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Abstract

This thesis is concerned with termination and complexity analysis of term rewrite
systems. Term rewriting is a formal model of computation based on equational
logic. Due to Turing-completeness, all interesting properties of term rewrite
systems are undecidable. Nevertheless, many powerful termination techniques
have been developed in the course of time. In this thesis, we focus on polynomial
interpretations and matrix interpretations, giving the answer to a number of
open research questions related to termination and complexity analysis.

The method of polynomial interpretations is one of the oldest termination tech-
niques, but still successfully employed in many automatic termination analyzers.
One distinguishes three variants, polynomial interpretations with real, rational
and integer coefficients, which raises the question of their mutual relationship
with regard to termination proving power. In 2006, a partial answer was given
by Lucas who managed to prove that there are term rewrite systems that can be
shown terminating by polynomial interpretations with rational coefficients, but
cannot be shown terminating using integer polynomials only. He also proved
the existence of systems that can only be handled by polynomial interpretations
with real (algebraic) coefficients. In this thesis, we extend these results and give
the full picture of the relationship, thereby refuting a common yet unproven
belief in the term rewriting community about this relationship.

Since their inception in 2006, matrix interpretations have evolved into one
of the most important termination techniques. In analogy to polynomial in-
terpretations, there are three variants depending on the domain of the matrix
entries, matrix interpretations over the real, rational and natural numbers. We
clarify their relationship by showing that matrix interpretations over the reals
are more powerful than matrix interpretations over the rationals, which are in
turn more powerful than matrix interpretations over the natural numbers. We
also show how the choice of the matrix dimension affects termination proving
power. Beyond termination analysis, matrix interpretations are the most im-
portant technique for obtaining polynomial upper bounds on the (derivational)
complexity of term rewrite systems, where the aim is to obtain information
about the maximal length of rewrite sequences in relation to the size of their
initial term. In particular, triangular matrix interpretations over the natural
numbers are known to induce polynomial upper bounds. Recently, this method
was improved by an automata-based approach giving a complete characteriza-
tion of polynomially bounded matrix interpretations over the natural numbers.
In this thesis, we present an algebraic approach which subsumes all previous
approaches and provides a complete characterization of polynomially bounded
matrix interpretations over the real, rational and natural numbers.
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Introduction

Since the advent of ubiquitous computing, computer-based systems play an
ever-increasing role in virtually all aspects of everyday life. While the failure of
certain systems may be tolerable, there are many applications of computers where
safety is mission-critical (e.g., in the part of the on-board computer system
of a car which controls its anti-skid braking system, in systems controlling
nuclear power plants, etc.). Needless to say, proving the correctness of such
safety-critical systems is of utmost importance. A crucial task in establishing
formal correctness proofs of computer programs is to show that they always
yield a result after a finite number of computation steps. This essential property
is called termination and is well-known to be undecidable in general. So there
cannot be a single method capable of analyzing (i.e., proving or disproving)
termination for all programs.

In the course of this PhD thesis, termination analysis is studied at the level of
term rewrite systems. In theoretical computer science, term rewriting [4,70] is a
conceptually simple but Turing-complete model of computation whose foundation
is equational logic and which is very close to functional programming. Due to
Turing-completeness, any Turing machine, as well as any program written in some
contemporary programming language, can be simulated by a corresponding term
rewrite system. Hence, one can reduce the question of termination of programs
to termination of term rewrite systems. What distinguishes term rewriting from
equational logic is that equations are used as directed reduction rules, where
left-hand sides can be replaced by the corresponding right-hand sides, but not
vice versa. Thus, a term rewrite system can be viewed as a set of directed
equations, called rewrite rules, between first-order terms built from variables
and function symbols, which models computation as a sequence of rewrite steps,
starting from some initial term, where each step corresponds to the replacement
of an occurrence of the left-hand side of some rewrite rule in a term by its
corresponding right-hand side. Immediately, two questions come to mind in this
context. First, can this process go on forever or is it guaranteed to terminate after
finitely many steps? Second, assuming that all rewrite sequences (or derivations)
terminate, what can be said about their maximal lengths? Alas, due to Turing-
completeness, all interesting properties of term rewrite systems are undecidable.
In particular, termination is undecidable (cf. e.g. [4, 70]). Nevertheless, many
powerful termination techniques for term rewrite systems have been developed in
the course of time, most notably the dependency pair framework [3,25–28,71], the
state-of-the-art framework for termination analysis due to its ability to integrate
and combine arbitrary termination techniques in a modular and uniform way [71].
Moreover, Hofbauer and Lautemann observe in [31] that “proving termination
with one of these specific techniques in general proves more than just the absence
of infinite derivations. It turns out that in many cases such a proof implies an
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upper bound on the maximal length of derivations”, which they consider as
a natural measure for the complexity of (terminating) term rewrite systems,
formalized in the notion of derivational complexity, where the length of a longest
derivation is related to the size of its initial term. In the recent past much
progress has been made in establishing sufficient and automatable criteria for
termination and complexity analysis, as is evident in the results of the (annual)
international competition for termination and complexity tools.1

