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1. Weak p-equality
2. Avoiding a-conversion in u-reductions

3. Decidability of =, by a first-order proof

njo

4. Decidability of =, ,, by a higher-order proof

u/a
5. Decidability of =, using regular languages

6. Summary
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Decision problem for weak p-equality

We adress:

WEAK 1-EQUALITY PROBLEM
Instance: p-terms M, N
Question: Does M =,, N hold?

and its ‘first-order’ version:

WEAK p-EQUALITY PROBLEM on p-pseudoterms
Instance: p-pseudoterms s, t
Question: Does s =,,, t hold?

w/e

Endrullis, Grabmayer, Klop, van Oostrom On Equal p-Terms
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Structure of the first-order proof

— iz r X

oWn
o~
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Structure of the first-order proof

/l /v

‘\/\ /\/\/‘
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Structure of the first-order proof

S /I /v

/\ /\/\/‘

~Ne
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Structure of the first-order proof
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Structure of the first-order proof

capture-avoiding capture-avoiding
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Structure of the first-order proof

capture-avoiding capture-avoiding
t/
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capture-avoiding

Avoiding c-conversion First-order proof Higher-order proof Proof using tree automata

Structure of the first-order proof

—

(]

—o—p—

a-free standard reduction

P— @ <— @<

00— 0<—0<—0
uononpai pJepuel

I

|
°
~*
%
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capture-avoiding
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Structure of the first-order proof

Thus:
» the weak p-equality problem for p-terms

can be reduced to:

JOINABILITY PROBLEM UP TO =, FOR —,, 0N
capture-avoiding p-pseudoterms

Instance: capture avoiding u-pseudoterms s, ¢
Question: Arethere s’, t' with s —gqq & =4 V «—gq [ ?

Endrullis, Grabmayer, Klop, van Oostrom On Equal p-Terms
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Structure of the first-order proof

Thus:
» the weak p-equality problem for p-terms

can be reduced to:

JOINABILITY PROBLEM UP TO =, FOR —,, 0N
capture-avoiding p-pseudoterms

Instance: capture avoiding u-pseudoterms s, ¢
Question: Arethere s’, t' with s —gqq & =4 V «—gq [ ?

Further proof strategy. Obtain a proof system S such that:

(1) Sis complete for — ,-joinability up to =, on
capture-avoiding u-pseudoterms.

(2) the search-space for irredundant derivations in S is always finite.

Endrullis, Grabmayer, Klop, van Oostrom On Equal p-Terms
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Complete proof system (l) for =, , on p-pseudoterms

(n-unfolding) (a-renaming)
ux.s = 8[x := px.9] ux.s = py.s[x =y
REFL, _ _
( ) s=t SYMM S=r r=t TRANS
s=S§ t= s=t
__S=t _ coupar $1=1h 2= L oupar
pX.8 = px.t F(s1,82) = F(t, t2)

» extension of a complete proof system for =, (i.e. —,-conversion)

» derivations correspond to — , ,,-conversions

e

Endrullis, Grabmayer, Klop, van Oostrom On Equal p-Terms
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Complete proof system (l) for =, , on p-pseudoterms

(n-unfolding) (a-renaming)
1X.S = S§[X := px.s] pwX.8 = puy.s[x :=y|
REFL, _ _
( ) s=t SYMM S=r r=t TRANS
s=S§ t= s=t
__S=t _ coupar $1=1h 2= L oupar
ux.s = px.t F(S1,Sz) = F(t1,f2)

» extension of a complete proof system for =, (i.e. —,-conversion)

» derivations correspond to — , ,,-conversions

e
» Disadvantages:
» complex search space for proofs (no subformula property)
» does not directly give rise to a decision method

Endrullis, Grabmayer, Klop, van Oostrom On Equal p-Terms
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Example

UX3XoX1. X2 =p/0 MYZY

holds because of:
UX3XoX1.Xo =, UXoX1.Xo = X2 X2 = PUY.Y <—p HYZ.Y

which gives rise to the derivation:

(p-unfolding)

(p-unfolding) uXy1.Xo = Xo (p-unfolding)

