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—— Abstract

Logically constrained term rewriting is a relatively new formalism where rules are equipped with

constraints over some arbitrary theory. Although there are many recent advances with respect to
rewriting induction, completion, complexity analysis and confluence analysis for logically constrained
term rewriting, these works solely focus on the syntactic side of the formalism lacking detailed
investigations on semantics. In this paper, we investigate a semantic side of logically constrained
term rewriting. To this end, we first define constrained equations, constrained equational theories
and validity of the former based on the latter. After presenting the relationship of validity and
conversion of rewriting, we then construct a sound inference system to prove validity of constrained
equations in constrained equational theories. Finally, we give an algebraic semantics, which enables
one to establish invalidity of constrained equations in constrained equational theories. This algebraic
semantics derives a new notion of consistency for constrained equational theories.

2012 ACM Subject Classification Theory of computation — Equational logic and rewriting

Keywords and phrases constrained equation, constrained equational theory, logically constrained
term rewriting, algebraic semantics, consistency

Digital Object Identifier 10.4230/LIPIcs.FSCD.2024.31
Related Version Full Version: https://arxiv.org/abs/2405.01174 [1]

Funding This research was supported by the FWF (Austrian Science Fund) project I 5943-N and
JSPS-FWF Grant Number JPJSBP120222001.

Takahito Aoto: JSPS KAKENHI Grant Numbers 21K11750, 24K14817

Naoki Nishida: JSPS KAKENHI Grant Number 24K02900

Jonas Schopf: FWF (Austrian Science Fund) project I 5943-N

Acknowledgements We thank the anonymous reviewers for their valuable feedback, which improved

the paper.

1 Introduction

Logically constrained term rewriting is a relatively new formalism building upon many-sorted
term rewriting and built-in theories. The rules of a logically constrained term rewrite system
(LCTRS, for short) are equipped with constraints over some arbitrary theory, which have to
be fulfilled in order to apply rules in rewrite steps. This formalism intends to live up with
data structures which are often difficult to represent in basic rewriting, such as integers and
bit-vectors, with the help of external provers and their built-in theories.

Logical syntax and semantics are often conceived as two sides of the same coin. This is
not exceptional, especially for equational logic in which term rewriting lies. On the other
hand, although there are many recent advances in rewriting induction [9], completion [20],
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complexity analysis [21], confluence analysis [13, 15, 17] and (all-path) reachability [4, 12, 11]
for LCTRSs, these works solely focus on the syntactic side of the formalism, lacking detailed
investigations on semantics.

In this paper, we investigate a semantic side of the LCTRS formalism. To this end,
we first define constrained equations (CEs, for short) and constrained equational theories
(CE-theories, for short). In (first-order) term rewriting, the equational version of rewrite rules
is obtained by removing the orientation of the rules. However, in the case of LCTRSs, if we
consider a constrained rule £ — r [¢] and relate this naively to a CE £ & r [¢], which does
not distinguish between left- and right-hand sides, we lose information about the restriction
on the possible instantiation of variables. This motivates us to add an explicit set X to each
CE {7 [p] as IIX. £ ~ 1 [p]! — we name variables in X as logical variables with respect to
the equation. A CE-theory is then defined as a set of CEs. Similar to the rewrite steps of
LCTRSs, we define validity by convertibility if all logical variables are instantiated by values
— we denote this notion of validity as CE-validity for clarity.

After establishing fundamental properties of the CE-validity, we present its relation to the
conversion of rewriting. However, the conversion of rewriting is useful in general to establish
the validity of arbitrary CEs. This motivates us to introduce CECy, an inference calculus
for deriving valid CEs. After demonstrating the usefulness of CECy via some derivations,
we present a soundness theorem for the calculus. We also show a partial completeness result,
followed by a discussion why our system seems incomplete. Afterwards we consider the
opposite question, namely how to prove that a CE is not valid for a particular CE-theory. To
this end, we introduce an algebraic semantics that captures CE-validity. We give a natural
notion of models for CE-theory, which we call CE-algebras. We establish soundness and
completeness with respect to CE-validity for this.

Figure 1 presents the relationships between the introduced notions and results of this
paper. The following concrete contributions are covered in this paper:

1. We propose a formulation of CEs and CE-theories.
2. On top of that we devise a notion of validity of a CE for a CE-theory £, which we call

CE-validity.

3. We give a proof system CECj, and show soundness (Theorem 4.6) and a partial com-
pleteness result (Theorem 4.10) with respect to CE-validity.

4. We give a notion of CE-algebras and based on it we define algebraic semantics, which
is sound (Theorem 5.6) and complete (Theorem 5.17) with respect to CE-validity for
consistent CE-theories.

We want to discuss some highlights of the last item for readers who are familiar with
algebraic semantics of equational logic. First of all, our definition of CE-algebras admits
extended underlying models, contrast to those that precisely contain the same underlying
models; we will demonstrate why this generalization is required to obtain the completeness
result. To reflect this definition, it was necessary to modify the definition of congruence
relation to a non-standard one. Also, the notion of consistency with respect to values arises
to guarantee this modified notion of congruence in the term algebras. Moreover, it also turns
out that value-consistency is equivalent to a more intuitive notion of consistency.

The remainder of the paper is organized as follows. In the next section, we briefly explain
the LCTRS formalism, and present some basic lemmas that are necessary for our proofs.
Section 3 introduces the notion of CEs, CE-theories and CE-validity, and presents basic

1 In the literature, some other approaches exist. The computation of critical pairs is also prone of losing
information [17]. They solved it by adding dummy constraints © = x to the critical pair. Another
approach was proposed in [20] where LVar(¢ =~ r [¢]) was simply defined as Var(y).
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Figure 1 An overview of the main results of this paper.

properties on CE-validity and its relation to the conversion of rewriting. Section 4 is devoted
to our inference system CEC, including its soundness and partial completeness with respect
to CE-validity. In Section 5, we present algebraic semantics, and soundness and completeness
results with respect to CE-validity. Before concluding this paper in Section 7, we briefly
describe related work in Section 6. We provide only brief proof sketches of selected results in
this paper. However, all detailed proofs are given in the full version of this paper [1].

2 Preliminaries

In this section, we briefly recall LCTRSs [13, 9, 17]. Familiarity with the basic notions on
mathematical logic [8, 19] and term rewriting [2, 16] is assumed.

The (sorted) signature of an LCTRS is given by the set S of sorts and the set F of S-sorted
function symbols. Fach f € F is equipped with a sort declaration f: 7 X -+ X 7, — 79 with
Ty, Tn €S; T4 X -+ + X T, — T is said to be the sort of f, and we denote by F> > =70
the set of function symbols of sort 7 X -+ - X 7, = 7. For constants of sort — 7 we drop —
and write 7 instead of — 7. The set of S-sorted variables is denoted by V and the set of
S-sorted terms over F,V is T(F,V). For each 7 € S, we denote by V™ the set of variables
of sort 7 and by T(F, V)T the set of terms of sort 7; we also write ¢” for a term ¢ such
that ¢t € T(F,V)". The set of variables occurring in a term ¢t € 7(F,V) is denoted by
Var(t) and can be restricted by a set of sorts T' with Varl (t) = {z™ € Var(t) | T € T}. A
substitution o is a mapping V — T (F, V) such that Dom(c) = {z € V | z # o(z)} is finite
and o(z7) € T(F,V)" is satisfied for all x € Dom(o).

In the LCTRS formalism, sorts are divided into two categories, that is, each sort 7 € S is
either a theory sort or a term sort, where we denote by Sy, the set of theory sorts and by
Ste the set of term sorts, i.e. S = Sip W Ste- Accordingly, the set of variables is partitioned
as V = Vi W Ve by letting Vi, for the set of variables of sort 7 € Sy, and Vi for the set
of variables of sort 7 € Ste. Furthermore, we assume each function symbol f € F is either
a theory symbol or a term symbol, where all former symbols f: 73 X -+ X 7, = 79 need
to satisfy 7; € Sy, for all 0 < i < n. The sets of theory and term symbols are denoted by
Fin and Fie, respectively: F = Fip W Fre. Throughout the paper, we consider signatures
consisting of four components (Sih, Ste, Fth, Fte). 1INl some cases term/theory signature stands
for the two respective term/theory components of such a signature.

An LCTRS is also equipped with a model over the sorts Sy, and the symbols Fip,, which
is given by M = (Z,.J), where T assigns each 7 € Sy, a non-empty set Z(7), specifying
its domain, and J assigns each f: 74 X -+ X 7, — 79 € F an interpretation function

J(f): I(m) x -+ x I(1y) — Z(10). In particular, J(c) € Z(r) for any constant ¢ € Fj..

We suppose for each 7 € Si, there exists a subset Val. C F of constants of sort 7 such
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that (the restriction of) J to Val, forms a bijection Val, 2 Z(1). We let Val = J, s, Val-,
whose elements are called values. For simplicity, we do not distinguish between ¢ € Val and
J(c). Note that, in [13, 9], an arbitrary overlap between term and theory symbols is allowed
provided it is covered by values. For simplicity, we assume Fin, N Fie = 9.

A waluation over a model M = (Z, J) is a family p = (pr)res,, of mappings p,: VT — Z(7).
The interpretation [tjam,, € Z(7) of a term 7 € T (Fin, V) in the model M with respect
to the valuation p = (pr)res, is inductively defined as follows: [z7]m, = p7(x) and
[f, . t)lmy, = Tt dmps - - -5 [tnlm,p). We abbreviate [t]aq,, as [t], if M is
known from the context. Furthermore, for any ground term ¢ € T (Fy,), the valuation p has
no impact on the interpretation [t], which can be safely ignored and written as [¢].

We suppose a special sort Bool € Sy, such that Z(Bool) = B = {true,false }, and usual
logical connectives =, A, V, ... € Fy, with their default sorts. We assume that there exists for
each 7 € Sy, an equality symbol =, of sort 7 x 7 — Bool in Fy,. For brevity we will omit
from =,. We assume, for all of these theory symbols, that their interpretation functions model
their default semantics. The terms in 7 (Fi, V)8 are called logical constraints.? Note that
Var(p) C Vi, for any logical constraint ¢, thus in this case T (Fp, V)B = T (Fin, Vin)B°'.
We say that a logical constraint ¢ is over a set X C Vi, of theory variables if V() C X. A
logical constraint ¢ is said to be valid in a model M, written as = ¢ (or = ¢ when the
model M is known from the context), if [¢]a1,, = true for any valuation p over the model
M. Cousidering the bijection Val, = Z(7), an arbitrary substitution o is equivalent to a
valuation p. Suppose that VDom(c) = {x € Dom(o) | o(x) € Val} and Var(p) C VDom(o).
Then the substitution o can be seen as a valuation over ¢, and |Eaq @o coincides with
[©]m,o = true. More generally, we have the following.

» Lemma 2.1. Let t € T(Fn, Vin), p a valuation, and o a substitution.

1. Suppose o(x) € T(Fwn,Vin) for all x € Vin. Let [0]m,, be a valuation defined as
[olrmp(@) = [o(@)IMm.p- Then, [t foqa, = [to]r,p-

2. Suppose that Var(t) C VDom(c). Then, [tjm,s = [to]m, where the valuation & is defined
by 6(27) =&(o(x)) € Z(1) for x € VDom(o), where & is a bijection Val™ = (7).

Proof (Sketch).
1. Use structural induction on t € T (Fih, Vih).
2. Similar to 1, using the assumption Var(t) C VDom(o). <

From Lemma 2.1 the following characterizations, which are used later on, are obtained.
Note that = ¢ = true (| ¢ = false) if and only if = ¢ (| —p), for a logical constraint .

» Lemma 2.2. Let ¢ be a logical constraint.

1. Em ¢ if and only if = wo for all substitutions o such that Var(p) C VDom(o).

2. If Em @, then Enm @o for all substitutions o such that o(x) € T (Fih, Ven) for all
x € Var(yp) N Dom(o).

3. The following statements are equivalent: (1) = —@, (2) FEam o for all substitutions o
such that Var(p) C VDom(o), and (3) o [=am ¢ for no substitution o.

Here, 0 Ep p denotes that Var(p) C VDom(o) and Ea wo hold.

2 Logical constraints are quantifier-free, which is not restrictive: Consider, for example, a formula Vz. ¢

with n free variables x1,...,z, and a quantifier-free formula ¢. By introducing an n-ary predicate
symbol p defined as [p(z1,...,Zn)|M,p = [VZ. ©]M,p, We can replace the formula by the quantifier-free
formula p(z1,...,zy). Clearly, this applies to arbitrary first-order formulas. Another approach can be

seen in [9, Section 2.2].
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Proof (Sketch).

1. (=) Let o be a substitution such that Var(¢) C VDom(c), and & be defined as in
Lemma 2.1. Then, [¢]m,s = true, and hence o] s = true by Lemma 2.1. Therefore,
Em wo. (<) Let p be a valuation over a model M = (Z, 7). Then, in the view of

Val, 2 I(1), we can take a substitution p given by p(z) = p(z) € Val for all = € Var(p).

Then, use Lemma 2.1 to obtain [¢]m,, = [¢] 3 = true, from which = ¢ follows.

2. Take a substitution ¢’ such that ¢/(x) = o(x) for = € Var(p) and o'(z) = = otherwise.

Then, using Lemma 2.1, we have [¢],], = [¢][s1, = [vo'], = [wo],. Thus, [po], = true
for any p. Therefore, Epq po.
3. Use 1. <

LCTRSs admit special rewrite steps over T (F,V) specified by the underlying model
M = {(Z,J). Such rewrite steps are called calculation steps and denoted by s —cac ¢, which
is defined as follows: s —cc ¢ if s = C[f(c1,...,¢,)] and t = C[eg] for f € Fip \ Val and
oy - -, Cn € Val with ¢g = J(f)(c1,...,¢,) and a context C. The following lemma connects
calculation steps and interpretations over ground theory terms 7 (Fw). In the following
s —' t is used for s —* t with ¢ being a normal form with respect to —.

» Lemma 2.3. Let s,t € T(Fw). Then, all of the following holds:
1. [t] € val,

2. ¢ 4>}:a|c [[tﬂ7

3. s =%, t implies [s] = [t], and

4. s =%, tif and only if [s] = [t].

Proof (Sketch).

1. This claim follows as [¢t"] € Z(7) = Val”.

2. Show t =%, [t] by structural induction on ¢. Then, the claim follows, since values are
normal forms with respect to calculation steps.

3. We use the fact that the set of calculation rules forms a confluent LCTRS [13]. Since

s =1 [s] and t =L, [t] from 2, s =%, t implies [s] = [t] by confluence.

4. The only-if part follows from 3, and the if part follows from 1. <

The other type of rewrite steps in LCTRSs are rule steps specified by rewrite rules. Let
us fix a signature (Sth, Ste, Fth, Fte). A constrained rule of an LCTRS is a triple £ — r [¢] of
terms £, r with the same sort satisfying root(¢) € Fie and a logical constraint . We define
LVar(f — 7 [¢]) = Var(r) \ Var(£)) U Var(p), whose members are called logical variables
of the rule. The intention is that the logical variables of rules in LCTRSs are required to
be instantiated only by values. Let us also fix a model M. Then, a substitution ~ is said
to respect a rewrite rule £ — r [¢] if LVar(£ — 1 [¢]) C VDom(y) and = ¢y. Using this
notation, a rule step s —ye t over the model M by the rewrite rule £ — r [¢] is given
as follows: s —ye ¢ if and only if s = C[¢y] and t = C[rv] for some context C and some
substitution 7 that respects the rewrite rule £ — r [p].

Finally, a logically constrained term rewrite system (LCTRS, for short) consists of a
signature ¥ = (Sth, Stes Fth, Fte), & model M over Sy, = (Sih, Fin) (which induces the set
Val C Fip, of values) and a set R of constrained rules over the signature . All this together
defines rewrite steps consisting of calculation steps and rule steps. In a practical setting,
often some predefined (semi-)decidable theories are assumed and used as model M and
theory signature (S, Fin). An example of such a theory is linear integer arithmetic, whose
model consists of standard boolean functions and the set of integers including standard
predefined functions on them. From this point of view, we call the triple U = (S, Fin, M)
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of the theory signature and its respective model the underlying model or background theory
of the LCTRS. We also denote an LCTRS as (M, R) with an implicit signature or (M, R)
over the signature ¥ = (S, Ste, Fth, Fre) for an explicit signature.

3 Validity of Constrained Equational Theories

In this section, we introduce validity of constrained equational theories (CE-validity), which
is a key concept used throughout the paper. Subsequently, we present fundamental properties
of CE-validity, and show their relation to the conversion of rewriting.

3.1 Constrained Equational Theory and Its Validity

In this subsection, after introducing the notion of CEs, we define equational systems, which
are sets of CEs, and rewriting with respect to such systems. This gives an equational version
of the rewrite step in LCTRSs. Furthermore, based on these notions, we define the validity
of CEs.

Recall that logical variables of a constrained rule are those which are only allowed to be
instantiated by values. As we have seen in the previous section, rewrite steps of LCTRSs
depend on the correct instantiation of the logical variables of the applied rule. However, the
sets of logical variables LVar(¢ — r [¢]) and LVar(r — £ [¢]) are not necessarily equivalent,
and the CE ¢ =~ r [¢] alone does not suffice to specify the correct logical variables. This
motivates us to add an explicit set X to the CE £ = r [¢] as [IX. £ =~ r [¢] which specifies
its logical variables.

» Definition 3.1 (constrained equation). Let Zie = (Ste, Fre) be a term signature over the
underlying model $4 = (Sih, Fth, M). A constrained equation (CE, for short) over i and Zie
is a quadruple TIX. s = t [p] where s,t are terms with the same sort, @ is a logical constraint,
and X C Vy, is a set of theory variables satisfying Var(v) C X. A logically constrained
equational system (LCES, for short) is a set of CEs. We abbreviate I1X.s ~ t [¢] to
st [p]if Var(p) = X. A CEIIX.s =t [true] is abbreviated to I1X. s = t.

We remark that a constrained rewrite rule £ — r [¢] is naturally encoded as a CE IIX. ¢ ~
r [p] by taking X = LVar(¢ — r [¢]). Furthermore, let us illustrate the aforementioned
issues, without an explicit set of logical variables, by an example.

» Example 3.2. Consider the LCTRS R over the theory of integer arithmetic and its (labeled)
rules

a: f(z,y) = g(z) [z =1] B:g(z) = f(z,y) [z =1]

with their sets of logical variables LVar(a) = {x, 2z} and LVar(8) = {x,y}. Transforming
them naively into the CE f(x,y) ~ g(z) [ = 1] and g(z) =~ f(z,y) [z = 1] would give the
set of logical variables {z} for both. We use the notion of logical variables in Winkler and
Middeldorp [20], where the set of logical variables of a CE consists of the variables appearing in
the constraint. Obviously, we lose concrete information about logical variables of the original
rules. Clearly, in our notion this information remains intact: II{x,z}.f(x,y) = g(z) [z = 1]
and II{z,y}.g(z) = f(z,y) [x = 1]. Note that variables appearing solely in the set of
logical variables and not in the CE have no effect but are allowed. For example, in the CE
I{z,z,2"}.f(x,y) ~ g(z) [« = 1] the logical variable z’ has no effect and could be dropped.

In the following we extend the notion of rewrite steps by using CEs instead of rewrite
rules.
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» Definition 3.3 («=¢). Let £ be an LCES over the underlying model 4 = (Sin, Fin, M)
and the term signature Yie = (Sie, Fre). For terms s,t € T(F,V), we define a rule step
s <nec t if s = Cllo] and t = Clro] (or vice versa) for some CEIIX.L~r [¢] € € and
some X -valued substitution o such that Eam @o. Here, a substitution is said to be X-valued
if X CVDom(o). We let «+g = <calc U <rule.c, Where <>caic is the symmetric closure of
the calculation steps —caic specified by M.

We give examples on rewriting with CEs.

» Example 3.4. Consider integer arithmetic as underlying model M. We consider the
term sorts Ste = {Unit} and the term signature Fie = {cong: Int — Unit} where Int is the
respective sort of the integers. The set £ of CEs consists of { cong(z) =~ cong(y) [mod(x,12) =
mod(y, 12)]}. Arithmetic values in intermediate steps of rewrite sequences wrapped in cong
have the property that they are congruent modulo 12 and thus £ simulates modular arithmetic
with modulus 12. Consider the following sequence:

cong(7 + 31) <—calc cong(38) «—ryle.c cong(14)

From this we conclude that 7 + 31, which gives 38, and 14 are congruent modulo 12. Note
that the rule step <>ue,c does not allow to directly convert cong(7 + 31) and cong(14).

» Example 3.5. Consider integer arithmetic as the underlying model M. We take a term
signature Ste = {G} and Fe = {e: G,inv: G = G,x: G X G — G,exp: G X Int — G}. Let the
set € of CEs consist of:

(x*xy)*z =~ x*(yx2z) exx = T
inv(z)xx =~ e exp(z,0) ~ e
exp(z,1) ~ = I{n,m}.exp(z,n) xexp(x,m) =~ exp(z,m—+n)

As in first-order equational reasoning, one can show = * e <3¢ x. Thus, exp(x, —1) ¢
exexp(x, —1) <= (inv(z)xx)xexp(x, —1) <=¢ inv(z) * (zxexp(x, —1)) =g inv(z)* (exp(z, 1) *
exp(x, —1)) =g inv(z) * exp(z, 1+ (—1)) <=>¢ inv(z) * exp(z,0) <= inv(z) * e ¢ inv(z) as
expected. This encodes a system of groups with an explicit exponentiation operator exp.

» Example 3.6. Consider integer arithmetic as the underlying model M. We take a
term signature S;e = {Elem, List, ElemOp} and Fi = {nil: List,cons: Elem x List — List,
none: ElemOp, some: Elem — ElemOp, length: List — Int, nth: List x Int — ElemOp}. Let the
set € of CEs consist of

length(nil) ~ 0 length(cons(z,zs)) =~ length(xzs)+1
II{n}.nth(nil,n) = none nth(xs,n) ~ none [n < 0]
nth(cons(z,zs),0) ~ some(x) nth(cons(z,zs),n) =~ nth(zs,n—1) [n>0]

This LCES encodes common list functions that use integers. For program verification
purposes, one may deal with the validity problem of a formula such as nth(zs,n) % none <
0 <nAn <length(zs).

We continue by giving some immediate facts which are used later on.

» Lemma 3.7. Let £ be an LCES over the underlying model $4 = (S, Fin, M) and the term
signature Yie = (Ste, Fre). Then, all of the following hold:

1. ¢ is symmetric,

2. <>¢ is closed under contexts i.e. s <g t implies C[s] «<»¢ C[t] for any context C, and
3. ¢ is closed under substitutions, i.e. s «<—>¢ t implies so <>¢ to for any substitution o.
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Proof (Sketch). 1 and 2 are trivial. For 3 the case s <=caic t is clear. Suppose s <=ryle.c t.
Then s = C[¢p] and t = C[rp] (or vice versa) for some CE IIX. ¢ = r [¢] € £ and an X-valued
substitution p such that [ @p. Then pp = (pp)o = ¢(o o p) and hence = @(o 0 p).
Then, the claim follows, as so = C[¢plo = Coll(o o p)] and to = Clrplc = Cor(c o p)]. <«

We proceed by defining constrained equational theories (CE-theories) and validity of CEs
(CE-validity) with respect to a CE-theory.

» Definition 3.8 (constrained equational theory). A constrained equational theory is specified
by a triple ¥ = (M, Lo, E), where U = (S, Fin, M) is an underlying model, e is a term
signature over A (as given in the LCTRS formalism), and £ is an LCES over {, %e. If no
confusion arises, we refer to the CE-theory by (M, E), without stating its signature explicitly.
We also say that a CE-theory (M, &) is defined over the signature ¥ = (Sth, Ste, Fth, Fte) i
order to make the signature explicit.

» Definition 3.9 (CE-validity). Let T = (M, &) be a CE-theory. Then a CEIIX.s~t [¢]
is said to be a constrained equational consequence (CE-consequence, for short) of T or
valid (CE-valid, for clarity), written as T Ecec IX. 5~ t [@], if s0 <>¢ to for all X -valued
substitutions o such that [=am po. We write € Feee IX. s &t [@] if M is known from the
context.

We conclude this subsection with an example on CE-validity.

» Example 3.10. Consider integer arithmetic as the underlying model M. We take the term
signature Fie = {abs: Int — Int,max: Int X Int — Int} the set of CEs £ consisting of

abs(z) ~ -z [x<0] abs(z) ~ x [z >0]
max(z,y) ~ z  [r=>y] max(z,y) ~ y [v<y]
The following are valid CE-consequences:
% Ecec H{z}. abs(z) &~ abs(—x) T e I{x,y}. max(x,y) = max(y, x)

T Ecec [I{x,y}. abs(max(z,y)) ~ max(abs(z), abs(y)) [0 < x A0 < y]

On the other hand, the CE II@. abs(x) =~ abs(—z) is not a valid CE-consequence: For the
@-valued identity substitution o, we have that abs(z)o = abs(z) ¢ abs(—z) = abs(—z)o.

3.2 Properties of CE-Validity

This subsection covers important properties related to CE-validity, for example, we show
that validity forms an equivalence and a congruence relation. Furthermore, we cover in which
way it is closed under substitutions and contexts, and how equality can be induced from
constraints.

Our first two lemmas follow immediately from the definition of the CE-validity.

» Lemma 3.11. Let T = (M, E) be a CE-theory. Then for any IIX.s =t [¢] € £, we have
T e IX. s &t [p].

» Lemma 3.12 (congruence). Let T = (M, &) be a CE-theory. For any set X C Vy, and
logical constraint ¢ such that Var(e) C X, the binary relation T |Feee IIX.- & - [p] over
terms is a congruence relation over X.

For stability under substitutions, we differentiate two kinds; for each CE IIX. s &~ ¢ [¢],
the first one considers substitutions instantiating variables in X; the second one considers
substitutions instantiating variables not in X.
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» Lemma 3.13 (stability of theory terms). Let T = (M, E) be a CE-theory. Let X, Y C Vi,
be sets of theory variables and o a substitution such that o(y) € T (Fun, X) for anyy € Y. If
T Ecec IIY. s = t [@], then T |=cec [1X. s0 = to [po].

Proof (Sketch). Take any X-valued substitution 6 with = (@o)f. This gives a Y-valued
substitution £ by defining £(y) = [(f o 0)(y)] for each y € Y. From Lemma 2.3, we know
(Boo)(y) <> £(y) for any y € Y. We also have = ¢ by Lemma 2.1, and hence s¢ ¢ t€
by assumption. Thus, using Lemma 3.7, we obtain (so)8 = s(f o o) Sre 86 Sp te S
t(foo)=(to)d. <

» Lemma 3.14 (general stability). Let (M, &) be a CE-theory and o a substitution such that
Dom(o) N X = &. Then, if £ Fcec IIX. s =t [p] then £ Feec IX. s0 & to [].

Proof (Sketch). Take any X-valued substitution ¢ such that =aq @d. Take v = 6 o 0. From
Dom(o) N X = @, we have ¢y = ¢, and therefore, s06 <>¢ tod holds. <

One may expect that € e [1X.s & t [¢] holds for equivalent terms s,¢ such that
@ = s =t is valid. In fact, a more general result can be obtained.

» Lemma 3.15 (model consequence). Let (M, E) be a CE-theory, X C Vi, a set of theory
variables, s,t € T (Fin, X), and ¢ a logical constraint over X. If Epm (po = so = to) holds
for all X -valued substitutions o, then £ FEcec IX. s &t [¢].

Proof (Sketch). For any X-valued substitution o with = @o, we have [so]am = [to]m.-
Then, use Lemma 2.3 to obtain so <»¢ to. |

» Corollary 3.16. Let (M,E) be a CE-theory, X C Vu, a set of theory variables, and ¢ =
s =1 a logical constraint over X such that =pm (p = s =1t). Then, € Feec IX. s = t [@].

3.3 Relations to Conversion of Rewrite Steps

In this subsection, we present characterizations of CE-validity from the perspective of logically
constrained rewriting with respect to equations.

» Theorem 3.17. For a CE-theory (M,E), s ¢ t if and only if £ =cec 1@. 5 = t [true].

Proof (Sketch). We have € |=eec I12. s & t [true] if and only if so ¢ to for any @-valued
substitution o such that o |= true if and only if so ¢ to for any substitution o. Thus, the
claim follows by Lemma 3.7. <

We consider now the general case with a possibly non-empty set X of theory variables
and a non-trivial constraint ¢ # true (also —p) for the CE II1X.s =~ ¢ [¢]. In this case,
the following partial characterization can be made by using the notion of trivial CEs [17].
We can naturally extend the notion of trivial CEs in [17] to our setting as follows: a CE
IIX.s ~ t [p] is said to be trivial if so = to for any X-valued substitution o such that

Fm po.

» Theorem 3.18. Let (M, E) be a CE-theory, and 11X.s ~t [¢] a CE. Suppose s <»¢ s
and t < t' for some s',t" such that IX. s = t' [¢] is trivial. Then, £ Feee IX. s ~ t [0].

Proof (Sketch). Take an arbitrary X-valued substitution o such that E=aq @o. Then, it
follows from our assumptions that so <5g s'c = t'o ¢ to. <

Unfortunately, none of the CE-consequences in Example 3.10 can be handled by Theor-
ems 3.17 and 3.18.

319
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4 Proving CE-Validity

As mentioned in the previous section, CE-validity of a CE I1X. s & t [¢] with respect to a
CE-theory (M, &) is very tedious to be shown by the convertibility of s and ¢ in £. This
motivates us to introduce another approach to reason about CE-validity. In this section, we
introduce an inference system for proving CE-validity of CEs together with a discussion on
its applicability and generality.

4.1 Inference System CEC, and lts Soundness

In this subsection, we introduce an inference system CEC, (Constrained Equational Calculus
for elementary steps) for proving CE-validity of CEs. We prove soundness of it, by which it
is guaranteed that all CEs IIX. s = ¢ [¢] derivable from £ in the system CECj are valid, i.e.
EEwe IX. st [p].

» Definition 4.1 (derivation of CECy). Let ¥ = (M, &) be a CE-theory. The inference
system CECy consists of the inference rules given in Figure 2. We assume in the rules
that X, Y range over a (possibly infinite) set of theory variables, ¢ ranges over logical
constraints. Let IIX.s =t [¢] be a CE. We say that IIX.s =t [¢] is derivable in CECy
from € (or IIX.s =1t [¢] is a consequence of €), written by € Fcre, I1X. s =t [¢], if there
exists a derivation of £+ IIX.s =t [p] in the system CECy. When no confusion arises,
EFcec, IX. s~ t [p] is abbreviated as £+ TIX.s =t [¢].

We proceed with intuitive explanations of each rule. The rules Refl, Trans, Sym, Cong,
and Rule are counterparts of the inference rules used in equational logic.

In order to handle instantiations, we consider two cases, namely Theory Instance and
General Instance. The former rule covers instantiations affecting the logical constraint
whereas the latter covers the case not affecting it.

The Weakening and Split rules handle logical reasoning in constraints. The Weakening
rule logically weakens the constraint equation by strengthening its constraint. Note here
the direction of the entailment ¢ = 1 in the side condition: the rule is sound because
the constrained equation is valid under the stronger constraint ¢ if the equation is valid
under the weaker constraint 1. Since some rules, like Cong and Trans, have premises with
equality constraints, it may be required to first apply the Weakening rule to synchronize
the constraints before using these rules. On the other hand, in the Split rule, the constraint
of the conclusion ¢ V v is logically weaker than the independent ones, ¢ and ¥, in each
premise. The inference is still sound as it only joins two premises. Using the Split rule, one
can perform reasoning based on case analysis.

The Aziom rule makes it possible to use equational consequences entailed in the constraint
part of equational reasoning. The Abst rule incorporates consequences entailed in the
constraint part in a different way, that is, to infer a possible abstraction of the equation.

The rules Enlarge and Restrict are used to adjust the set of instantiated variables (the
“TIILX” part of CEs), with the proviso that it does not affect the validity. Note that, in Enlarge,
Y C X implies the side condition Var(s,t) N (Y \ X) = &. We also want to remark that
despite its name, the restriction X C Y can be added to Enlarge, provided that removed
variables are not used in s,t (the side condition Var(s,t) N (Y \ X) = & has to be satisfied).