In this thesis, we put our focus on two specific termination techniques, namely,
polynomial interpretations (in the first part) and matrix interpretations (in the
second part), giving the answer to a number of open research questions related
to termination and complexity analysis.

Polynomial Interpretations

The method of polynomial interpretations is one of the oldest techniques for
proving termination of term rewrite systems, dating back to the (late) seventies
of the last century. While originally conceived by Lankford [43] as a means for
establishing direct termination proofs, polynomial interpretations are nowadays
often used in the context of the dependency pair framework. In the classical
approach of Lankford [43], one considers polynomial algebras over the well-
founded domain of the natural numbers N induced by interpreting each function
symbol occurring in a given term rewrite system by a polynomial function with
integer coefficients that is required to return a natural number whenever all
its arguments are from N and that must be monotone (in all arguments) with
respect to the natural order >N on N. This induces a mapping from terms
to natural numbers in the obvious way. Termination can be concluded if for
each rewrite rule `→ r, the polynomial P` associated with the left-hand side
is greater (with respect to >N) than Pr, the corresponding polynomial of the
right-hand side, (for all arguments ranging over N) because then any rewrite step
between two terms causes a decrease in the associated (natural) numbers. Hence,
the well-foundedness of >N implies the absence of infinite rewrite sequences.

Already back in the seventies an alternative approach using polynomials with
real coefficients instead of integers was proposed by Dershowitz [18]. However,
due to the fact that the real numbers R equipped with the natural order >R
are not well-founded, a subterm property is explicitly required to ensure well-
foundedness. It was not until 2005 that this limitation was overcome, when
Lucas [45] presented a framework for proving (polynomial) termination over
the real numbers, where well-foundedness is basically achieved by replacing >R
by a new ordering >R,δ requiring comparisons between real numbers to not
be below a given positive real number δ. The two approaches of [18] and [45]
were compared in [47], with the result that the latter is strictly better than the
former. Therefore, we employ the notion of polynomial interpretations over the
real numbers of [45], which also facilitates polynomial interpretations over the
rational numbers Q.

1http://termcomp.uibk.ac.at
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Thus, one distinguishes three variants of polynomial interpretations, polyno-
mial interpretations with real, rational and integer coefficients, which raises the
obvious question:

What is their relationship with regard to termination proving power?

Giving a complete answer to this question is the primary aim of the first part
of this thesis. Despite the fact that polynomials with real coefficients include
polynomials with rational coefficients, which in turn include polynomials with
integer coefficients, no clear statement about the relative power of the derived
termination techniques appeared in the literature until in 2006 a partial answer
was given by Lucas [46] for direct polynomial termination (where all rules `→ r
must satisfy P` > Pr). He proved that there are term rewrite systems that can
be shown terminating by polynomial interpretations with rational coefficients,
but cannot be shown terminating using polynomials with integer coefficients only.
Likewise, he proved that there are term rewrite systems that can be handled
by polynomial interpretations with real (algebraic) coefficients, but cannot be
handled by polynomial interpretations with rational coefficients. In this thesis,
we extend these results and give the full picture of the relationship between the
different variants of polynomial interpretations, thereby refuting the common
yet unproven belief (expressed in e.g. [10, 47]) in the term rewriting community
that polynomial interpretations with real coefficients properly subsume polyno-
mial interpretations with rational coefficients, which in turn properly subsume
polynomial interpretations with integer coefficients. In this respect, our main
contributions are as follows:

1. First, we show that polynomial interpretations with real or rational coeffi-
cients do not properly subsume polynomial interpretations with integer
coefficients.

2. Then we show that there are term rewrite systems that can be proved
terminating by polynomial interpretations with real and with integer
coefficients but not with rational coefficients.

3. Our third result shows that polynomial interpretations with real coefficients
subsume polynomial interpretations with rational coefficients.

4. Finally, extending an earlier result of [47], we prove that transcendental
real numbers are irrelevant for termination proofs based on polynomial
interpretations, a result confirming that automatic termination tools may
restrict to the real algebraic numbers Ralg (without losing power).