WX3XoX1. X2 = X2 X1.X2 WXoX1. X2 = UX2.X2 H (a-renaming) nz.y =y
TRANS X3 X2X1.Xp = [X2.X2 pXp Xo = py.y  pyz.y =py.y
TRANg FBXeX1 Xe = 1YY Hy.y =pyz.y

UX3XoX1.Xo = pyz.y

Endrullis, Grabmayer, Klop, van Oostrom On Equal p-Terms
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Complete proof system (ll) for =,,, on p-pseudoterms

(if s a variable
s—s or a constant)
S[X - Z] - t[y = Z] 1t (z fresh) S1 = b S2 = b F-COMPAT
ux.s = py.t F(s1,82) = F(t1, t2)
S = . = = = .
b =pxsl=t o s=tly=m1 _ .
Ux.8 = S=puy.t

» extension of Schroer’s characterisation of —,-conversion

» derivations can be obtained by transitivity/symmetry-elimination
in derivations of the previous system.

» derivations correspond to —, ,-standard reductions

Endrullis, Grabmayer, Klop, van Oostrom On Equal p-Terms
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Complete proof system (ll) for =,,, on p-pseudoterms

(if s a variable
s—s or a constant)
S[X - Z] - t[y = Z] 1t (z fresh) S1 = b So=b F-COMPAT
ux.s = py.t F(s1,82) = F(t1, t2)
S||X (= ux.s|| = = = .
II H S]] t FOLD, s tl[y 2 t]] FOLD,
Ux.8 = S=puy.t

» extension of Schroer’s characterisation of —,-conversion

» derivations can be obtained by transitivity/symmetry-elimination
in derivations of the previous system.

» derivations correspond to —, ,-standard reductions
» advantage: (much more) restricted search space for derivations
» certain disadvantage: capture of free variables in p-applications

Endrullis, Grabmayer, Klop, van Oostrom On Equal p-Terms



Weak 1.-equality Avoiding «-conversion First-order proof Higher-order proof Proof using tree automata

Example

Proof System (ll)

u=u
u=pz.u
wXq.U = pz.u
HXoXy. X = pyz.y
HX3X2X1.X2 = pyz.y

FOLD,
FOLD,

FOLD,

Endrullis, Grabmayer, Klop, van Oostrom On Equal p-Terms

Summary
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Example
Proof System (ll) Proof System (llI)
U=U_oq Xzzl}iFXz:y FoLD,
u=uz.u = = .
Y o, =Y Xe=pzy o,
uX1.U = pz.u Xo =Y F uxy.Xo = pz.y
XoX{.Xp = J1Y/ 2. Xo = .
peXiXe = 2.y Lo FpuxoXi.Xo = pyz.y FoLD,
HUX3XoX1.Xp = pyZ.y F uXsXeXi.Xp = pyz.y

Endrullis, Grabmayer, Klop, van Oostrom On Equal p-Terms
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Complete proof system (lll) for =, on p-pseudoterms

_(restr-REFL) (it 5 a variable
X=ykFx=y Fs—s or a constant)
rz=udks=t (if x ¢ FV(uZ.5)

Fox—y Zoirs—t " andygFV(ui)
MNx=yks=t N-s1 =+t N-so=1t F
r}_,U,XS:/Lyt rl—F(S1a32):F(t1vt2)

r'7 = . = = = .
S[x .= ux.s] =t FoLD, MNe-s=tly:=upy.t] FoLD,
N-ux.s=t [Fs=puy.t

» extension of Kahrs’ characterisation of a-conversion
» der’s obtainable by trans./symm.-elim. from der’s in system (l)
» derivations correspond to —, ,-standard reductions

Endrullis, Grabmayer, Klop, van Oostrom On Equal p-Terms
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Summary

Complete proof system (lll) for =, on p-pseudoterms

(restr-REFL) (it 5 a variable
or a constant)

X=ykFx=y Fs=s
r.z=uks=t (if x ¢ FV(uZ.s)
rx=y,Z=0Fs=t COMPR “ana y ¢ Fv(ui.)
MNx=yks=t " N-sy =1t Ml-so==b F
FFpux.s=py.t [+ F(s1,82) =F(t, &)
(e = ux.s| = = = uy.
S[x := px.s] tFOLD, Fr-s=tly:=upyi FoLD,
N-ux.s=t [Fs=puy.t

extension of Kahrs’ characterisation of a-conversion

der’s obtainable by trans./symm.-elim. from der’s in system (I)
derivations correspond to —, ,-standard reductions
advantage: restricted search space for derivations

Endrullis, Grabmayer, Klop, van Oostrom On Equal p-Terms



Weak p.-equality

Avoiding c-conversion First-order proof Higher-order proof Proof using tree automata

Summary

Complete proof system (lll) for =, on p-pseudoterms

w _F8=5 (tsavariable
(restr-REFL) ©Ora constant)

M x=y,Z=UFs=t (if x & FV(uZ.s)
|_,2: OFs=t COMPR and y ¢ FV(ui.t))
repxs=pyt M+ F(s1,82) = F(ty, &)
Fx=yrs= TFsi=t TFs—b
rFpxs=t UNFOLD, res=pyt UNFOLD,
- s[x:=upx.s]=t res=tly:=py.f

vV vyyVvyy

extension of Kahrs’ characterisation of a-conversion

der’s obtainable by trans./symm.-elim. from der’s in system (l)
derivations correspond to —, ,-standard reductions
advantage: restricted search space for derivations
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Summary

Complete proof system (lll) for =, on p-pseudoterms

(nx)x = (ny)y (Os=0)s (if s a variable

" (restr-REFL)  Or @ constant)

(nZyxZ2)s = (pdyy o)t
(nz122)s = (pdy) Uzt

(if |Z] = | 2], X ¢ FV(nZ2.8)

COMPR “and y ¢ FV(juti.1))

(n2)px-s = (ui)py t I (12)F(s1,82) = (nU)F(t, &)

(n2x)s = (utiy)t (n2)s1 = (i)t (n2)s = (ud)te

(pD)px.s = (pidt o (n2)s = (pd)py.t

(nZ)s[x := px.s] = (ni)t (n2)s = (pa)tly = py-1]

r

vV v.vy

extension of Kahrs’ characterisation of a-conversion

der’s obtainable by trans./symm.-elim. from der’s in system (I)
derivations correspond to —, ,-standard reductions
advantage: restricted search space for derivations
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Example

F uXsXoXy.Xo = puyz.y
F uXoXy1.Xo = uyz.y
Xo =Y & uxg.Xo = pz.y
Xo=yrFX=upzy
Xo=YyhtXo=Yy

UNFOLD;

UNFOLD;
UNFOLD,

Endrullis, Grabmayer, Klop, van Oostrom On Equal p-Terms
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Example

(JuxaxoX1.Xo = (uyz.y

UNFOLD,
OpxeXi. X2 = (Juyz-y
(/,LXZ),UX1 Xo = (,u}/),u Y UNFOLD,
(1Xe)Xo = (py)pz UNFOLD,

(uXe)Xo = (uy)y
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Example

(JuxaxoX1.Xo = (uyz.y

UNFOLD,
OpxeXi. X2 = (Juyz-y
(/,LXZ),UX1 Xo = (,u}/),u Y UNFOLD,
(1Xe)Xo = (py)pz UNFOLD,

(uXe)Xo = (uy)y

Extraction of reductions:

UX3XoX1. X vy HXoXi.X2 Dfz (UXo)uXiXo —, (pXe)Xe

=a (W)Y u (W)pz.y <w pyz.y

Endrullis, Grabmayer, Klop, van Oostrom On Equal p-Terms
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Example

(JuxaxoX1.Xo = (uyz.y

UNFOLD,
(Yuxaxy.xo = (Yuyz.y

(X2 ) Xy 'Xi: y)uz.y UNFOLD,
(ux2)Xxe = (ny)uz.y UNFOLD;

(uXe)x2 = (py)y

Extraction of reductions:

UX3XoX1. X vy HXoXi.X2 Dfz (UXo)uXiXo —, (pXe)Xe

=a (W)Y u (W)pz.y <w pyz.y

gives a joining pair of standard reductions:

HUX3XoX1. X2 —ry UXoX1.Xo —y pX2.Xo =qo MHY.Y $—p pYZYy

Endrullis, Grabmayer, Klop, van Oostrom On Equal p-Terms
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Subterm closure

The pr-calculus on u-pseudoterms:

F(si,8) — s forie{1,2} (F-projection)
UX.S — S (u-projection)
1X.S — S[X := ux.s| (u-reduction)

By — 2 _ we denote pur-root-reduction.

nm

The subterm closure SC(s) of a capture-avoiding s € PTer(u) is:

SC(s) :={te PTer(u) | s =, t} .

