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Confluence

Confluence implies at most one normal form for any term. Thus,
confluent term rewriting systems give flexible computation and
effective deduction for equational systems.
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Classical Criteria for Confluence

@ Terminating TRS is confluent iff all critical pairs in it are joinable
(Knuth and Bendix 1970).
@ Left-linear non-overlapping TRS is confluent (Rosen 1973).

@ Left-linear parallel-closed TRS is confluent (Huet 1980).
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Confluence Criterion for Terminating TRS

@ Terminating TRS is confluent iff all critical pairs in it are joinable
(Knuth and Bendix 1970).

Thus confluence of terminating TRSs is decidable.
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Classical Criteria for Confluence

@ Left-linear non-overlapping TRS is confluent (Rosen 1973).

Term is linear if no variable occurs more than once.

TRS is left-linear if the left-hand side is linear
for every rewrite rule.

TRS is non-overlapping if it has no critical pairs.
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Confluence Criteria
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Classical Criteria for Confluence

@ Left-linear parallel-closed TRS is confluent (Huet 1980).

Huet criterion for left-linear TRS was extended by Toyama (1981,
1988), van Oostrom (1995), Gramlich (1996), Oyamaguchi and
Ohta (1997, 2003), Okui (1998), et al.
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Confluence Criterion (Huet 1980)

@ Left-linear TRS is confluent if every critical pair satisfies parallel-
closed.

Parallel reduction is defined by
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Confluence Criteria
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'''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''

Knuth-Bendix

Terminating ..................................................................................................................................... :

i

Non-
Terminating

iToyamal "~
( 108 CS)) ....................................................................................................................
%, van Oostrom

-------------------------------------------------

© Yoshihito Toyama 10/53



Critenia for

Questions:

IWC 2012 MAy 29, 2012

Non-Left-Linear Non-Terminating TRS?

Is a left-linear non-overlapping TRS + parallel-if confluence?

parallel-if <

( if(true, z,y) — «
if(false, z,y) — vy (O’Donnell 1977)

\ if(z,x,x) > «
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Criteria for Non-Left-Linear Non-Terminating TRS?

Questions:
Is a left-linear non-overlapping TRS + parallel-if confluence?

( if(true, ¢, y) — «
parallel-if < if(false,xz,y) — y (O’Donnell 1977)
\ if(z,z,x) > x

Note that we cannot apply all the confluence criteria which have
been mentioned to this problem.
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Direct Sum of TRSs

Let R; on F; and R5 on 5 be two TRSs with F; N Fy = .
Then the direct sum R; P R is defined as the new TRS R;UR-
on 1 U Fo.

Mixed Term |
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Modularity of Confluence

R, and R5 are confluent < R; @ R- is confluent.
(Toyama 1987)
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Modularity of Confluence

R, and R5 are confluent < R; @ R- is confluent.
(Toyama 1987)

Example: Let R on F be a left-linear non-overlapping TRS, and
let F N {if, true, false} = ¢. Then R + parallel-if is confluent.

if(true, x,y) —
parallel-if < if(false,z,y) — y
if(z,z,x) > «
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Modularity of Confluence

R, and R5 are confluent < R; @ R- is confluent.
(Toyama 1987)

Example: Let R on F be a left-linear non-overlapping TRS, and
let F N {if, true, false} = ¢. Then R + parallel-if is confluent.

if(true, x,y) —
parallel-if < if(false, xz,y) — y
if(z,z,x) > «

Note that R is confluent from Rosen criterion, and parallel-if is
confluent from Knuth-Bendix criterion.
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Divide and Conquer by Modularity

L eft-Linear Non-Left-Linear
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R, and R5 are confluent < R; @ R- is confluent.

Drawback:
The disjointness requirement F; N F2 = ¢ is too strong.
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Confluence Criteria for Non-Disjoint Union

R, and R5 are confluent < R; @ R- is confluent.

Drawback:
The disjointness requirement F; N F2 = ¢ is too strong.

Persistency (Zantema 1994) generalizes the modularity w.r.t.
direct sum.

For any simple type T,
R™ has property P <—> R has property P.
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Introducing Simple Type 7

e Typed Terms

fio1 X XOpy >0, t1:01,°,t,: 0,
f(ty,---,tp) o

@ 19 is the set of all terms with type o.