Figure A illustrates both our results and the earlier results of [46] (for di-
rect polynomial termination). We also consider the possibility of establishing
termination by using polynomial interpretations in an incremental2 fashion,
showing that the same relationship applies, and we indicate how to adapt these
results to the dependency pair framework, thereby obtaining evidence that the

2That is, proving termination by a sequence of polynomial interpretations, each of which
removes some rewrite rules until eventually all rewrite rules have been removed.
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terminating systems

R = Ralg Q
N

Figure A: Comparison.

relationship is no different in that setting. Furthermore, we study monotonicity
criteria for polynomials with respect to the orders >N and >R,δ (>Q,δ), based
on which we obtain a new result in connection with simple termination showing
that polynomial interpretations with real (rational) coefficients (as proposed
in [45]) can prove termination of non-simply terminating systems, in contrast
to the approaches of Lankford [43] and Dershowitz [18], which are well-known
to enforce simple termination. (This result cannot be established using the
monotonicity criteria proposed in [45].)

Matrix Interpretations

The second part of this thesis is dedicated to matrix interpretations, a gener-
alization of linear polynomial interpretations. Since their inception in 2006,
matrix interpretations have evolved into one of the most important methods for
termination and complexity analysis of term rewrite systems. While originally
introduced by Hofbauer and Waldmann as a stand-alone method for establishing
termination proofs in the context of string rewriting [32, 33], it was not long
until Endrullis et al. [20] generalized (one particular instance of) the matrix
method to term rewriting and also incorporated it into the dependency pair
framework. The basic principle underlying the approach of [20] is the same
as that of polynomial interpretations except that terms are mapped to a well-
founded domain of vectors of natural numbers (rather than the natural numbers).
Function symbols are interpreted by suitable linear mappings represented by
square matrices of natural numbers. In [1, 22, 76] the method was lifted to
the non-negative rational and real numbers using the same technique that was
already used to lift polynomial interpretations from the natural numbers to the
rationals and reals. So, in analogy to polynomial interpretations, we have matrix
interpretations over the real, rational and natural numbers, which again raises
the question of their mutual relationship with regard to termination proving
power. Giving a complete answer to this open question is the first major goal in
the second part of this thesis. Before stating our results, we mention related work
appearing in [23] and [48]. In [23] a relative termination problem is presented
that can be handled with matrix interpretations over the rationals but not with
matrix interpretations over the natural numbers. However, relative termination
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is essential in this example because the relative component is the key ingredient
for precluding matrix interpretations over the natural numbers. As the latter
component consists of a single non-terminating rule, the entire example does not
readily generalize to (real) termination problems. Besides, there is no evidence
in [23] demonstrating the benefit of using irrational numbers in matrix inter-
pretations. In contrast, the author of [48] raises the question whether rational
numbers are somehow unnecessary when dealing with matrix interpretations
based on the observation that matrix interpretations over the rationals can
sometimes be simulated with matrix interpretations over the natural numbers.
However, our results show that the answer is in the negative. To be precise, we
prove that matrix interpretations over the real numbers are more powerful with
respect to proving termination than matrix interpretations over the rational
numbers, which are in turn more powerful than matrix interpretations over the
natural numbers (as a stand-alone termination technique as well as in the setting
of the dependency pair framework). Besides, we also show how the choice of the
matrix dimension affects termination proving power.

Beyond termination analysis, matrix interpretations are also apt for analyzing
the derivational complexity of term rewrite systems. In fact, they are the
most important technique for obtaining (non-linear) polynomial upper bounds,
which are of special interest since they are associated with feasible computations.
However, in general, the complexity bounds obtained from matrix interpretations
are exponential. So in order to obtain polynomial upper bounds, additional
conditions must be satisfied. Historically, the first approach appearing in the
literature [53] was developed for matrix interpretations over the natural numbers,
achieving its goal by restricting the shape of all matrices to upper triangular
form. In [73] this method of triangular matrix interpretations was subsumed
by an automata-based approach, where matrices are viewed as weighted (word)
automata computing a weight function, which is required to be polynomially
bounded. The result is a complete characterization (i.e., necessary and sufficient
conditions) of polynomially bounded matrix interpretations over the natural
numbers. In this thesis, we present an algebraic approach which subsumes all
previous approaches and provides a complete characterization of polynomially
bounded matrix interpretations over the real, rational and natural numbers.