Summary

For all capture-avoiding s € PTer(u), SC(s) is finite.
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Subterm closure

pX ( ) p-removal

u-removal

2y iz

z -removal
uz<ﬂ}/l >u-removal 8 )N emova

Uzyz.y

The subterm closure of uxyz.y.

Endrullis, Grabmayer, Klop, van Oostrom On Equal p-Terms

Summary
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Subterm closure

The subterm closure of ux.F(x, ny.F(x,y)).
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Decidability of =, by a first-order proof

Provability in system (Ill) of formulast s = t, where s, t € PTer(u)
are capture-avoiding, is decidable.

Proof.

» subformula property: for an equation (x...)s' = (p...)t' ina
derivation D with conclusion ()s = (){ it holds that s € SC(s)
and t' € SC(1).
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Decidability of =, by a first-order proof

Provability in system (Ill) of formulast s = t, where s, t € PTer(u)
are capture-avoiding, is decidable.

Proof.

» subformula property: for an equation (x...)s' = (p...)t' ina
derivation D with conclusion ()s = (){ it holds that s € SC(s)
and t' € SC(1).

» bound L on annotation lengths: if rule COMPR is applied
‘greedily’, L := no. of binder occurr’s in ps.terms in conclusion.
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Decidability of =, by a first-order proof

Provability in system (Ill) of formulast s = t, where s, t € PTer(u)
are capture-avoiding, is decidable.

Proof.

» subformula property: for an equation (x...)s' = (p...)t' ina
derivation D with conclusion ()s = () it holds that s’ € SC(s)
and t' € SC(1).

» bound L on annotation lengths: if rule COMPR is applied
‘greedily’, L := no. of binder occurr’s in ps.terms in conclusion.

» bound on the size of irredundant derivations: as a consequence,
the size of an irredundant derivation (no formula repetitions) with
conclusion s = 1 is bounded by |7 (L)| - |[SC(s)| - |SC(1)].
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Decidability of =, by a first-order proof

Provability in system (Ill) of formulast s = t, where s, t € PTer(u)
are capture-avoiding, is decidable.

Proof.

» subformula property: for an equation (x...)s' = (p...)t' ina
derivation D with conclusion ()s = (){ it holds that s € SC(s)
and t' € SC(1).

» bound L on annotation lengths: if rule COMPR is applied
‘greedily’, L := no. of binder occurr’s in ps.terms in conclusion.

» bound on the size of irredundant derivations: as a consequence,
the size of an irredundant derivation (no formula repetitions) with
conclusion s = 1 is bounded by |7 (L)| - |[SC(s)| - |SC(1)].

Weak .-equality is decidable.

Endrullis, Grabmayer, Klop, van Oostrom On Equal p-Terms
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Structure of the higher-order proof
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Structure of the higher-order proof

M =pu N
v
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Structure of the higher-order proof

M =pu N
v

e
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Summary
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Structure of the higher-order proof
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Complete proof system (ll) for =, on p-pseudoterms

(if s a variable
S—s or a constant)
s =2 =ty = 2] 4 (z fresh) 1 =1 S2 = b F-COMPAT
xS =yt F(s1,82) = F(tr. t)
S|X := uX.s)| = = =py.
xi=pxsl=t o s=ty=m1
ux.s=t S=ypuy.t

extension of Schroer’s characterisation of —,-conversion
derivations correspond to —, /,-standard reductions
advantage: restricted search space for derivations
disadvantage: capture of free variables in p-applications

vV v vv
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Complete proof system for =, on p-terms

(ifsa varia}blet
or a constan
S=S8 )

