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Parts

Recall:

P = EXPTIME0 ⊂ ELEMENTARY =
⋃
k∈N

EXPTIMEk

cons-free non-
deterministic programs

with data order 0

cons-free non-
deterministic programs
with data order k > 0
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Parts

We show:

• the decision problem accepted by a non-deterministic
cons-free program with data order 0 (so a first-order cons-free
TRS) is in P

• a non-deterministic cons-free program with data order 0 can
decide any decision problem in P

• the decision problem accepted by a non-deterministic cons-free
program is in ELEMENTARY regardless of data order

• a non-deterministic cons-free program with data order 1 can
decide any decision problem in ELEMENTARY
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data order 0 ⇒ in P

Constructing an algorithm

Rules:

Subseq([], t) → True Subseq(s, t) → Subseq(s, tl(t))
Subseq(s, []) → False Subseq(0;x, 0; t) → Subseq(s, t)

tl(x; y) → y Subseq(1;x, 1; t) → Subseq(s, t)

Start term: Subseq(0; 0; 1; [], 0; 1; 0; 1; [])
Let B =
{0; 0; 1; [], 0; 1; [], 1; [], [], 0; 1; 0; 1; [], 1; 0; 1; [], True, False}
Make a list:

Subseq(0; 0; 1; [], 0; 0; 1; []) →∗ {}
Subseq(0; 0; 1; [], 0; 1; []) →∗ {}

. . .
Subseq(0; 1; [], 0; 0; 1; []) →∗ {}

. . .
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Subseq([], t) → True Subseq(s, t) → Subseq(s, tl(t))
Subseq(s, []) → False Subseq(0;x, 0; t) → Subseq(s, t)

tl(x; y) → y Subseq(1;x, 1; t) → Subseq(s, t)

Statements:
tl(0; 1; 0; 1; []) →∗

1; 0; 1; []

tl(1; 0; 1; []) →∗

0; 1; []

. . .
Subseq(0; 0; 1; [], 0; 1; 0; 1; []) →∗
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Parts

We show:

• the decision problem accepted by a non-deterministic
cons-free program with data order 0 (so a first-order cons-free
TRS) is in P

• a non-deterministic cons-free program with data order 0 can
decide any decision problem in P

• the decision problem accepted by a non-deterministic cons-free
program is in ELEMENTARY regardless of data order

• a non-deterministic cons-free program with data order 1 can
decide any decision problem in ELEMENTARY
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Motivation Cons-free Programming / Term Rewriting Characterisations Conclusion

Simulating Machines

Claim: we can simulate any PTIME Turing Machine

Example:

main

A0

A1

start

B0

B1

rejectaccept

0/B R

1/B R

B/B L

B/B L

0/B L
B/B L

1/B L
B/B L

B/B R

1/B L

0/0 L

1/1 L
B/B L

0/0 R
1/1 R

0/0 R
1/1 R

Runs in: < 2 · (n+ 1)2 steps

Transition(Start, 0) → X(Start, 0, L)
Transition(Start, 1) → X(Start, 1, L)
Transition(Start,B) → X(Main,B,R)
Transition(Main, 0) → X(A0,B,R)

Transition(Accept, x) → X(Accept, x,N)
. . .
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Simulation: Turing Machine running in < 2 · (n+ 1)2 steps.

Transition(Start, 0) → X(Start, 0, L)
Transition(Start, 1) → X(Start, 1, L)
Transition(Start,B) → X(Main,B,R)
Transition(Main, 0) → X(A0,B,R)

Transition(Accept, x) → X(Accept, x,S)
. . .