Personal Contribution and Outline

Most of the results presented in the course of this thesis have already been
published in various papers [49,54–56,58,59]. An extended journal version of [54]
has been submitted for publication (cf. [57]). Conceptually, the focus of the
thesis lies entirely on my personal contributions to these papers. This includes
all theoretical results of [54–59] as well as the main results of [49], but excludes
the experimental results of [49,58,59], which are due to H. Zankl. All results
obtained by my co-authors (or others) are indicated as such by referencing the
corresponding papers.

The remainder of this thesis is divided into two parts. In Part I, consisting of
Chapters 1 – 4, we present our research on polynomial interpretations. After
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introducing some mathematical preliminaries as well as terminology and notation
related to term rewriting in Chapter 1, we introduce all relevant concepts and
definitions related to polynomial interpretations in Chapter 2 and show that
polynomial interpretations over the rationals and reals do not imply simple
termination. In Chapter 3, we study monotonicity criteria for polynomial
interpretations, before presenting the main result of Part I in Chapter 4, where
we give the full picture of the relationship between the various instances of
polynomial interpretations.

In Part II, consisting of Chapters 5 – 7, we present our results on matrix
interpretations. We start by introducing matrix interpretations and all the
necessary background material in Chapter 5. Then, in Chapter 6, we clarify the
relationship between matrix interpretations over the real, rational and natural
numbers. Finally, in Chapter 7, we give a complete characterization of matrix
interpretations inducing polynomial upper bounds on the derivational complexity
of term rewrite systems.
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Part I

Polynomial Interpretations





Chapter 1

Preliminaries

In this chapter, we introduce some mathematical preliminaries as well as termi-
nology and notation related to term rewriting. For an in-depth introduction to
the latter, we refer to [4, 70]. In Section 1.1, we recall a few basic notions from
polynomial algebra, before presenting the relevant background material on term
rewriting in Sections 1.2, 1.3 and 1.4.

Throughout this thesis, N denotes the set {0, 1, 2, . . . } of natural numbers,
whereas Z, Q and R refer to the integer, rational and real numbers, respectively.
An irrational number is a real number, which is not in Q. A real number is said
to be algebraic if it is a root of a non-zero polynomial in one indeterminate with
integer coefficients, otherwise it is said to be transcendental. The set of all real
algebraic numbers is denoted by Ralg. Given D ∈ {N,Z,Q,Ralg,R} and some
m ∈ D, >D (resp. > if D is clear from the context) denotes the natural order of
the respective domain, >D (resp. >) its reflexive closure, and Dm abbreviates
{x ∈ D | x > m}; for example, Q0 (R0) refers to the set of all non-negative
rational (real) numbers. We use the following notation for intervals of real
numbers: we write [a, b] for the closed interval {x ∈ R | a 6 x 6 b} and (a, b)
for the open interval {x ∈ R | a < x < b}.

1.1 Polynomials

Let R be a commutative ring (e.g., Z, Q, Ralg, R). We denote the associated
polynomial ring in n indeterminates x1, . . . , xn by R[x1, . . . , xn], the elements
of which are finite sums of products of the form c · xi11 x

i2
2 · · ·xinn , where the

coefficient c is an element of R and the exponents i1, . . . , in in the monomial
xi11 x

i2
2 · · ·xinn are non-negative integers. As usual, we implicitly assume (without

loss of generality) that no two summands have the same (sequence of) exponents.
The coefficient associated with the monomial x0

1x
0
2 · · ·x0

n is called the constant
coefficient. If c 6= 0, we call a product c · xi11 x

i2
2 · · ·xinn a term. An element p

of R[x1, . . . , xn] is called an (n-variate) polynomial with coefficients in R. For
example, the polynomial 2x2 − x + 1 is an element of Z[x], the ring of all
univariate polynomials with integer coefficients. Polynomials are well-known
to be closed under addition, multiplication and composition. The degree of a
polynomial p, denoted by deg(p), is the maximum degree of its terms, where the
degree of a term is just the sum of the exponents of the monomial associated
with it. The degree of the zero polynomial p = 0 is defined to be −∞.

In the special case n = 1, a polynomial p ∈ R[x] can be written as p(x) =∑d
k=0 akx

k for some d ∈ N. For the largest k such that ak 6= 0, we call akx
k the

9



1 Preliminaries

leading term of p, ak its leading coefficient and note that deg(p) = k. We say
that p is monic if its leading coefficient is one. It is said to be linear, quadratic,
cubic if its degree is one, two, three.

Every polynomial p ∈ R[x1, . . . , xn] induces a function p : Rn → R as follows:
given a := (a1, . . . , an) ