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Ordered Completion

Ordered Completion

(Xy%(ZW)

~ (xz)(yw)
Xy)x = x —_— (xy)x — x
—  x(yz) > xz
- E— ((xy)z)w — xw
xy)z & (xw)
o oKB

E,R
EUTR has same theory as & and

EUTR is ground-confluent wrt > which is complete for & and extends >
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Ordered Completion

(xy)(zw) = (xz)(yw)
(xy)x =~ x — (xy)x — x
—  x(yz) = xz
— —_ ((xy)z)w — xw
xy)z ~ (xw)z
&o oKB E,R

£ UTR has same theory as &, and
EUTR is ground-confluent wrt > which is complete for & and extends >
Definition

> > is complete for & if for ground s <>z t with s # t
either s > t or t > s holds
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Ordered Completion

(xy)(zw) = (xz)(yw)
(xy)x =~ x — (xy)x — x
—  x(yz) = xz
— —_ ((xy)z)w — xw
xy)z ~ (xw)z
&o oKB E,R

£ UR has same theory as & and
EUTR is ground-confluent wrt > which is complete for & and extends >
Definition

> > is complete for & if for ground s <>z t with s # t
either s > t or t > s holds

» £UTR is ground-confluent wrt > if
for all ground s «+3 t there is valley s =" v "« tin RUES .
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Ordered Completion

(xy)(zw) = (xz)(yw)
(xy)x =~ x — (xy)x — x
—  x(yz) = xz
— —_ ((xy)z)w — xw
xy)z ~ (xw)z
&o oKB E,R

£ UR has same theory as & and

EUTR is ground-confluent wrt > which is complete for & and extends >

Definition
> > is complete for & if for ground s <>z t with s # t
either s > t or t > s holds lo — ro € & if

) ) I=~re&andlo>ro
» £ UTR is ground-confluent wrt > if

for all ground s «+3 t thereis valley s =" v "« tin RUES .
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Ordered Completion

Definition (Standard Completion KB)

&: set of equations R: set of rewrite rules > reduction order

inference system contains rules
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Ordered Completion

Definition (Standard Completion KB)

&: set of equations R: set of rewrite rules > reduction order
inference system contains rules
EU{s=t},R

E,RU{s — t}
if s>t

orient
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Definition (Standard Completion KB)
&: set of equations

inference system contains rules

R: set of rewrite rules

= reduction order

orient Eu{s~t},R deduce &R
E,RU{s— t}
ifs>1t

EU{s~t}hR

if s~ t € CP(R)
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Definition (Standard Completion KB)
&: set of equations

inference system contains rules

R: set of rewrite rules

= reduction order
orient Eu{s~t},R deduce &R
E,RU{s— t}
ifs>1t
E,RU{s — t}
compose

EU{s~t}HR
E,RU{s — u}
ift—=ru

if s~ t € CP(R)

v
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Definition (Ordered Completion oKB)
&: set of equations

inference system contains rules

R: set of rewrite rules

= reduction order
. EU{s=t},R E,R
orient . deduce .
E,RU{s—t} EU{s~t}HR
ifs>t ifsx~teCP.(EUR)
compose E,RU{s — t} combose E,RU{s — t}
P E,RU{s = u} posez E,RU{s — u}
ift =% u ift*)(g}U
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Definition (Ordered Completion oKB)
&: set of equations

inference system contains rules

R: set of rewrite rules

= reduction order
. EU{s=t},R E,R
orient . deduce .
E,RU{s—t} EU{s~t}HR
ifs>t ifs~teCP_(EUR)
compose E,RU{s — t} combose E,RU{s — t}
P E,RU{s = u} posez E,RU{s— u}
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Definition (Ordered Completion oKB)
&: set of equations

inference system contains rules

R: set of rewrite rules

= reduction order
EU{s=t},R E,R
orient ’ deduce ’
E,RU{s—t} EU{s~t}HR
ifs>t ifsx~teCP.(EUR)
compose E,RU{s — t} combose E,RU{s — t}
P E,RU{s = u} posez E,RU{s— u}
ift =% u ift e u
Definition (Extended Critical Pairs)
If ¢ <2707 BT s such that i~ € EUR and rio i o
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Definition (Ordered Completion oKB)
&: set of equations

inference system contains rules
orient

R: set of rewrite rules

EU{s=t},R

= reduction order
deduce &R
E,RU{s—t} EU{s~t}HR
ifs>t ifsx~teCP.(EUR)
compose E,RU{s — t} combose E,RU{s — t}
P E,RU{s — u} pose2 E,RU{s — u}
ift =% u ift e u
Definition (Extended Critical Pairs)
If ¢ LOhe ) ho2R oG ch that li~reEUR and rioc  lio
then s~ tisin CP_(EUR)
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Ordered Completion

Definition
inference sequence

S: (&,Ro) F (£1,R1) F (&2,R2) F
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Ordered Completion

Definition
inference sequence

S: (&,Ro) F (&1,R1) F (&2,R2) F -+

> &, is set of persistent equations
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Ordered Completion

Definition
inference sequence

S: (&,Ro) F (&1,R1) F (&2,R2) F -+

> &, is set of persistent equations: &, = U ﬂ &
i>0 jzi
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Ordered Completion

Definition
inference sequence

S: (&,Ro) F (&1,R1) F (&2,R2) F -+

> &, is set of persistent equations: &, = U ﬂ &

. . i>0 jzi
» R, is set of persistent rules =0z
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Definition
inference sequence

S: (50,720) = (81,R1) = (gz,Rz) =
> &, is set of persistent equations:

> R, is set of persistent rules

L=UNe
» Sis fair if CP (&€, URL) C U, &

i>0 j>i
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Definition
inference sequence

S: (50,720) = (51,R1) = (82,R2) =
> &, is set of persistent equations:

> R, is set of persistent rules

L=UNe
» Sis fair if CP (&, URL) C U, &

i>0 j>i

Theorem (Correctness)

Assume fair oKB run (&, @) H* (€., R.) using .
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Definition
inference sequence

S: (50,7?,0) = (51,7?,1) = (52,7?,2) Eoee

> &, is set of persistent equations: &, = U ﬂ &

. . i0 j>i
> R, is set of persistent rules 7

» Sis fair if CP (&, URL) C U, &

Theorem (Correctness)

Assume fair oKB run (&, @) F* (£, Rw) using .

If > is complete reduction order extending > then £, U R, has same
theory as & and is ground confluent with respect to >.

=} &
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Ordered Multi-Completion

Ordered Multi-Completion

~ (xz)(yw)
Xy )x = x —_— (xy)x — x
—  x(yz) > xz
1,72,y p — ((xy)z)w — xw
xy)z ~ (xw)z
&o oMKB

£ UTR has same theory as &

E,R

£ UTR is ground-confluent wrt complete > extending a specific >;
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Ordered Multi-Completion

Ordered Multi-Completion

(xy)(zw) = (xz)(yw)
(xy)x = x — (xy)x — x
—  x(yz) > xz
1,72,y p — ((xy)z)w — xw
xy)z ~ (xw)z
&o oMKB E,R
£ UTR has same theory as &

Definition (oMKB node)

£ UTR is ground-confluent wrt complete > extending a specific >;
node is tuple (s : t, Ry, Ry, E)
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Ordered Multi-Completion

(xy)(zw) ~ (x2)(yw)
(xy)x = x — (xy)x — x
—  x(yz) > xz
1,72 y 7 n —> ((xy)z)w — xw
xy)z ~ (xw)z
&o oMKB

E,R
£ UTR has same theory as &

Definition (oMKB node)

£ UTR is ground-confluent wrt complete > extending a specific >;
node is tuple (s : t, Ry, Ry, E) of term pair s : t
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Ordered Multi-Completion

(xy)(zw) ~ (x2)(yw)
(xy)x = x — (xy)x — x
—  x(yz) > xz
1,72 y 7 n —> ((xy)z)w — xw
xy)z ~ (xw)z
&o oMKB

E,R
£ UTR has same theory as &

Definition (oMKB node)

£ UTR is ground-confluent wrt complete > extending a specific >;

node is tuple (s : t, Ry, Ry, E) of term pair s : t
and disjoint Ry, R1, E C {1, =2, >3,
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Ordered Multi-Completion

(xy)(zw) = (xz)(yw)
(xy)x = x — (xy)x — x
—  x(yz) > xz
1,72, — () z)w — xw
xy)z ~ (xw)z
& oMKB ER

£ UTR has same theory as &
£ UTR is ground-confluent wrt complete > extending a specific >;

Definition (oMKB node)

node is tuple (s : t, Ry, Ry, E) of term pair s : t
and disjoint Ry, R, E C {>1,>2,>3,...}

» oMKB specified by inference system on nodes
o (w1 =
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Ordered Completion with Termination Tools

(xy)x — x
—_ —  x(yz) 5 xz
((xy)z)w — xw
xy)z ~ (xw)z
& oKBtt
EUR has same theory as &

E,R
E UTR is ground-confluent wrt complete > extending —>z§

where C is terminating rewrite system developed during deduction
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Ordered Completion with Termination Tools

(xy)(zw) =~ (x2)(yw) (xy)x — x
o e
@ 8xy)z ~ (xw)z
&o oKBtt ER

EUR has same theory as &

E UTR is ground-confluent wrt complete > extending —>ér
where C is terminating rewrite system developed during deduction

Fact

If C terminates then —>é’ is reduction order

A
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Definition (oKBtt)

E: set of equations R: rewrite system C: rewrite system
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Definition (oKBtt)

E: set of equations R: rewrite system C: rewrite system

» perform termination check in orient

EU{s~t},R,C

orient

if CU{s — t} terminates
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Definition (oKBtt)