@ For every rulel — r € R, | and r have the same type.
e If x : o then x0 : o.

e R C R7 is the set of all rules applicable to some term with
type o.
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Persistency of Confluence

RT™ is confluent for some simple type 7 = R is confluent.
(Aoto and Toyama 1997)

f(z) — g(x)

R a(z,y) = a(f(x), f(x))
b(f(x), ) — b(z, f(x))
b(g(x),x) — b(x,g(x))

We have the most general type

\

( £:0—>0
g:0—->0
a:0x0—>1

\b:OXO—)Z

Then R™ is confluent because ......
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Persistency of Confluence

R; { f(z) — g(=)

pr | F(@) = g(@)
ol a(z,y) — a(f(x), f(x))

[ f(z) = g(x)

/\

R; 4§ b(f(x),x) = b(z, f(x))
 blg(=z), z) — bz, g(x))
[ £:0—0
o g:0—>0

a:0x0—1
\b:OXO—>2

RJ and R are confluent by Rosen’s criterion, and RJ is
confluent by Knuth-Bendix’s criterion.
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Undecomposable TRSs

[ f(z,z) = flg(x),x)
f(g(il?), w) — .f(h(w)a h(m))
| h(g(z)) = g(g(h(x)))

We have the most general type

R

/"

)
f:0x0—>1
g:0—>0

\h:O—)O

~]

But RT = R".
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Elimination of Left-Non-Linearity

Let Cy = {c, | *x € V}.

flg(z,y),y) € T(F,V) < f(g(ca, Cy)9c’y) € T(FUCy)

From now on we consider R over T'(F U Cy,) instead of R over
T(F,V).

Note that R over T'(F UCY) is confluent iff so is R over T'(F, V).
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Elimination of Left-Non-Linearity

[ f(z,z) = flg(x),x)
f(g(w)v CB) — .f(h(w)a h(w))
| h(g(z)) = g(g(h(x)))

=

)
f:0x0—>1
T < g:0—0
\h:O—)O

Ry { h(g(x)) — g(g(h(x)))

Note that every left-non-linear variable in R™ has type 0 and
RJ is terminating.

Replace left-non-linear variables in R™ with ground normal terms
with type O.
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Elimination of Left-Non-Linearity

[ f(z,z) = f(g(z),x)
f(g(w)v C'3) — .f(h(m)a h(w))
| h(g(z)) = g(g(h(x)))

)
f:0x0—>1
T < g:0—0
\h:O—)O

=

Then we have

[ f(n,n) = f(g(n),n)
f(g(n),n) — f(h(n),h(n))
h(g(n)) — g(g(h(n)))
for everyn € T(FUCy)° N NF(R™)

R’T

3
<

\

Note that R:Lf iIs left-linear but infinite.
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Relation between R™ and R;f

f(s, s) > f(g(s), s)
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Relation between R™ and R;f

f(s, s)
In| |In
RT * *

f(n, n)

>

1(9(s), s)
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Relation between R™ and R;f

f(s, s) ——  f(9(s), s)
RT i*n i*n R

f(n, n) — f(g(n), n)
R nt
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Relation between R™ and R;f

f(s, s) — f(g(s), s)
11 R . .
N N N N
RT * * * * RT
vy v v
f(n, n) —  f(g(n), n)
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Relation between R™ and R;f

f(s, s) e > f(g9(s), s)
N N N N
Rﬁf* * * * R;n‘
vy v v
f(n, n) ——  f(g(n), n)
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Relation between R™ and R;f

f(s, s)

N
T
Rnf*

N

*

f(n, n)

—  1(g(s), s)
R . .
N N
* * R-Il’:]f
vy v
— f(g(n), n)
R nf

Since — R, C —»>pr C <1>er, we have & pr = <1>er.
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Confluence Criterion of R™

. %k % sk
Since —R7 C —»>rr C FRT . We have <> pr = <RT -

Thus, if R,}'Lf iIs confluent then R™ is confluent.
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Confluence Criterion of R™

. %k % sk
Since —R7 C —»>rr C FRT . We have <> pr = <RT -

Thus, if R,}'Lf iIs confluent then R™ is confluent.
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Confluence Criterion of R™

*
S t
4 1 >,
s‘ Rnf "
R *x,°
Rnf ¢ Rnf
1»

u

. %k % sk
Since —R7 C —»>rr C FRT . We have <> pr = <RT -

Thus, if R,}'Lf iIs confluent then R™ is confluent.
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Confluence Criterion of R™

*
S t
S - -,
s‘ R "
\* * .
1 . . 1
RY . R
\}'
u

. %k % sk
Since —R7 C —»>rr C FRT . We have <> pr = <RT -

Thus, if R,}'Lf iIs confluent then R™ is confluent.
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Confluence Criterion of R™

*
S L
S - <
s‘ R "
%k *
1 N ‘ 1
R' - 2R
\}'
u

- k %k k
Since —R7 C —»>rr C FRT . We have <> pr = <RT -

Thus, if R;’lf iIs confluent then R™ is confluent.

From persistency of confluence,
if R:Lf is confluent then R is confluent!
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Confluence Criterion of RZ;,f

o R] . is left-linear (and infinite).
o) R,,’;f is non-overlapping.

From Rosen’s criterion, R;f iIs confluent.
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Confluence Criterion of Rj;f

o R] . is left-linear (and infinite).

o R is non-overlapping =- R:;,f is non-overlapping.
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Confluence Criterion of R;’Lf

o R] . is left-linear (and infinite).
o R is non-overlapping =- R:;,f is non-overlapping.

e, z,y] = rlz,y,y] €R
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Confluence Criterion of RZ;,f

o R] . is left-linear (and infinite).
o R is non-overlapping =- R;f is non-overlapping.

e, z,y] = rlz,y,y] €R

iz 2% y'] — rlz’,yy'] € R™
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Confluence Criterion of R;fbf

o R . is left-linear (and infinite).

e R is non-overlapping = R;f is non-overlapping.
lx, 2, y] = rlr,y,y] € R

1[z°, 20, y'] — r[z°, y',y'] € R"

0

[n°,n° y'] = r[n° y'y'l € R}, where n’is ground normal.
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Confluence Criterion of RZ;,f

o R . is left-linear (and infinite).

e R is non-overlapping = R;f is non-overlapping.
lx, 2, y] = rlr,y,y] € R

1[z°, 20, y'] — r[z°, y',y'] € R"

0

[n°,n° y'] = r[n° y'y'l € R}, where n’is ground normal.
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Confluence Criterion of RZ;,f

o R . is left-linear (and infinite).

e R is non-overlapping = R;f is non-overlapping.
lx, 2, y] = rlr,y,y] € R

1[z°, 20, y'] — r[z°, y',y'] € R"

0

[n°,n° y'] = r[n° y'y'l € R}, where n’is ground normal.

—
X Xy X Yy

N—AL £

© Yoshihito Toyama 44/53



IWC 2012 MAy 29, 2012

Confluence Criterion of RZ;,f

o R . is left-linear (and infinite).

e R is non-overlapping = R;f is non-overlapping.
lx, 2, y] = rlr,y,y] € R

1[z°, 20, y'] — r[z°, y',y'] € R"

0

[n°,n° y'] = r[n° y'y'l € R}, where n’is ground normal.

A—@—A

n0
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Confluence Criterion of RZ;,f

o R . is left-linear (and infinite).

e R is non-overlapping = R;f is non-overlapping.
lx, 2, y] = rlr,y,y] € R

1[z°, 20, y'] — r[z°, y',y'] € R"

0

[n°,n° y'] = r[n° y'y'l € R}, where n’is ground normal.

STA—N

n’ n° n°
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Confluence Criterion of R

o R] . is left-linear (and infinite).
o R is non-overlapping =- R;f is non-overlapping.

From Rosen’s criterion, R;f iIs confluent.
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Confluence Criterion of R

o R] . is left-linear (and infinite).
o R is non-overlapping =- R:;,f is non-overlapping.

From Rosen’s criterion, R;f iIs confluent.

Theorem. Let R be non-overlapping and have some type 7 such
that for every left-non-linear variable =7 in R™, R is terminating.
Then R is confluent.
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Confluence Criterion of RZ;,f

o R] . is left-linear (and infinite).
0 R?’;f is parallel-closed.

From Huet’s criterion, R;f iIs confluent.
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Confluence Criterion of Rj;f

o R] . is left-linear (and infinite).

o R is parallel-closed - R] . is parallel-closed.
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Confluence Criterion of R;f

o R] . is left-linear (and infinite).

o R is parallel-closed = R,’;f is parallel-closed.
with left-linear rules
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Confluence Criterion of R

o R] . is left-linear (and infinite).

o R is parallel-closed = R,’;f is parallel-closed.
with left-linear rules

From Huet’s criterion, R;f iIs confluent.

Theorem. Let R be parallel-closed with left-linear rules and have
some type 7 such that for every left-non-linear variable =, R is
terminating. Then R is confluent.
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Conclusion

o Elimination of left-non-linearity by type introduction
@ Confluence criteria for typed infinite left-linear TRSs
e Implementation of automated procedure

@ Experiments for several examples
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