» Lemma 4.2. Let (M,E) be a CE-theory. If £ Fere, IX.s =t [p], then IX. s~ t [p]
is a CE.
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Refl Trans
EFNIX.s~t EFINIX.t~
Var(p) C X s~ [p] u [¢]

EFIIX.s~ s [y] EFIIX. s~ u [p]

Sym Cong
EFTNIX .t~ s [p] EFNIX. sy =t [p] ... EFNIX.s, =t, @]
EFTNIX.s~t [p] EFTIX. f(s1,..y8n) = f(t1,.. . tn) [¢]

Rule (IIX.C~r[p]) €€

EFTIX.L~7 ]
Theory Instance EFNY.s~t [p]
EFTIX.so ~to [po]

EFTIX.s~t [p]
EFTIX. so =~ to [¢]

Ve eY. xo € T(Fwn, X)

General Instance

Dom(o)NX =@

Weakening
EFINIX.s=t [¢]
EFTIX. s~ t [¢]

Fam (p = 9), Var(p) € X
Split
EFIIX.s~t[p] EFIX.s~t[Y]
EFTIX. st [pVY]
Aziom Em (po = so =to) for all o s.t. X C VDom(o),
EFTIX.s~t[p] Var(p) CX

Abst  EFTIX.soxto [po] (9= Nexr=0(2)),
EFNIX.s~t[p] Var(p) C X, (U ey Var(o(z))) € X

Enlarge EFNY.s~t|p]
EFTIX.s~t [p]

Var(s,t) N (Y \ X) =@, Var(p) C X

Figure 2 Inference rules of CECy.

Proof (Sketch). The proof proceeds by induction on the derivation of £ F IIX.s = ¢ [¢]
that (1) s,t € T(F,V) have the same sort, (2) ¢ is a logical constraint, (3) X C Vi, and (4)
Var(p) C X. <

Below we present some examples of derivations which cover all of our inference rules
at least once. In the following example we denote Theory Instance by TInst and General
Instance by Glnst accordingly.

» Example 4.3. Let (M, &) be the CE-theory given in Example 3.5. Below, we present a
derivation of € - TI{n}.exp(z,n) x exp(x, —n) ~ e.

EFIH{n,m}. exp(z,n) « exp(x, m) = exp(z,n + m) Ru[le (1)
€ - 1{n}.exp(z,n) * exp(z, —n) ~ exp(z,n + (—n)) Thst {n ) explon 4 (o)) ~ e

EFTI{n}. exp(z,n) *x exp(xz, —n) ~ e

Trans
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where (1) is

———— Refl
_fraxz Enlarge Aziom ——— Rule
EFI{n}lz=z EFI{n}.n+(—n)=~0 EFexp(z,0) ~e
Cong Enlarge
EFI{n}.exp(xz,n+ (—n)) =~ exp(z, 0) EFI{n}.exp(z,0) = e .
rans

EFI{n}.exp(z,n+ (—n)) ~e

Here, £ FTI{n}.n+ (—n) =~ 0 is derived by the Aziom rule, because of Epq o(n+(—n)) =0
holds for all {n }-valued substitutions o.

» Example 4.4. Let (M, ) be the CE-theory given in Example 3.6. Below, we present a
derivation of & F II{n}. nth(z::y::zs,n + 2) &~ nth(zs,n) [n > 0].

EFI{n} nth(z:zs,n) = nth(zs,n — 1) [n > 0] fule
TInst

EFII{n}.nth(z:zs,n+ 1) = nth(zs,(n+1) — 1) [n+1 > 0] (1)
EFTI{n}. nth(z:xzs,n + 1) =~ nth(zs,n) [n+1 > 0]
E FII{n}. nth(z:xs,n + 1) ~ nth(zs,n) [n > 0]
(2) EFII{n}.nth(y:zs,n + 1) ~ nth(zs,n) [n > 0]
EFI{n} nth(z:y:zs,n + 2) ~ nth(zs,n) [n > 0]

Trans

Weaken
Glnst

Trans

where (1) is

R )
EFTI{n}.zs = xs of! SFH{n}.(n—i—l)—lznAmom

EFI{n}.nth(zs, ((n+1) — 1) =~ nth(zs,n)
EFT{n}.nth(zs,((n+1) — 1) = nth(zs,n) [n+1 > 0]

Cong
Weaken

and (2) is

EFTI{n} nth(z :: zs,n) =~ nth(zs,n — 1) [n > 0] fule
TInst

EFT{n}.nth(z::zs,n+2) =nth(zs,(n+2)—1) [n+2 > 0] (3)
EFI{n}.nth(z :: zs,n+2) = nth(zs,n+ 1) [n +2 > 0]
EFT{n}.nth(z :: ys,n + 2) ~ nth(ys,n + 1) [n > 0]
EFI{n}.nth(x ::y:: zs,n +2) = nth(y :: zs,n + 1) [n > 0]

Trans

Weaken
Glnst

where (3) is

R .
EFI{n}. zs~xs o EFI{n}.(n+2)—1=n+1 Aziom

EFI{n} nth(zs, ((n+2) — 1) = nth(zs,n + 1)
EF{n}.nth(zs, (n+2) — 1) = nth(zs,n+1) [n +2 > 0]

In the next example, we illustrate usages of the Split rule and the Abst rule.

» Example 4.5. Let f: Bool — Int € Fi.. Let € = {I1@. f(true) ~ 0 [true], II. f(false) ~
0 [true]}. Then we have f(true) <>¢ 0 and f(false) <»¢ 0. Thus, for all {« }-valued substitu-

tions o, we have f(z)o <>¢ 0o.

EF 117 f(true) ~ 0 " . £+ 1o f(false) ~ 0 ¢ .
& 112 f(true) ~ 0 [true = true] I/Igea " Erlo. f(false) ~ 0 [false = false] I/I;ea en
EFI{z} . f(z) = 0 [z = true] ! EFTHz}.f(z) ~ 0 [z = false] IS l‘:t
'pli

EFI{z}.f(z) =0 [z = true V x = false]
ErFTI{x}.f(z) =~ 0 [true]

Weaken

We now present soundness of the system CEC, with respect to CE-validity.
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» Theorem 4.6 (soundness of the system CECy). Let (M, &) be a CE-theory and I1X. s ~
t[p] a CE. If £ Fere, IX. s =t [@], then £ Eeec IX. s = ¢ [¢].

Proof (Sketch). The proof proceeds by induction on the derivation. The cases for all rules

except for Abst and Enlarge follow by Lemmas 3.11-3.15 and well-known properties in logic.

For the case Abst, suppose that £ FIIX.s =t [¢] is derived from £ F IIX. so = to [po] as
given in Figure 2. Let p be an X-valued substitution such that a4 ¢p. Then by the side
conditions we have [p(x)] = [p(c(x))] for any 2 € X. Hence, F=pq pop, and sop <¢ top by
the induction hypothesis. Then by Var(s,t) C X, we have sp <3¢ sop «>¢ top <>¢ tp. For
the case Enlarge, suppose that £ F IIX. s ~ ¢ [¢] is derived from & - IIY. s & t [¢] as given
in Figure 2. Let § be an X-valued substitution such that = 0. Define a substitution ¢ as
follows: ¢'(27) =c¢™ if x € Y \ X, and §'(x) = §(z) otherwise, where ¢ is (arbitrarily) taken
from Val”. Clearly, §’ is Y-valued. We also have s’ = sd, t&’ = td, and pd’ = pd by the side
conditions. Thus, s§ = 5§’ <»¢ t§' = t6 using the induction hypothesis. <

» Remark 4.7. We remark that some of our inference rules utilize validity in the model. Thus,
CEC, does not have convenient properties like recursive enumerability of its theorems like
we are used to from other formal systems.

4.2 Partial Completeness of CEC,

In this subsection, we present some results regarding the completeness property of CECy.

» Lemma 4.8. Let (M, &) be a CE-theory and I1X. s ~ t [¢] a CE such that ¢ is satisfiable.
Suppose so = to for all X -valued substitutions o such that =p po. Then EFTX. s =t [p].

Proof (Sketch). The case s,t € T (Fin, X) follows by the assumption using the Aziom rule.

Next, we consider the case s = € V with « ¢ X. In this case, we can derive ¢t = x using
the assumption, and the case follows using the Refl rule. For the general case, from the
assumption, one can let s = C[sy,...,s,] and t = C[ty,...,t,] for a multi-hole context C
and terms s;,t; (1 < ¢ < n) such that either one of s; or t; is a variable. Thus, by the
previous cases, we know that £ F TIX. s; & t; [¢] for each 1 < @ < n, possibly using the Sym
rule. Thus, the claim is obtained using Refl, Trans and Cong rules. |

» Lemma 4.9. Let (M, &) be a CE-theory and I1X. s ~t [¢] a CE such that ¢ is satisfiable.
Suppose so ==, to for all X -valued substitutions o such that Dom(o) = X and [=m @o.

calc

Then EFIIX. s~ 1t [¢].

Proof (Sketch). First of all, the claim for the case s,t € T (Fn, X) follows using the Aziom

rule. If so = to for all X-valued substitutions o, the claim follows from Lemma 4.8.

Thus, it remains to consider the case that there exists an X-valued substitution o such
that so <=l to, Em po and X = Dom(o). Suppose that so = C[f(v1,...,v,)]q and
to = Clwlg with f € Fun and wvg,...,v, € Val such that Z(f)(v1,...,vn) = vo. As
Dom(o) = X and o is X-valued, we have s|; = f(s1,...,8,) with s1,...,s, € ValUX
and t|, € ValU X; hence s|q,t|, € T(Fw, X), and thus, € F IIX.s|, = t|, [¢] holds as
we mentioned above. Let s = C1[f(s1,...,8n)]q and t = Cy[tg], with Cro = Cyo for any
X-valued substitution ¢ such that Dom(c) = X and Ex @o. Then, £ F IIX.s ~ t [¢]
follows using £ - ILX. s|, =~ |, [¢], Lemma 4.8, and the Cong and Trans rules. <

From Lemma 4.9, the partial completeness for at most one calculation step follows.
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» Theorem 4.10. Let (M,E) be a CE-theory and IIX.s ~ t [¢] a CE such that ¢ is
satisfiable. Suppose so ==, to for all X -valued substitutions o such that = @o. Then
Etrcec, IX. s~ t [g@]

calc

One may expect that Theorem 4.10 can be extended to the general completeness theorem
for arbitrary £ in such a way that £ |=cec IIX. s &= ¢ [¢] implies € F IIX.s =~ t [¢] (full
completeness). Rephrasing this, we have: if so ¢ to for all X-valued substitutions o
such that = o, then € F IIX.s = t [¢]. The partial completeness result above is far
from this formulation of full completeness in that the assumption does not assume arbitrary

Sic to (i.e. at most one calculation step). However, full

conversions so ¢ to but only so <
completeness does not seem to hold for the system CECy, as witnessed by the following
example.

» Example 4.11. Consider the following LCES:

c_ { II{x}.nneg(x) ~ true [z = 0] (1)
[{x,y}. nneg(z) ~ nneg(y) [z +1=y] (2)

For each n > 0, we have nneg(n) <> true:
nneg(n) <>¢ nneg(n — 1) <>¢ - - - <=¢ nneg(0) <—¢ true

Thus, for the CE II{z}. nneg(z) ~ true [« > 0], we have for all o such that =p o(z) > 0,
nneg(z)o <>¢ trues = true. On the other hand, for each n > 0, one can give a derivation of
I12. nneg(n) = true — for example, for n = 2,

v Rule — Rule
= Rule 2) 1 W) TInst
(2) I I1&. nneg(1) ~ nneg(0) I12. nneg(0) ~ true T
1. nneg(2) ~ nneg(1) nst II. nneg(1) = true rans
Trans

I12. nneg(2) = true

However, these derivations differ for each n > 0, and and are hardly merged. As a conclusion,
it seems that the CE II{z}. nneg(x) ~ true [z > 0] is beyond the derivability of CECy.

» Remark 4.12. After looking at Example 4.11, it might seem reasonable that adding some
kind of induction reasoning is required for our proof system. However, rules for the induction
on positive integers, etc. are only possible when working with a specific model. Such rules
have clearly a different nature than rules in our calculus that work with any underlying model.
Our calculus CECj intends to be a general calculus that is free from specific underlying
models and does not include model-specific rules.

» Remark 4.13. We remark a difficulty to extend Theorem 4.10 to multiple (calculation)

steps, i.e. to have a statement like & Forc, IIX. s ~ ¢ [¢] whenever so =%,

X-valued substitutions o such that = wo. Or even to obtain a slightly weaker statement

like £ Fcrc, IX. s = t [¢] whenever there exists a natural number n such that so <=7,

to for all

to
for all X-valued substitutions o such that =x¢ @o. It might look that induction on the
length of so <=7,
to apply Theorem 4.10 to each step, we need the form sgo <=caic 510 <calc *** calc Sn0O
for each o which is not generally implied by so <=7,
terms may vary depending on the substitution o. Extending Theorem 4.10 to multiple steps
remains as our future work.

to (or the one on n in the case of the latter) can be applied. However,

to or so <= _ to, as intermediate

calc
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» Remark 4.14. Our final remark deals with the difficulty to extend Theorem 4.10 to a single
rule step, i.e. to have a statement like £ Fcrc, IIX. s = t [¢] whenever so <= ye.c to for
all X-valued substitutions o such that = @o. For the rule step, there may be multiple
choices of positions and multiple choices of CEs to be applied for the step so <=+ne e to.
Thus, we have to divide X-valued substitutions satisfying ¢ depending on each position p
that a CE is applied and each applied CE II1X;.¢; = r; [¢;] € £, and combine the obtained
consequences. However, it is in general not guaranteed that such a division of substitutions
can be characterized by a constraint. Note that the set of sets of substitutions is in general
not countable but the set of constraints is countable. Thus, it may be necessary to assume
some assumption on the expressiveness of constraints to obtain the extension for the single
rule step. On the other hand, we conjecture that the (full) completeness would hold for
CE-theories with a finite underlying model.

5 Algebraic Semantics for CE-Validity

In this section, we explore algebraic semantics for CE-validity. In this approach, CE-validity
is characterized by validity in models in a class of algebras, which we call CE-algebras. We
show that this characterization is sound and complete, in the sense that CE-validity can be
fully characterized.

5.1 CE-Algebras

In this subsection, we introduce a notion of CE-algebras and validity in them. After presenting
basic properties of our semantics, we prove its soundness with respect to the CE-validity.

» Definition 5.1 (CE-(X, M)-algebra). Let ¥ = (Sth, Ste, Fth, Fre) be a signature and M =
(Z,T) be a model over Sy, and Fyn. A constrained equational (X, M)-algebra (CE-(¥, M)-
algebra, for short) is a pair M = (J,J) where T assigns each 7 € S a non-empty set I(7),
specifying its domain, and J assigns each f: 1 X --- X1, — 79 € F an interpretation function
J(): () x -+ x I(1) = I(70) that extends the model M = (Z,T), that is, I(7) 2 I(T)
forall 7 € Sty and J(f) [2(r)x-..xz(rm)= T (f) for all f € Fi, (or more generally there exists
an injective homomorphism v: M — IMN).

Let M = (7,3) be a CE-(X, M)-algebra. A valuation p over 9 is defined similarly to M,
but S instead of Sy, F instead of Fip,, etc. Similarly, a valuation p over 9 satisfies a logical
constraint ¢, denoted by f=on ¢, if [¢],om = true.

Careful readers may wonder why the interpretation functions for the theory part are not
the same but an extension of the underlying model M = (Z, 7). Indeed, in the definition of
CE-(X, M)-algebras M = (J,J) above, we only demand that J(7) 2 Z(7) for all 7 € Sy, and
not J(7) = Z(7) for all 7 € Sy In fact, this is required to obtain the completeness result;
however, this explanation is postponed until Example 5.18. We continue to present some
basic properties of our semantics which are proven in a straightforward manner.

» Lemma 5.2. Let T = (M,E) be a CE-theory over a signature X, and M = (J,J) a
CE-(X, M)-algebra. Then, the binary relation over terms given by [-Jon,, = [-]on,, for any
valuation p on M, is closed under substitutions and contexts.

» Lemma 5.3. Let ¥ = (M, E) be a CE- theory over a signature ¥ such that M = (Z, J), M
a CE-(X, M)-algebra, and X C Vy, a set of theory variables and suppose t € T (Fwn, X). Then,
for any valuation p on MM such that p(x) € I(7) for all ™ € X, we have [t]on,, = [t]a,p-
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Next, we extend the definition of validity on CE-algebras to CEs, by which we can give a
notion of models of CE-theories, and the semantic consequence relation.

» Definition 5.4 (model of constrained equational theory). Let ¥ = (M, &) be a CE-theory

over a signature ¥ such that M ={(Z,J), and M = (J,3) a CE-(X, M)-algebra.

1. A CETIX. ¢~ r [p] is said to be valid in M, denoted by =op ILX. L = 1 [¢], if for all
valuations p over M satisfying the constraint ¢ (i.e. [¢]om,, = true holds) and p(x) € (1)
holds for all 7™ € X, we have [{]on,, = [r]om,p-

2. A CE-(3, M)-algebra M = (3,3) is said to be a model of the CE-theory T if =om £.
Here, |=on € denotes that f=oq IX. L~ 1 [@] for allIIX. L~ 1 [p] € E.

3. Let IX. £ ~ r [p] be a CE. We write T = 1UX.L = r [¢] (or &€ EUX.L =71 [¢] if
no confusion arises) if |Eon UX. L = r [¢] holds for all CE-(X, M)-algebras M that are
models of X.

We remark that, in item 1, as ¢ € T (Fn, Vih), we have [¢]om, = true if and only if
[elam,p = true by Lemma 5.3. Based on the preceding lemmas, soundness of our semantics
with respect to conversion is not difficult to obtain.

» Lemma 5.5 (soundness w.r.t. conversion). Let ¥ = (M, E) be a CE-theory over a signature
2, and M = (3,3) a CE-(S, M)-algebra such that =ox €. If s <3¢ t then [s]lon, = [tlon .,
for any valuation p on M.

Proof (Sketch). It suffices to consider the case s <—¢ t with a root step; the claim easily
follows from Lemma 5.2. Let ¥ = (S, Ste, Fihs Fre) and M = (Z,J). Let s <>cac t. Then,
s,t € T(Fiwn), and hence [s]pm = [tJm. Thus, [s]on = [t]or by Lemma 5.3. Otherwise,
let s <>pte,c t. Then, s = ¢o and t = ro for some IIX. ¢ ~ r [¢] € £ and an X-valued
substitution o such that =5 @o. We have a valuation [o]on,, on 9 by [o]on ,(y) = [o(y)]om,p
for any y € V. Then, similarly to Lemma 2.1, we have [uc]on , = [u]on,[o]yy,, for any term
u € T(X,V). Furthermore, for x € X, [o]om () = [o(x)]om,, = o(z) holds. Hence, by
Lemma 5.3, [[(p]]gﬁ’[[g]]m)p = true. Thus, [[5]]9.]?,;7 = [[g]]gm’ﬂg]]m‘p = [[r]]fm,ﬂd]]an,p = [[t]]gn’p. |

Now we present the soundness of our semantics with respect to the CE-validity.

» Theorem 5.6 (soundness w.r.t. CE-validity). Let ¥ be a CE-theory. If T Ecec IIX. s & ¢ [¢],
then ¥ =1I1X.s =t [p].

Proof (Sketch). Let ¥ = (M, &) and M = (Z,J). Suppose M = (7,J) is a CE-(X, M)-
algebra such that 9y €. Let p be a valuation over 9 satisfying the constraints ¢ and
p(x) € Z(7) holds for all 7 € X. Now, let p be a valuation that is obtained from p by
restricting its domain to X. Then, =5 @p by Lemma 5.3, and thus sp <>¢ tp holds.
Hence, by Lemma 5.5, [sp]on.r = [tp]on,r holds for any valuation 7. This means that
[s]on,~ = [t]om,~~ for any extension 7’ of p. In particular, one obtains [s]on , = [t]om,,. <

The combination of Theorem 4.6 and Theorem 5.6 implies the following corollary.

» Corollary 5.7 (soundness of CECy w.r.t. algebraic semantics). Let ¥ be a CE-theory. If
Trerc, IX.sx~t [p], then TEIIX.s~t [p].

» Example 5.8. Consider integer arithmetic for the underlying model M. Take a term
signature Fi = {a: Int}. Consider the LCES & = {a ~ 0,a = 1} with 0,1 € Val and
0,1 € Z, hence J(0) =0 and J(1) = 1. Then, for any valuation p on a CE-(X, M)-algebra
M = (J,F) we have p(0) = 0 and p(1) = 1. Thus, if M is a model of £ then it follows that
0 = [0] = [a] = [1] = 1, which is a contradiction. Therefore, there is no CE-(X, M)-algebra
M which validates €.
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This example motivates us to introduce the following definition of consistency for CE-
theories.

» Definition 5.9 (consistency). A CE-theory is said to be consistent if it has a model.

Our definition of consistent CE-theories does not exclude any theory that has only an almost
trivial model such that Z(7) = {e} for all 7 € Se.

5.2 Completeness w.r.t. CE-Validity

In this subsection, we prove the completeness of algebraic semantics with respect to the
CE-validity. That is, if a CE is valid in all models of a CE-theory then it is a CE-consequence
of the CE-theory. We start by defining congruence relations, quotient algebras and term
algebras that suit our formalism, incorporating standard notions for example the first-order
equational logic, and then present basic results on them.
Let ¥ = (Sth, Ste, Fth, Fte) be a signature, M = (Z,J) a model over S, and Fyp,, and
M = (7,3) a CE-(X, M)-algebra. A congruence relation on 9 is an S-indexed family of
relations ~ = (~7),cs that satisfies all of the following:
1. ~7 is an equivalence relation on J(7),
2. ~7 N Z(7)? is the identity relation for 7 € Sy, and
3. foreach f: 7y X+ - X7, > 79 €F,ifa; ~7 b; for all 1 <i < nthen J(f)(a1,...,a,) ~™
:‘(f)(bla BERE) bn)
We note here that the difference from the standard notion of congruence relation on algebras
is located in item 2. Given a CE-(3, M)-algebra 9t = (J,J) and a congruence relation ~ on
it, the quotient CE-(X, M)-algebra 9/~ = (J',J’) is defined as follows: J'(1) = J(1)/~" =
{la]~r | @ € 3(7) } where [a]- is the equivalence class of a € J(7), i.e. [a]- = {b € TI(7) |
a ~T b}, and J'(f)([ar]~m1s- -y [an]~m) = [3(f)(a1,...,an)]~m0. It is easy to see that J’
is well-defined provided that ~ is a congruence. When no confusion occurs, we omit the
superscript 7 from ~7.

» Lemma 5.10 (quotient algebra). Let 9 be a CE-(3, M)-algebra, and ~ a congruence on
it. Then M/~ is a CE-(X, M)-algebra.

Next, we define the term algebra. In contrast to the usual construction, for term
CE-algebras we need to take care of identification induced by underlying models.

» Definition 5.11 (term algebra). Let 3 = (Sih, Ste, Fih, Fre) be a signature, M = {(Z,J) a
model over Sy, and Fy,, and U a set of variables. The term algebra generated from U with
M (denoted by TIM|(Z,U)) is a pair M = (J,J) where

I(r) =T(F,U)7"/~e, and

I [tles - [tnle) = [f(t1, .- - s tn)le for any f € F.
Here, F = Fih U Fre, ~¢ = <5, and [t]e denotes the ~¢-equivalence class containing a
term t. Since <=X,_ is sort preserving, we regard ~. as the sum of the T-indexed family of

calc

relations ~7 with T € S. Clearly, J(f) is well-defined, since <=%,. is closed under contexts.

» Lemma 5.12. Let ¥ = (Sih, Ste, Fth, Fre) b€ a signature, M a model over Sy, and Fy,, and
U a set of variables. Then, the term algebra T[M](X,U) is a CE-(%, M)-algebra.

We introduce a syntactic counter part of the notion of consistency of CE-theories for
which equivalence of the two notions will be proved only briefly.
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» Definition 5.13 (consistency w.r.t. values). A CE-theory ¥ = (M, &) is said to be consistent
with respect to values (value-consistent, for short) if for any u,v € Val™, u e v implies
U =0.

Based on the preparations so far, we now proceed to construct canonical models of
CE-theories. The first step is to show that <»¢ is a congruence relation on the term algebra
for each CE-theory ¥ = (M, £); special attention on ~ is required.

» Lemma 5.14. Let T = (M, E) be a value-consistent CE-theory over a signature 33, and
U a set of variables. For any [slc, [t]le € T[M|(Z,U), let ~¢ = {{[s]c, [t]c) | s <>¢ t}. Then,
~g is a congruence relation on the term algebra TIM|(X,U).

Proof (Sketch). Note first that ~¢ is well-defined because one has always <=, C <>¢. Let
Y = (Sth, Ste, Fths Fre)y M =(Z,T), and TIM|(E,U) = (J,3J). We only present a proof that
~E NZ(r)? equals the identity relation for 7 € Sy, here. Let 7 € Sy, and suppose [u]. ~% [v]e
with u,v € Z(7) 2 Val”. Then, we have u <»¢ v by the definition of ~¢, and by consistency
w.r.t. values of the theory ¥, we obtain u = v as u,v € Val. Therefore, [u]. = [v]c. <

We give a construction of canonical models for each CE-theory 7.

» Lemma 5.15. Let T = (M, &) be a value-consistent CE-theory over a signature ¥. Then,
the quotient Te = TIM](Z,V)/~¢ of the term algebra is a CE-(X, M)-algebra. Furthermore,
both of the following hold:

1. 7. OX.s =t [¢] if and only if £ Feee UX. s =1 [¢], and

2. 1. €.

Proof (Sketch). That T¢ is a CE-(X, M)-algebra follows from Lemmas 5.10 and 5.14. Let

us abbreviate [[t]c]~. as [t]e. First we claim that [uc]s = [u]7; , holds for any term u, for

any substitution o and valuation p on T¢ such that p(x) = [0(z)]e, using induction on wu.

1. (=) Let o be an X-valued substitution such that = @o. Take a valuation p on T¢ as
p(x) = [o(x)]e. Then, p(x) € Z(7) for all 27 € X and = pp. Thus, [s]rz., = [t]7:,p-
Hence, [so]e = [to]e by the claim, and therefore, so <3¢ to. (<) Let p be a valuation
over T¢ satisfying the constraints ¢ and p(x) € Z(7) for all x € X. Take a substitution o
in such a way that o(x) = v, for each z € X, where v, € Val” such that [v,]s = p(x).
By Lemma 5.3, [¢]m,, = true, and thus, =x @o by Lemma 2.1. Hence so e to, and
thus [so]g = [to]e. Therefore [s]1. , = [t]7:,» by the claim.

Item 2 follows from item 1. |

Before proceeding to the completeness theorem, we connect the two notions related to
consistency (Definitions 5.9 and 5.13).

» Lemma 5.16. A CE-theory T is consistent if and only if it is consistent with respect to
values.

Proof (Sketch). (=) Suppose that T = (M, &) is a CE-theory over a signature ¥ and let
M=(Z,T). Let M= (7,3) be a CE-(X, M)-algebra such that =on €. Suppose u,v € Val”
with u <3¢ v. Then [u]or = [v]on by Lemma 5.5. Therefore, by u,v € Val” = Z(1) C J(7),
we have u = [u]pm = [u]or = [v]om = [vJm = v. (<) By Lemma 5.15, T¢ is a model of .
This witnesses that T is consistent. <

We now arrive at the main theorem of this section.
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» Theorem 5.17 (completeness). Let T = (M, E) be a consistent CE-theory. Then, we have
EEw IX. st [p]if and only if E ETIX. s~ t [p].

Proof. The only if part follows from Theorem 5.6. Thus, it remains to show the if part.
Suppose contrapositively that £ [Fcec IIX. s & ¢ [] does not hold. Then, by Lemma 5.15 1,
. IIX.s = t [p]. Since =7, £, by Lemma 5.15 2, this witnesses that there exists a
CE-(X, M)-algebra M such that =g € but not Fon I1X. s & ¢ []. This means & = I[1X. s =~
t [¢]. This completes the proof of the if part. <

To conclude this section, we explain the postponed question from the beginning of the
section on the definition of CE-algebras. The question was on why it is required to include
those equipped with underlying extended models — if such models would not be allowed, one
does not obtain the completeness result as witnessed by the following example.

» Example 5.18. Consider integer arithmetic for the underlying model M. Take a term
signature Fie = {f: Ints — Bool, g: Ints — Bool }. Consider the LCES & = {f(z) ~ true [z >
0],f(z) = true [z < 0],g(x) = true}. By orienting the equations in an obvious way, we
obtain a complete LCTRS (e.g. [13, 20]). Then as g(z)) = true # f(x) = f(z){, it turns
out that no conversions hold between g(x) and f(z). It follows from the Theorem 3.17 that
E Fcec 1@.g(z) =~ f(x). Now, from Theorem 5.17, we have £ [~ I1@.g(x) = f(x), i.e. one
should find a model that witnesses this invalidity. Indeed, one can take a CE-(X, M)-algebra
M = (J,F) with I(Ints) = Z U {e}, where o ¢ Z, with the interpretations: J(f)(e) = false,
J(f)(a) = true for all a € Z, and J(g)(x) = true for all z € ZU {e}. On the other hand, if we
would require to take J(Ints) = Z, then we do not get any model that invalidates this CE.

6 Related Work

Constrained rewriting began to be popular around 1990, which has been initiated by the
motivation to achieve a tractable solution for completion modulo equations (such as AC,
ACI, etc.), by separating off the (intractable) equational solving part as constraints. These
constraints mainly consist of (dis)equality of built-in equational theories such as zxy = ¢ y*z.
A constrained completion procedure in such a framework is given in [10]; it is well-known
that the specification language Maude also deals with such built-in theories [14]. This line of
research was extended to a framework of rewriting with constraints of an arbitrary first-order
formula in [10], where various completion methods have been developed for this. However,
they, similar to us, mainly considered term algebras as the underlying models, because the
main motivation was to deal with a wide range of completion problems by separating off
some parts of the equational theory as constraints.

Another well-known type of constraints studied in the context of constrained rewriting is
membership constraints of regular tree languages. This type of constraints is motivated by
dealing with terms over an (order-)sorted signature and representing an infinite number of
terms that obeys regular patterns obtained from divergence of theorem proving procedures. In
this line of research, [5, 6] give a dedicated completion method for constrained rewrite systems
with membership constraints of regular tree languages. Further a method for inductive
theorem proving for conditional and constrained systems, which is based on tree grammars
with constraints, has been proposed in [3]. We also want to mention [18] as a formalism with
more abstract constraints — confluence of term rewrite systems with membership constraints
over an arbitrary term set has been considered there.
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The work in this era which is in our opinion closest to the LCTRSs formalism is the one
given in [7]. This is also motivated by giving a link between (symbolic) equational deduction
and constraint solving. Thus, they considered constraints of an arbitrary theory such as
linear integer arithmetic, similarly to LCTRSs. Based on the initial model of this framework,
they gave an operational semantics of constraint equational logic programming.

The introduction of the LCTRS framework is more recent, and was initiated by the
motivation to deal with built-in data structures such as integers, bit-vectors etc. in order to
verify programs written by real-world programming languages with the help of SMT-solvers.
A detailed comparison to the works in this line of research has been given in [13].

All in all, to the best of our knowledge, there does not exist anything in the literature on
algebraic semantics of constrained rewriting and Birkhoff style completeness, as considered
in this paper.

7 Conclusion

With the goal to establish a semantic formalism of logically constrained rewriting, we have
introduced the notions of constrained equations and CE-theories. For this, we have extended
the form of these constrained equations by specifying explicitly the variables, which need to
be instantiated by values, in order to treat equational properties in a uniform way. Then we
have introduced a notion of CE-validity to give a uniform foundation from a semantic point of
view for the LCTRS formalism. After establishing basic properties of the introduced validity,
we have shown the relation to the conversion of rewriting. Then we presented a sound
inference system CEC to prove validity of constrained equations in CE-theories. We have
demonstrated its ability to establish validity via some examples. A partial completeness result
and a discussion on why only partial completeness is obtained followed. Finally, we devised
sound and complete algebraic semantics, which enables one to show invalidity of constrained
equations in CE-theories. Furthermore, we have derived an important characterization
of CE-theories, namely, consistency of CE-theories, for which the completeness theorem
holds. Thus, we have established a basis for CE-theories and their validity by showing
its fundamental properties and giving methods for proving and disproving the validity of
constrained equations in CE-theories.

The question whether there exists a sound and complete proof system that captures
CE-validity remains open. Part of our future work is the automation of proving validity of
constrained equations.

This paper uses the initial formalism of LCTRSs given in [13]. However, there exists a
variant which incorporates the interpretation of user-defined function symbols by the term
algebra [4]. This variant is incomparable to the initial one. Nevertheless, to investigate
the semantic side of LCTRSs, the initial formalism was a reasonable starting point. The
adaptation of the current work to the extended formalism is also a part of our future work.
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