E: set of equations R: rewrite system

» perform termination check in orient
orient

C: rewrite system
EU{s=t},R,C

E,RU{s — t},CU{s — t}
if CU{s — t} terminates

SN CEEERER)

o
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Definition (oKBtt)

E: set of equations R: rewrite system

» perform termination check in orient, compose,
orient

C: rewrite system
EU{s~t},R,C

E,RU{s—t},CU{s — t}

if CU{s — t} terminates
compose;

ERU{s—t},C

if t ¢ u using lo — ro and CU {lo — ro} terminates

v
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Definition (oKBtt)

E: set of equations R: rewrite system

» perform termination check in orient, compose,
orient

C: rewrite system
EU{s~t},R,C

E,RU{s—t},CU{s — t}

if CU{s — t} terminates
compose;

ERU{s > t},C
E,RU{s = u},CU{lo — ro}

if t ¢ u using lo — ro and CU {lo — ro} terminates

v
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Definition (oKBtt)

&: set of equations

R: rewrite system
orient

C: rewrite system
EU{s~t},R,C

» perform termination check in orient, compose,, collapsey, simplify,

E,RU{s—t},CU{s — t}

if CU{s — t} terminates
compose;

ERU{s— t},C
E,RU{s » u},CU{lo — ro}

if t ¢ u using lo — ro and CU {lo — ro} terminates

v
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Definition (oKBtt)

E: set of equations R: rewrite system C: rewrite system

» perform termination check in orient, compose,, collapse;, simplify,

EU{s~t},R,C

ient
erien ERU{s > t},CU{s >t}
if CU{s — t} terminates
ERU{s = t),C
compose;

E,RU{s » u},CU{lo — ro}

if t ¢ u using lo — ro and CU {lo — ro} terminates

Lemma (Simulation Properties)

> if (£0,9,9) Fikge (E,R,C) then (&, @) Fiyg (E,R)
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Definition (oKBtt)

E: set of equations R: rewrite system C: rewrite system

» perform termination check in orient, compose,, collapse;, simplify,

EU{s~t},R,C

ient
erien ERU{s > t},CU{s >t}
if CU{s — t} terminates
ERU{s = t),C
compose;

E,RU{s » u},CU{lo — ro}

if t ¢ u using lo — ro and CU {lo — ro} terminates

Lemma (Simulation Properties)

> if (&,9,9) Fikge (E,R,C) then (&, D) Fixg (E,R) using
reduction order —
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Definition (oKBtt)

E: set of equations R: rewrite system C: rewrite system

» perform termination check in orient, compose,, collapse;, simplify,

EU{s~t},R,C

onent R Uot.CUfs =t}
if CU{s — t} terminates
ERU{s = t),C
compose;

E,RU{s » u},CU{lo — ro}

if t ¢ u using lo — ro and CU {lo — ro} terminates

Lemma (Simulation Properties)

> if (&,9,9) Fikge (E,R,C) then (&, D) Fiyg (E,R) using
reduction order —;

> if (&, D) Fixg (E,R) using = then (£0, D, D) g (€,R.C)
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Obtaining Ground-Confluence
Theorem (Correctness)

For fair oKBtt run (&, @, D) H* (Ew, Rw, Cw) and complete reduction
order > extending —_

SW & AM (CL @ UIBK)

o
Termination Tools in Ordered Completion

9/19



Obtaining Ground-Confluence

Theorem (Correctness)

For fair oKBtt run (&, 9, D) F* (v, Rw,Cy) and complete reduction

order > extending —>é’w the system &,, U R, has same theory as &, and is
ground-confluent with respect to >.

=} &
SW & AM (CL @ UIBK) Termination Tools in Ordered Completion

DA
9/19



Obtaining Ground-Confluence

Theorem (Correctness)

For fair oKBtt run (&, 9, @) F* (v, Rw,Cy) and complete reduction

order > extending —>(J§w the system &, U R, has same theory as &, and is
ground-confluent with respect to >.

v

Problem 1

Does > exist?

o (w1 =
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Obtaining Ground-Confluence

Theorem (Correctness)

For fair oKBtt run (&, 9, @) F* (v, Rw,Cy) and complete reduction
order > extending —>é’w the system &, U R, has same theory as &, and is
ground-confluent with respect to >.

v

Problem 1

Does > exist?

Problem 2
Fairness requires to deduce CP_’Z (Ew URL).

But reduction order —>érw is not known during run!

=} [ = 12N G4
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Problem 1: Does > exist?
Example

flat+c)~f(c+a) a~b
g(c+b)~g(b+c)

X+ty~Ry-+x

SW & AM (CL @ UIBK)
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Problem 1: Does > exist?
Example

flat+c)~f(c+a) a~b
glc+b)~glb+c) x+ymy+x
as input for fair oKBtt run might produce
E=  { x+ty=y+x}
R = {f(b+c) —f(c+b)
C=RU{f(a+c) —f(c+a)}

a—b g(c+b) —glb+c)}
Is £ UR is ground-confluent?
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Problem 1: Does > exist?

Example

flat+c)~f(c+a) a~b
glc+b)=gb+c) x+y~y+x
as input for fair oKBtt run might produce
E=  { x+ty=y+x}
R = {f(b+¢c) = f(c+b)
C=RU{f(a+c) =f(c+a)}

a—b g(c+b) —glb+c)}
Is £ UR is ground-confluent?

If > is complete and extends —)ér,
» for any such > must havea+c>c+a
SW & AM (CL @ UIBK)
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Problem 1: Does > exist?

Example

fla+c)~f(c+a) ax~b
glc+b)xgb+c) x+y~y+x
as input for fair oKBtt run might produce
E=  { x+y=y+x}
R = {f(b+c) —f(c+b) a—b glc+b) »glb+c)}
C=RU{f(a+c) =f(c+a)}
Is £ UR is ground-confluent?

If > is complete and extends —)ér,

» for any such > must havea+c>c+a

» variable overlapb+c<+a+c—c+a—c+b
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Problem 1: Does > exist?

Example
flat+c)~f(c+a) a~b
glct+b)=gb+c) x+y~y+x
as input for fair oKBtt run might produce

E= { x+y=my+x}
R= {f(b+c) —f(c+b)

a—b g(c+b) —gb+c)}
C=RU{f(a+c) =f(c+a)}

Is £ UR is ground-confluent?

If > is complete and extends —)ér,

» for any such > must havea+c>c+a

> variable overlapb+c<«+a+c—c+a—c+b
» b+ cand c+ b must be incomparable
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Problem 1: Does > exist?

Example
flat+c)~f(c+a) a~b
glct+b)=gb+c) x+y~y+x
as input for fair oKBtt run might produce

E=  { x+y=y+x}
R = {f(b+c) —f(c+b) a—b glc+b) »glb+c)}
C=RU{f(a+c) =f(c+a)}

Is £ UR is ground-confluent? No!

If > is complete and extends —)ér,

» for any such > must havea+c>c+a

> variable overlapb+c<«+a+c—c+a—c+b
» b+ cand c+ b must be incomparable
>

overlap not joinable

=] =)
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Problem 1: Does > exist?

Example

fla+c)~f(c+a) arb
glc+b)=gb+c) x+y~y+x
as input for fair oKBtt run might produce
E=  { xty=m=y+x}
R = {f(b+c) —f(c+b) a—b glc+b) —glb+c)}
C=RU{f(a+c) —f(c+a)}
Is £ UR is ground-confluent? Nol
Definition

R is totally terminating if compatible with total reduction order on 7 (F)

SW & AM (CL @ UIBK)
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Problem 1: Does > exist?

Example
fla+c)~f(c+a) arb
glc+b)=gb+c) x+y~y+x
as input for fair oKBtt run might produce
E= { x+ty=y+x}

R = {f(b+c) —f(c+b) a—b glc+b) —glb+c)}
C=RU{f(a+c) —f(c+a)}

Is £ UR is ground-confluent? Nol

Definition

R is totally terminating if compatible with total reduction order on 7 (F)

y

Definition

oKBittyotal restricts to termination techniques inducing total termination

4

FP N €
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Problem 1: Does > exist?

Example
fla+c)~f(c+a) arb
glc+b)=gb+c) x+y~y+x
as input for fair oKBtt run might produce
&= { x+y=y+x}

R = {f(b+c) —f(c+b) a—b glc+b) —glb+c)}
C=RU{f(a+c) —f(c+a)}

Is £ UR is ground-confluent? Nol

Definition

R is totally terminating if compatible with total reduction order on 7 (F)

y

Definition such as LPO, KBO, MPO or polynomial interpretations over N

oKBittyotal restricts to termination techniques inducing total termination

4

DA
SW & AM (CL @ UIBK) Termination Tools in Ordered Completion 10/19



Problem 2: How to be fair?
Fact

If - C > holds then CP () C CP. (€)
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Problem 2: How to be fair?
Fact

If = C > holds then CP () C CP, (€)

Definition

oKBtt run is sufficiently fair if CP./(&, UR,) € |, & for =" C —>érw
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Problem 2: How to be fair?
Fact

If = C > holds then CP () C CP, (€)

Definition

oKBtt run is sufficiently fair if CP,./ (€, UR,,) C ;& for =" C —¢
Remark

Sufficiently fair oKBtt runs are fair
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Problem 2: How to be fair?
Fact

If = C > holds then CP () C CP, (€)

Definition

oKBtt run is sufficiently fair if CP,./ (€, UR,,) C ;& for =" C —¢
Remark

Sufficiently fair oKBtt runs are fair

Example

> oKBtt run is sufficiently fair if =" = &
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Problem 2: How to be fair?
Fact
If = C > holds then CP- () C CP. (&)

Definition

oKBtt run is sufficiently fair if CP./(£, UR,,) C U, & for =" C =
Remark

Sufficiently fair oKBtt runs are fair

Example

> oKBtt run is sufficiently fair if =" =&

strict subterm relation
> oKBttigta run is fair if =" = >
SW & AM (CL @ UIBK)
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Problem 2: How to be fair?
Fact
If = C > holds then CP- () C CP. (&)

Definition

oKBtt run is sufficiently fair if CP./(£, UR,,) C U, & for =" C =
Remark

Sufficiently fair oKBtt runs are fair

Example

> oKBtt run is sufficiently fair if =" = &

strict embedding relation
> oKBttigia run is fair if =" = > or =’ = >emp
SW & AM (CL @ UIBK)

o
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Ordered Multi-Completion with Termination Tools

(xy)x — x
—  x(yz) =5 xz
&o

share inferences
SW & AM (CL @ UIBK)

(xy)z)w — xw
xy)z =~ (xw)z
oMKBtt &R
EUR has same theory as &
E UR is ground-confluent wrt > extending some %g
where C,, is terminating rewrite system developed during deduction

[m]

» Use multi-completion to simulate multiple oKBtt processes but

Termination Tools in Ordered Completion
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Ordered Multi-Completion with Termination Tools

Definition (oMKBtt node)

> processes are strings in £((0 + 1))
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Definition (oMKBtt node)

> processes are strings in £((0 + 1)*), initial process is ¢
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Ordered Multi-Completion with Termination Tools

Definition (oMKBtt node)

> processes are strings in £((0 + 1)*), initial process is €

> node is tuple (s : t, Ry, Ry, E, Cy, Cy) of term pair s : t (data)
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Ordered Multi-Completion with Termination Tools

Definition (oMKBtt node)

> processes are strings in £((0 + 1)*), initial process is €
and process sets Ry,

> node is tuple (s : t, Ry, Ry, E, Cy, C1) of term pair s : t (data)
..., C1 (labels)

SW & AM (CL @ UIBK)
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Definition (oMKBtt node)

rewrite rule s — ¢

> processes are strings in £((0 + 1)*), initial process is €
> node is tuple (s : t, Ry, Ry, E, Cy, Cy) of term pair s : t (data)
and process sets R,

., C1 (labels)
for process in Ry

SW & AM (CL @ UIBK)
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Definition (oMKBtt node)

> processes are strings in £((0 + 1)*), initial process is €
and process sets Ry,

., C1 (labels)
rewrite rule t — s

> node is tuple (s : t, Ry, Ry, E, Cy, Cy) of term pair s : t (data)
for process in Ry
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Definition (oMKBtt node)

> processes are strings in £((0 + 1)*), initial process is €
and process sets Ry,

., Ci (labels)
equation s ~ t

> node is tuple (s : t, Ry, Ry, E, Cy, Cy) of term pair s : t (data)
for process in E
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Definition (oMKBtt node)

> processes are strings in £((0 + 1)*), initial process is €
> node is tuple (s : t, Ry, Ry, E, Cy, Cy) of term pair s : t (data)
and process sets Ry, ..., C; (labels)

constraint rule s — t

for process in Gy
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Definition (oMKBtt node)

> processes are strings in £((0 + 1)*), initial process is €
and process sets Ry,

> node is tuple (s : t, Ry, Ry, E, Cy, Cy) of term pair s : t (data)
., C1 (labels)

constraint rule t — s

for process in C;
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Definition (oMKBtt node)

> processes are strings in £((0 + 1)*), initial process is €

> node is tuple (s : t, Ry, Ry, E, Cy, C1) of term pair s : t (data)
and process sets Ry, ..., C; (labels)

» projection of node set N to process p yields
equations E,(N), rules R,(/N') and constraints C,(N)

=} & = = £ DA

SW & AM (CL @ UIBK) 13/19
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Definition (oMKBtt node)

> processes are strings in £((0 + 1)*), initial process is €

> node is tuple (s : t, Ry, R1, E, Co, C;) of term pair s : t (data)
and process sets Ry, ..., C; (labels)

> projection of node set N to process p yields
equations E,(N), rules R,(N) and constraints C,(N)

» initial node set for axioms & is
Ne={(s:t,0,0,{e},0,0) | s~ tef}

=} [ = 12N G4
SW & AM (CL @ UIBK) Termination Tools in Ordered Completion 13/19



Ordered Multi-Completion with Termination Tools

Definition (oMKBtt)

inference system oMKBitt consists of 5 rules
orient

if

NU{(s:t,Ro,Ri,E, Go, Gi)}

> E, C E such that C,(N) U {s — t} terminates for all p € E,
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Ordered Multi-Completion with Termination Tools

Definition (oMKBtt)

inference system oMKBitt consists of 5 rules
orient

if

NU{(s:t,Ro,Ri,E, Go, Gi)}

> E, C E such that Co(N) U {s — t} terminates for all p € E,
E. C E such that C,(N) U {t — s} terminates for all p € E,
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Definition (oMKBtt)

inference system oMKBitt consists of 5 rules
orient

if

NU{(s:t,Ro, R, E, G, C1)}

> E;, C E such that Co(N) U {s — t} terminates for all p € E,
E. C E such that C,(N) U {t — s} terminates for all p € E,
> split set S = E, N Ey,
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Definition (oMKBtt)

inference system oMKBitt consists of 5 rules

orient NU{(s:t,Ro,Ri,E, G, G1)}
N U{(s: t,RRURy, Go U Ry, v

if

> E;, C E such that Co(N) U {s — t} terminates for all p € Ej,
E. C E such that C,(N) U {t — s} terminates for all p € E,
> split set S = E, N Ey,

» R, =(Er\E;)U{p0| pe S} and
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Definition (oMKBtt)

inference system oMKBitt consists of 5 rules

orient NU{(s:t,Ro,Ri,E, G, G1)}
N U{(s:t, RUR,,RiIUR;, GUR,,GGUR,)}

Ejr C E such that C,(N) U {s — t} terminates for all p € Ej,
E. C E such that C,(N) U {t — s} terminates for all p € E,
> split set S = E, N Ey,

> R, =(Er\Es)U{p0|peS}and
Ri=(En\ Ex)U{pl|pe€ S}

o (w1 =
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Definition (oMKBtt)

inference system oMKBitt consists of 5 rules

orient NU{(s:t,Ro,Ri,E, G, G1)}
N U{(s:t, RUR,,RIURy, E',CoUR;,, Gt URy)}

Ei» C E such that G,(N) U {s — t} terminates for all p € E,
E. C E such that C,(N) U {t — s} terminates for all p € E,
> split set S = E, N Ey,
» R, =(Ex\E,)U{p0| pe S} and

Ry = (E,/ \ E/,) U {pl | pE 5},
> £ = E\(E/, U Er/)

o (w1 =
SW & AM (CL @ UIBK)
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Definition (oMKBtt)

inference system oMKBitt consists of 5 rules

orient NU{(s:t,Ro,Ri,E, G, G1)}
splits(WYU{(s: t, RoURyy, RLU Ry, E', GGURy, G UR,)}

Ei» C E such that G,(N) U {s — t} terminates for all p € E,
E. C E such that C,(N) U {t — s} terminates for all p € E,
> split set S = E, N Ey,
» R, =(Ex\E,)U{p0| pe S} and

Ry = (E,/ \ E/,) U {pl | pE 5},
» E' = E\(E/, U Er/)

o (w1 =
SW & AM (CL @ UIBK)
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Ordered Multi-Completion with Termination Tools

Definition (oMKBtt)

orewrite;

inference system oMKBLtt consists of 5 rules

NU{(s:t,Ro,Ri,E, G, Gi)}
if
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Ordered Multi-Completion with Termination Tools

Definition (oMKBtt)

orewrite;

inference system oMKBLtt consists of 5 rules

NU{(s:t,Ro,Ri,E, G, Gi)}
if

> (I:r,Ry,....,E',...) €N, t

lo—ro

——— wuand t =1/,
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Ordered Multi-Completion with Termination Tools

Definition (oMKBtt)

orewrite;

inference system oMKBitt consists of 5 rules

NU{(s:t,Ro,Ri,E, G, Gi)}
if

> (I:r,Ry,....,E',...) €N, t
» S C E’' such that

lo—=ro

—— wuand t =1,
Co(N)U{lo — ro} terminates forall pe S

SW & AM (CL @ UIBK)
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Definition (oMKBtt)

inference system oMKBitt consists of 5 rules
orewrite;

NU {(S 1 t,Ro, Ri, E, Go, C1>}
NU {(S ot Ro \ (R(/J US)7 R17 E\ R(Sv C07 C1>

> (I:r, R,

JELLYEN,
» S C E’ such that

lo—ro

——— wuand t =/,
Co(N)U{lo — ro} terminates forall pe S
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Definition (oMKBtt)

inference system oMKBitt consists of 5 rules
orewrite;

NU {(S 1 t,Ro, Ri, E, Go, C1>}
NU {(S t Ro \ (R6 U5)7 R17 E\ R(/h C07 C1>
(s:u,RoN(R,US), s, ENRy, 2,9),
if
> (i1, Ry,

JELLYEN,
» S C E’ such that

lo—ro

——— wuand t =/,
C(N)U{lo — ro} terminates forall pe S

[m]
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SW & AM (CL @ UIBK)

Definition (oMKBtt)

inference system oMKBitt consists of 5 rules
orewrite;