S[X = Q] = t[y = Q] Sy =H So=10b
— H ﬁ%rf;isrgl) F — F(H.t F-COMPAT
px.8 = py.t (s1,82) = F(t1, &2)
S[x :=px.s]=t FoLD, s=1tly =y FoLD,
ux.s=t S=ypuy.t

extension of Schroer’s characterisation of —,-conversion
derivations correspond to —, /,-standard reductions
advantage: restricted search space for derivations

a certain subformula property

Endrullis, Grabmayer, Klop, van Oostrom On Equal p-Terms

Summary
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2. Avoiding a-conversion in u-reductions

3. Decidability of =, , by a first-order proof

4. Decidability of =, by a higher-order proof
5. Decidability of =, , using regular languages

6. Summary
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Decidability of =, using regular languages

An alternative approach: using regular languages.
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Decidability of =, using regular languages

An alternative approach: using regular languages.

» For a capture-avoiding M we construct a regular grammar Gy,
generating the set of reducts of M (without a-conversion).
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Decidability of =, using regular languages

An alternative approach: using regular languages.

» For a capture-avoiding M we construct a regular grammar Gy
generating the set of reducts of M (without a-conversion).

» Given a regular grammar G, we construct a grammar G*
generating the closure of G under a-conversion.
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Decidability of =, using regular languages

An alternative approach: using regular languages.

» For a capture-avoiding M we construct a regular grammar Gy
generating the set of reducts of M (without a-conversion).

» Given a regular grammar G, we construct a grammar G*
generating the closure of G under a-conversion.

» Then M =, N boils down to the question:

LG NL(GR) # 2 ?
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Decidability of =, using regular languages

An alternative approach: using regular languages.

» For a capture-avoiding M we construct a regular grammar Gy
generating the set of reducts of M (without a-conversion).

» Given a regular grammar G, we construct a grammar G*
generating the closure of G under a-conversion.

» Then M =, N boils down to the question:
L(Gm) N L(GN) # 2 ?

This problem is known to be decidable.

Endrullis, Grabmayer, Klop, van Oostrom On Equal p-Terms
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Step 1: a regular grammar for p-reducts

Let M € Ter(u) be a capture-avoiding p-pseudoterm.
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Step 1: a regular grammar for p-reducts
Let M € Ter(u) be a capture-avoiding p-pseudoterm.
We construct a regular grammar Gy, for the u-reducts of M:

The start symbol of Gy, is Vi, and the rules are:

V;LX.N = VN[X::,ux.N] (1)
VMX.N = MX.VN (2)
VF(N,N') = F(VN, VN/) (3)
Vi = X (4)

for every Vs such that s € SC(M).
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Step 1: a regular grammar for p-reducts
Let M € Ter(u) be a capture-avoiding p-pseudoterm.
We construct a regular grammar Gy, for the u-reducts of M:

The start symbol of Gy, is Vi, and the rules are:

V;LX.N = VN[X::,ux.N] (1)
VHX.N = ,uX.VN (2)
VF(N,N’) = F(VN, VN/) (3)
Vi = X (4)

for every Vs such that s € SC(M).

L(Gm) = {N|M =" N}

where — is a-conversion free p-reduction.

Endrullis, Grabmayer, Klop, van Oostrom On Equal p-Terms
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Step 1: a regular grammar for p-reducts

Let M = py.F(x,y), then Gy consists of:

Vi Foey) =) VEGouy Fxy))
Vouy Foy) =@ 1Y -Ve(x,y)

VExy) = @) F(Vx, V)

()
@)
@
VeGoy-Foxy)) =@ F(Ve iy Fixy)
Vi =) X
Vy =@ Y

The start symbol of Gy is V,y Fx,y)-
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Step 2: a-conversion

Let G be normalised with start variable V over a finite set of binder B.

We define a grammar accepting all a-equivalent terms over B:
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Step 2: a-conversion

Let G be normalised with start variable V over a finite set of binder B.

We define a grammar accepting all a-equivalent terms over B:

Let G* have start variable V4 &, and for all:
» o : B — B (renaming map),
» { C B (forbidden variables),

consist of rules:

> V, 1 = o(x) € G* (renaming) ifV=xeGand x ¢}
» V, 1= L e G* (name clash) ifV=xeGandx et
> Vo1 = F(V, ;. V5 ;) € G (propagation) ifV=FV,V)eG
> Vo1 = uy(Vy ) € G (pick renaming) if V=pux(V)e G

where yeB, o =ox—y], '=({FUc(¥)\ {x}.

Endrullis, Grabmayer, Klop, van Oostrom On Equal p-Terms
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Step 2: a-conversion

pick renaming: Vot = uy(V,, ;) € G ifV=pux(V)e G
where y B, o' =olxryl, ¥ =(tUo () \{x}.

Example

Let G have start variable V4 and consist of the rules:
Vi=uxVo Vo= puyVz V3=FV4Vs) Va=x Vs=y

Endrullis, Grabmayer, Klop, van Oostrom On Equal p-Terms



Weak pi-equality Avoiding c-conversion First-order proof Higher-order proof Proof using tree automata Summary

Step 2: a-conversion

pick renaming: Vot = uy(V,, ;) € G ifV=pux(V)e G
where y B, o' =olxryl, ¥ =(tUo () \{x}.

Example

Let G have start variable V4 and consist of the rules:
Vi=puxVo Vo= pyVs Vz=F\V4Vs) Va=x Vs=y
Note that G generates the term ux.uy.F(x, y).
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Step 2: a-conversion

pick renaming: Vot = uy(V,, ;) € G ifV=pux(V)e G
where y B, o' =olxryl, ¥ =(tUo () \{x}.

Example

Let G have start variable V4 and consist of the rules:
Vi=puxVo Vo= pyVs Vz=F\V4Vs) Va=x Vs=y
Note that G generates the term ux.uy.F(x, y).

Let G* has start variable V4 (y..x vy o, and contains rules:
atl Y=y
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Step 2: a-conversion

pick renaming: Vot = uy(V,, ;) € G ifV=pux(V)e G
where y B, o' =olxryl, ¥ =(tUo () \{x}.

Example

Let G have start variable V4 and consist of the rules:

Vi=uxVo Vo= puyVz V3=FV4Vs) Va=x Vs=y
Note that G generates the term ux.uy.F(x, y).
Let G has start variable V4 (xx,yy},2, and contains rules:

V1,{Xr—>x,y»—>y},e = NY~V2,{XHy,yHy},{y}
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Step 2: a-conversion

pick renaming: Vot = uy(V,, ;) € G ifV=pux(V)e G
where y B, o' =olxryl, ¥ =(tUo () \{x}.

Example

Let G have start variable V4 and consist of the rules:

Vi=uxVo Vo= puyVz V3=FV4Vs) Va=x Vs=y
Note that G generates the term ux.uy.F(x, y).
Let G has start variable V4 (xx,yy},2, and contains rules:

V1,{Xr—>x,y»—>y},e = MY~V2,{XHy,yHy},{y}
Vo, (xmyyyy vy = 1Y V3, (xosy yosyd ()
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Step 2: a-conversion

pick renaming: Vot = uy(V,, ;) € G ifV=pux(V)e G
where y B, o' =olxryl, ¥ =(tUo () \{x}.

Example

Let G have start variable V4 and consist of the rules:

Vi=uxVo Vo= puyVz V3=FV4Vs) Va=x Vs=y
Note that G generates the term ux.uy.F(x, y).
Let G has start variable V4 (xx,yy},2, and contains rules:

V1,{Xr—>x,y»—>y},e = MY~V2,{XHy,yHy},{y}
Vo, sy yosy iyt = 1Y -V (xosyyoyt x)
V3, (xsy oyt it = F(Va iy iyt (03 Vs, oy yosyt ()
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Step 2: a-conversion

pick renaming: Vot = uy(V,, ;) € G ifV=pux(V)e G
where y B, o' =olxryl, ¥ =(tUo () \{x}.

Example

Let G have start variable V4 and consist of the rules:
Vi=uxVo Vo= puyVz V3=FV4Vs) Va=x Vs=y
Note that G generates the term ux.uy.F(x, y).
Let G has start variable V4 (xx,yy},2, and contains rules:
Vi txoxyoyy.e = 1Y -Va (xosy yoyd ()

Vo, (xmyyyy vy = 1Y V3, (xosy yosyd ()

Vs (xosyyovy () = F(Va oy yoyy 0 Vs, ooy oyt i)

V3 (xsy oy ixy = FVa oy yoyy 05 Vs, (omyyoy ()
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Step 2: a-conversion

pick renaming: Vot = uy(V,, ;) € G ifV=pux(V)e G
where y B, o' =olxryl, ¥ =(tUo () \{x}.

Example

Let G have start variable V4 and consist of the rules:
Vi=uxVo Vo= puyVz V3=FV4Vs) Va=x Vs=y
Note that G generates the term ux.uy.F(x, y).
Let G has start variable V4 (xx,yy},2, and contains rules:
Vi txoxyoyy.e = 1Y -Va (xosy yoyd ()
Vo, (xmyyyy vy = 1Y V3, (xosy yosyd ()
Vs (xosyyovy () = F(Va oy yoyy 0 Vs, ooy oyt i)
V3 (xsy oy ixy = FVa oy yoyy 05 Vs, (omyyoy ()
Va xmyyoyy.g = L
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Step 2: a-conversion

pick renaming: Vot = uy(V,, ;) € G ifV=pux(V)e G
where y B, o' =olxryl, ¥ =(tUo () \{x}.

Example

Let G have start variable V4 and consist of the rules:
Vi=uxVo Vo= puyVz V3=FV4Vs) Va=x Vs=y
Note that G generates the term ux.uy.F(x, y).
Let G has start variable V4 (xx,yy},2, and contains rules:
Vi txoxyoyy.e = 1Y -Va (xosy yoyd ()
Vo, (xmyyyy vy = 1Y V3, (xosy yosyd ()
Vs (xosyyovy () = F(Va oy yoyy 0 Vs, ooy oyt i)
V3 (xsy oy ixy = FVa oy yoyy 05 Vs, (omyyoy ()
Va xmyyoyy.g = L

Vs (xsy.yoytixt = Y
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Step 3: deciding =/,

The following problem is decidable:
» Input: two p-terms M and N.
» Answer: are M and N convertible?

The decision procedure proceeds in the following steps:

A\
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Step 3: deciding =/,

The following problem is decidable:
» Input: two p-terms M and N.
» Answer: are M and N convertible?

The decision procedure proceeds in the following steps:

@ take capture-avoiding u-pseudoterms M’ =, M, N’ =, N,
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Step 3: deciding =/,

The following problem is decidable:
» Input: two p-terms M and N.
» Answer: are M and N convertible?

The decision procedure proceeds in the following steps:

@ take capture-avoiding u-pseudoterms M’ =, M, N’ =, N,

@ construct Gy and Gy
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Step 3: deciding =/,

The following problem is decidable:
» Input: two p-terms M and N.
» Answer: are M and N convertible?

The decision procedure proceeds in the following steps:

@ take capture-avoiding u-pseudoterms M’ =, M, N’ =, N,
@ construct Gy and Gy

@ construct Gy, over the set of binders of M’ and N, and
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Step 3: deciding =/,

The following problem is decidable:
» Input: two p-terms M and N.
» Answer: are M and N convertible?

The decision procedure proceeds in the following steps:

@ take capture-avoiding u-pseudoterms M’ =, M, N’ =, N,
@ construct Gy and Gy

@ construct Gy, over the set of binders of M’ and N, and
@ answer yes if L(Gf,) N L(Gn) # @, and no, otherwise.
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Summary

We established decidability of the weak p-equality problem by:

» a proof using ‘first-order’ techniques:

» characterising u-pseudoterms that can be reduced without the
need for a-renaming:

» a complete proof system & la Coppo/Cardone for =/, on
p-pseudoterms

» showing finiteness of proof-search by establishing finiteness of the
subterm closure for capture-avoiding u-terms

» a proof using ‘higher-order’ techniques

» another proof using ‘first-order’ techniques:

» the set of reducts of u-pseudoterms form a regular tree language

» weak p-equality reduces to the emptiness problem for the
intersection of regular tree languages
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