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Notation

Fix
e [ set of labels

e >~ well-founded order on L
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L

Fix
e [ set of labels

e >~ well-founded order on L

Define
o = o, =,
e Ya={y|a>~}, Ya,7y=YaU Yy

° ? = UaES(?)
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Decreasing Diagrams

Decreasing Diagrams

Theorem (van Oostrom 2008)
Let (—)aer be a family of ARSs satisfying

(e

e
a v Ya oy o

for all o,y € L. Then ? is confluent.
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Decreasing Diagrams

Proofs

e van Oostrom 1994: (for joining valleys only)

e using lexicographic path measure
o (rectangular) diagram pasting
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Decreasing Diagrams

e van Oostrom 1994: (for joining valleys only)
e using lexicographic path measure
o (rectangular) diagram pasting
e van QOostrom 2008:
e also pasting diagrams
e Jouannaud, van Oostrom 2009:
e using measure for rewrite proofs

e replacing local peaks decreases measure
e not a proof order: proof concatenation not monotone
Observations
e pasting fails if any local peak cannot be joined
e resulting normal forms can be interesting
e what about subproofs other than local peaks?

= devise proof order compatible with decreasing diagrams
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@ Proof Order
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Proof Order

Further Notation

Abstract proof steps

o steps 0,0, d fora e L
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Proof Order

Further Notation

Abstract proof steps
o steps 0,0, d fora e L
o inverse (W) 1=7, (@) l=a (d) =%

e S —(wad|acs)
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Proof Order

Further Notation

Abstract proof steps

°Step5‘aaa>forae,c

. inverse (5)1=3, (@ l=a (d) =%
={%,a,d|acS)
(—)

e variables ‘&’ € [
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Proof Order

Further Notation

Abstract proof steps
o steps 0,0, d fora e L
o inverse (W) 1=7, (@) 1=a (d) =
e S —(wad|acs)
e variables ‘& ¢ ?
o & - Fiffars -~y
Orders
® >1 Xlex >2 and >y
e multisets {...[}

ot
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Proof Order

Proof String Orders

Definition

Proof strings are strings over L . Concatenation is - and ¢ is the empty
string. Inversion is defined by e ! = e and (‘& - P)"1 = P1. (&) !
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Proof String Orders
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string. Inversion is defined by e ! = e and (‘& - P)"1 = P1. (&) !

Definition

An order on proof strings > is a proof string order if
e > is well-founded
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Proof String Orders

Proof strings are strings over L . Concatenation is - and € is the empty
string. Inversion is defined by e ! = e and (‘& - P)"1 = P1. (‘&) L.

v

An order on proof strings > is a proof string order if

e > is well-founded
P> QimpliesP-R>Q-Rand R-P>R-Q
P> Q implies P71 > Q1

proof strings are abstract abstract rewrite proofs

proof string orders are abstract proof orders
(Bachmair, Dershowitz 1994)
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Measuring Proof Strings

We define []™ measuring proof strings by
[PI" = {(&,[RI") | P= Q- & - R}

u{(@ o) P=Q-
U{(@,[Q™ | P =

a- R}
Q- R}
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Measuring Proof Strings

We define []™ measuring proof strings by

[PI" = {(&,[RI") | P=Q-& R}
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u{(@,[Q") | P=Q-d R}

[4" =2
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Proof Order

Measuring Proof Strings

We define []™ measuring proof strings by
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Measuring Proof Strings

We define []™ measuring proof strings by
[PI" = {(&,[RI") | P= Q- & - R}
U{(@,2)|P=Q -a- R}
U{(@,[QI" | P=Q-d R}

[€]" =2
[& - 31" = {(&, [F1™), (7, [&]M)}
={(@AAF. o)), (7 A(&, 2)1)}
[7 : 7 : E]m = ﬂ(ﬁ? @)’ (77 {I(ﬁv @)I}), (Ev Q)H’
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Proof Order

Comparing Proof Strings

Definition

We define ¢ inductively by s =g {(57, t1), - - - (Yms tm)]} iff
e s>gtiforl<i<m
e 5> t where > = > Xjex > g

Let P o Q iff [P]" =4 [Q]™.
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Proof Order

Properties

e IS @ proof string order.

Bertram Felgenhauer (ICS / A Proof Order for Decreasing Diagrams IWC 2012



Proof Order

Properties
e IS a proof string order. I

e first clause of -4, ensures well-foundedness of >4 (rpo)

Definition

We define > inductively by s =¢ {(57, t1), - - ., (Yms tm) ]} iff
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Proof Order

Properties
e IS a proof string order. I

e first clause of -4, ensures well-foundedness of >4 (rpo)

e it is redundant for >,

Definition

We define > inductively by s =¢ {(57, t1), - - ., (Yms tm) ]} iff
e sgtiforl<i<m
® s> t where > = > Xy > g

Let P -o Q iff [P]" =4 [Q]™.
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e IS a proof string order. I

[& - PI™ = {(&. [P}
V(- IPIM | (7. [P € [PI7D
U{(.2) | (7.2) € [PI"}
V(T [& - PIM | (7P € [PI7D

similar for @, o
(:

e comparison [P]™ =g [R]™ carries over to [@& - P]™ ¢ [@ - R]™.
e (strict) monotonicity of - wrt. -, follows
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Progress

e Confluence (modulo)
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Confluence (modulo)