NU {(S 1 t,Ro, Ri, E, Go, C1>}
NU {(S t Ro \ (R6 U5)7 R17 E\ R(l)a C07 C1>
(s:u,ReN(RyUS), s, EN Ry, 2, D),
(lo:ro,2,9,2,5,0)}
if
> (l:r, Ry,

ELL)
» S C E’ such that

lo—ro

eN, t ——uandt=],
C(N)U{lo — ro} terminates forall pe S

[m]
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Ordered Multi-Completion with Termination Tools

Definition (oMKBtt)

inference system oMKBLtt consists of 5 rules
odeduce
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Ordered Multi-Completion with Termination Tools

Definition (oMKBtt)

inference system oMKBLtt consists of 5 rules
odeduce

N
if
> {(I:r,R,....E,..),{I': R,
> S<ir Ut
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Ordered Multi-Completion with Termination Tools

Definition (oMKBtt)

inference system oMKBitt consists of 5 rules
odeduce

N

NU{(s:t,0,9,(RUE)N(R'UE"),2,2)}
> {(I:r,R,....E,..),{I': R,
> S<ir Ut

LLE L) EN,

SW & AM (CL @ UIBK)
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Ordered Multi-Completion with Termination Tools

Lemma (Simulation Properties)

N Fomkaee N7
if and only if for every process p in N

(Ep(N), Rp(N), Gp(N))

okt (Ep(N'), Ro(N"), Co(N"))
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Ordered Multi-Completion with Termination Tools

Lemma (Simulation Properties)

N Fomkaee N7
if and only if for every process p in N

(Ep(N), Rp(N), Gp(N))

okt (Eo(N), Ro(N7), Co(N7))
Theorem (Correctness)

Let oMKBttiora) run Ne =% N be sufficiently fair for p.

SW & AM (CL @ UIBK)
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Lemma (Simulation Properties)

N Fomkaee N7
if and only if for every process p in N

(Ep(N), Rp(N), Gp(N))

okt (Eo(N), Ro(N7), Co(N7))
Theorem (Correctness)

Let oMKBttora) run Ne =* N be sufficiently fair for p.

oMKBtt using total

termination techniques

SW & AM (CL @ UIBK)

[m]
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Lemma (Simulation Properties)

N Fomkaee N7
if and only if for every process p in N

(Ep(N), Ro(N), Go(N)) Fokpee (Ep(N), Ro(N7), Co(N7))

Theorem (Correctness)
Let oMKBttiora) run Ne H* N be sufficiently fair for p.

Then E,(N') U R,(N') has same theory as &, is ground-confluent for total
reduction order > extending —%, where C = C,(N') and such > exists.

4

o =
SW & AM (CL @ UIBK)
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Ordered Multi-Completion with Termination Tools

Example

oMKBtt run on

No :{ (g(f(x,b)) : a,9,9,{c}, @, @)
(f(g(x),y) : f(x,g(y)), 2,9, {e}, 9, 9)
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Ordered Multi-Completion with Termination Tools

Example

oMKBtt run on

Ny = { (g(f(x,b)) :a,2,2,{c}, @, D)
(f(g(x),y) - f(x,g(y)), 2,9,{c},2,9)

where termination checks use polynomial interpretation

[fl(x,y)=x+2y+1,[g](x) =x+1and [a] = [b] =[] =0

SW & AM (CL @ UIBK)
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Ordered Multi-Completion with Termination Tools

Example

oMKBtt run on

No = { (g(f(x,b)) :a,2,2,{c}, 2, D)
(f(g(x),y) : f(x,8(x)), 2,9, {e}, 2, 2)

) ) )
where termination checks use polynomial interpretation

[fl(x,y) =x+4+2y +1, [g](x) = x+ 1 and [a]
succeeds with

= [l =[d=0
{ f(f(x,b),a)
SUR={ f(f(x,b),a)

~ f(c,f(y,b)) g(f(x,b)) —»a
~f(f(y,b),a) f(x, g(y)) = f(g(x), y)
f(c, f(x, b)) ~ f(c, f(y, b)) f(g(x).f(y,b)) = f(x,c)

SW & AM (CL @ UIBK)

o
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Example

oMKBtt run on

{ (glf(b)) : 2,2.2, (¢}, 2,2)
o= {<u»m fx

(), 2,2,{¢},2,2)

b
where termination checks use polynomial interpretation

[fl(x,y) = x+2y + 1, [g](x) = x+ 1 and [a]
succeeds with

=[] =[d =0
f(f(x,b). @) = (<, f(y, b)) &(f(x, b)) 2
EUR={ f(f(x.b).2) = (f(y.b).a) f(x,8(y)) > f(&(x).)
e, f(x,b) = (e Ty b)) F(e(x). F(y,b) = f(x,0)
>

no finite completion using LPO or KBO
as orientation f(g(x)

SW & AM (CL @ UIBK)

) — f(x,g(y)) leads to divergence
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Refutational Theorem Proving with oMKBtt
Definition