Representation: (l1, l2, l3) =⇒ |l1| · (n+ 1)2 + |l2| · (n+ 1) + |l3|

TransitionAt(i, t1, t2, t3) → Transition(State(i, t1, t2, t3),
CurTape(i, t1, t2, t3))

State(i, [], [], []) → Start
State(i, t1, t2, x; y) → Fst(TransitionAt(i, t1, t2, y))
State(i, t1, x; y, []) → Fst(TransitionAt(i, t1, y, i))
State(i, x; y, [], []) → Fst(TransitionAt(i, y, i, i))
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Simulating Machines

Observation:

to simulate a machine running in < f(n) steps,
we must only be able to represent numbers 0, . . . , f(n)− 1

Basic Idea:

• simulate numbers < A · (n+ 1)B by tuples (l1, . . . , lB, lB+1)
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Parts

We show:

• the decision problem accepted by a non-deterministic
cons-free program with data order 0 (so a first-order cons-free
TRS) is in P

• a non-deterministic cons-free program with data order 0 can
decide any decision problem in P

• the decision problem accepted by a non-deterministic cons-free
program is in ELEMENTARY regardless of data order

• a non-deterministic cons-free program with data order 1 can
decide any decision problem in ELEMENTARY
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Logical Conclusion:

if we can count up to expk2(n) for any k
then we can simulate any TM running in bounded time

so we can handle all problems in ELEMENTARY
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Counting up to 2n

Non-deterministic Counting:

Idea:

• input list of length n, sublists represent numbers 0, . . . , n

• term s : bool⇒ list, represents bit vector x1 . . . xn if:
• s True→∗ “i” iff xi = 1
• s False→∗ “i” iff xi = 0

use non-determinism!

set1 n F True → n set0 n F True → F True
set1 n F True → F True set0 n F False → n
set1 n F False → F False set0 n F False → F False

bit vector 10110:
set1 “1” (set0 “2” (set1 “3” (set1 “4” (set0 “5“ (const “0”)))))
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Counting up to 2n

Non-deterministic Counting:

Idea:

• input list of length n, sublists represent numbers 0, . . . , n

• term s : bool⇒ list, represents bit vector x1 . . . xn if:
• s True→∗ “i” iff xi = 1
• s False→∗ “i” iff xi = 0

use non-determinism!

bitset F n → if (equal (F True) n) then True
else if (equal (F False) n) then False
else bitset F n
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Counting up to arbitrary powers

Non-deterministic Counting:

Idea:

• input list of length n, sublists represent numbers 0, . . . , n

• term s : bool⇒ list, represents bit vector x1 . . . xn if:
• s True→∗ “i” iff xi = 1
• s False→∗ “i” iff xi = 0

• term s : bool⇒ (bool⇒ list), represents bit vector x1 . . . x2n
if:

• s True→∗ [i] iff xi = 1
• s False→∗ [i] iff xi = 0

• term s : bool⇒ (bool⇒ (bool⇒ list)), represents bit vector
x1 . . . x22n if:

• s True→∗ JiK iff xi = 1
• s False→∗ JiK iff xi = 0

• . . .
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if:

• s True→∗ [i] iff xi = 1
• s False→∗ [i] iff xi = 0

• term s : bool⇒ (bool⇒ (bool⇒ list)), represents bit vector
x1 . . . x22n if:

• s True→∗ JiK iff xi = 1
• s False→∗ JiK iff xi = 0

• . . .
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Parts

We show:

• the decision problem accepted by a non-deterministic
cons-free program with data order 0 (so a first-order cons-free
TRS) is in P

• a non-deterministic cons-free program with data order 0 can
decide any decision problem in P

• the decision problem accepted by a non-deterministic cons-free
program is in ELEMENTARY regardless of data order

• a non-deterministic cons-free program with data order 1 can
decide any decision problem in ELEMENTARY
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Originally known:

• deterministic cons-free programs with data order k
characterise EXPTIMEk

• non-deterministic cons-free programs with data order 0
characterise EXPTIME0

What have we learned?

• non-deterministic cons-free programs with data order k do not
in general characterise EXPTIMEk

• non-deterministic cons-free programs with data order k > 0
characterise ELEMENTARY

Why is this important?

• surprising result on the power of non-determinism

• idea may be reusable towards more fine-grained
characterisations

Questions?
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