Confluence by Decreasing Diagrams

<5>.QforQ€(<Y_o>z)*
DR 7>.QforQ€ Ya 7) (Yo, 7)* ( )? (Y”y)*
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Confluence by Decreasing Diagrams

Lemma

.H».QforQE(%f—o)z)*
T e Q for Qe (V&) - (7) - (Yar 3) - (&) - (V)

Corollary

Let ( Jacr be a family of ARSs satisfying

e
(€7 vy

for all o,y € L. Then ? is confluent.
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Confluence (modulo)

Confluence by Decreasing Diagrams

Lemma

o - QforQ€(<\f_o><)*
&7 = Qfor Qe (V) - (7) - (Yo ) - (&) (V)

v

Corollary

Let (—)aer be a family of ARSs satisfying

a

*
== C=o
« Yy Ya

= |

*
o s o
Yo,y

= Ti

*
o —=
Yy

for all o,y € L. Then ? is confluent.

Bertram Felgenhauer (ICS / UIBK) A Proof Order for Decreasing Diagrams IWC 2012 14/19



Confluence (modulo)

Confluence by Decreasing Diagrams

Lemma

T e Q for Q € (YA)*
T = Qfor Qe (V&) - (7)- (Va, 3)r - (&) - (V3)"

v

Corollary

Let (—)aer be a family of ARSs satisfying

a

*
=0 = € =
@ ¥ Yo

*
° S—w
Yy

= |
o Ti

*
o0 el o
Yo,y

for all o,y € L. Then ? is confluent.
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Confluence by Decreasing Diagrams

Lemma

.E».QforQE(%f_oé)*
T e Q for Qe (V&) - (7) - (Yar 3) - (&) - (V)

Corollary

Let ( Jacr be a family of ARSs satisfying

e
(€7 vy

for all o,y € L. Then ? is confluent.

e analysis of normal forms
o if - C <Yi> then local peaks involving — can be excluded
(03 (6% «
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Confluence (modulo)

Confluence Modulo

T e Qif Qe (Ya)
. m.@/foe( Y& (@) (Yo ) (') - ()
Ba 7 = QifQe(Ya)y (7) - (Ya, )
Ba 7 - QifQe(Yanvi) - (7) (V) -a- (V)
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Confluence (modulo)

Confluence Modulo

lfa-nandy>=nthena -7 = 71 - 7 - @:

[@- 71" ={(@ 2),(7 1@ 2)}
[7 -7 -al™ = {(@ 2),(7,2), (7 AT, 2)1)}
[@ 71" e [77 -7 -al”

Bertram Felgenhauer (ICS / UIBK) A Proof Order for Decreasing Diagrams IWC 2012 15/19



Confluence (modulo)

Confluence Modulo
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Confluence (modulo)

Confluence Modulo

lfa-nand~y>=nthena -7 = 71 - 7 - @:

[@- 71" ={(@ 2),(7 . i@ 2)h)}
[7 -7 -a™ = (@ 2),(7.2), (7 AT, 2))}
[@ 71" e [77 -7 -al”
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Main Result

Let ( acc and (I——I)aeg be families of ARSs, where }—| is symmetric.
Defme = =—U |—|. If
o o e

for all a,~y € L, then ? is Church-Rosser modulo |:| i
L

& *

(bUH)CS H-&
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Confluence (modulo)

Corollary (Ohlebusch 1998)
Let (—)aer be a family of ARSs and - be a symmetric relation.

«

Then ? is Church-Rosser modulo |:| if for all a,v € L

* = * & * = *
<__>g_>_> R = " e o —
a ¥ Yo Y Yo,y Yo,y a Yy
* & * =
and H-—C — - ¢— ¢
(o] Yo Yo @
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Corollary (Ohlebusch 1998)
Let ( Jacr be a family of ARSs and - be a symmetric relation.

Then ? is Church-Rosser modulo l—i, if for all a,v € L

a ¥ Yo % Yo,y Yo,y a Yy
* =
and - — C Zs .. &
(o] Yo Yo @

Corollary (Aoto, Toyama 2011)
Let ( )acr and symmetric (H)aeg be given, and

X
[l
o]
C
T

Then ? is Church-Rosser modulo |—|, if for all a,y € L,
L

— = C<— and H-— C <.
a9 Ya,y a 7

V.
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Confluence (modulo)

Summary

This talk

e confluence by proof rewriting
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Confluence (modulo)

This talk

e confluence by proof rewriting

e termination by proof (string) order

e admissibility of P = @ can be established from P =, Q@
Future

e commutation modulo (cf. van Oostrom 2008)

e concrete criteria for TRSs

Thank you!
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Confluence (modulo)

Bonus

Let the linear TRS R be given by

f(u(O),u(y)) = A O —=u(0) u(x)—x
f(v(x),v(0)) =B O —=v(0) v(x)— x

f(x,y) = f(x,u(y))
f(x,y) = f(v(x),y)

‘R is not confluent:
A < £(0,0) = B
R R
‘R has deeply joinable critical peaks:
o < f(u(0),u(y)) = reach A
« & f(v(x),v(0)) X5 reach B
o & f(x,y) 5 reach f(x,y)

e &~ 0% reach O
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