Given ground conjecture s &~ t and axioms &, initial node set is

NEFE= Ng U {(eq(x, x) : true, &, &, {€},...)}
U {{eq(s, t) : false, @, &, {€},...)}
for fresh symbols eq, true and false

SW & AM (CL @ UIBK)
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Refutational Theorem Proving with oMKBtt
Definition

Given ground conjecture s &~ t and axioms &, initial node set is

NEFE = Ng U {(eq(x, x) : true, &, &, {€},...)}
U {{eq(s, t) : false, @, &, {€},...)}
for fresh symbols eq, true and false

Lemma

> IFNEEE B N U {(true : false,...)} then s = t € <>
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Refutational Theorem Proving with oMKBtt
Definition

Given ground conjecture s &~ t and axioms &, initial node set is

NEFE = Ng U {(eq(x, x) : true, &, &, {€},...)}
U {{eq(s, t) : false, @, &, {€},...)}
for fresh symbols eq, true and false

Lemma

(true : false, .. .)

> IFNEEE B N U {(true : false,...)} then s = t € <>}
» Ifs~t €<% then sufficiently fair oMKBttoa run generates

SW & AM (CL @ UIBK)
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Experiments

Ordered Completion

» 767 theories of TPTP UEQ systems

oMKBtt interfacing T1To
for termination checks
oMKBtt
kbo Ipo | mpo | poly | tttototal
93 20|47 00|83 10|79 21|82 23

(1)  # successes
SW & AM (CL @ UIBK)

(2)  average execution time for success ig seconds
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Experiments

Ordered Completion
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total termination techniques
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Experiments
Ordered Completion

» 767 theories of TPTP UEQ systems

kbo
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Ipo | mpo | poly | tttototal | auto
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Experiments

Ordered Completion

» 767 theories of TPTP UEQ systems

oMKBtt E
kbo Ipo | mpo | poly | tttototal auto
93 20|47 00|83 10|79 21|82 23|45 -1
Theorem Proving
» TPTP UEQ systems
oMKBtt
kbo Ipo poly |ttt2fast
casy (215) | 107 17 | 164 27 | 143 50 | 138 50
difficult (565) | 179 64 | 152 50 | 109 96 | 121 55
(1)  # successes
SW & AM (CL @ UIBK)

(2)

average execution time for success i seconds
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Experiments

Ordered Completion

» 767 theories of TPTP UEQ systems

oMKBtt E
kbo Ipo | mpo | poly | tttototal auto
93 20|47 00|83 10|79 21|82 23|45 <1
Theorem Proving
T7T, using DPs, DG and LPO
» TPTP UEQ systems
oMKBtt
kbo Ipo poly |ttt2fast
easy (215) | 197 17 | 164 27 | 143 50 | 138 50
difficult (565) | 179 64 | 152 50 | 109 96 | 121 55
(1)  # successes
SW & AM (CL @ UIBK)

(2)

average execution time for success i seconds
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Experiments

Ordered Completion

» 767 theories of TPTP UEQ systems

oMKBtt E
kbo Ipo | mpo | poly | tttototal auto
93 20|47 00|83 10|79 21|82 23|45 <1
Theorem Proving
» TPTP UEQ systems
oMKBitt Waldmeister
kbo Ipo poly | tttofast auto
easy (215) | 197 17 | 164 27 | 143 59 | 138 50 | 199 <2
difficult (565) | 179 64 | 152 50 | 109 96 | 121 55 | >400 <5
(1)~ # successes. (2) average execution time for success ig seconds
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Experiments

Ordered Completion

» 767 theories of TPTP UEQ systems

oMKBtt
kbo

Ipo | mpo | poly
93 20|47 90|83

E
| tttototal auto
1979 21|82
Theorem Proving

23 [ 45 <1
» TPTP UEQ systems

oMKBtt Waldmeister
kbo | Ipo poly | tttofast auto
easy (215) | 197 17 | 164 27 | 143 59 | 138 50 | 199 <2
difficult (565) | 179 64 | 152 50 | 109 96 | 121 55 | >400 <5
CASC-J5 (100) | 9 47

(1)  # successes  (2)
SW & AM (CL @ UIBK)

average execution time for success i seconds
Termination Tools in Ordered Completion
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Conclusion

» oMKBLtt is ordered completion tool 4+ equational theorem prover
not requiring explicit reduction order as input

» oMKBtt combines termination tools with multi-completion approach

» ground-confluence only with restriction on termination techniques

y

SW & AM (CL @ UIBK)
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Conclusion

» oMKBLtt is ordered completion tool 4+ equational theorem prover
not requiring explicit reduction order as input

Future Work

» oMKBtt combines termination tools with multi-completion approach
» ground-confluence only with restriction on termination techniques

4

» check applicability to other variants of completion
» performance of implementation

> new competition: (ordered) completion?

SN EEERER)
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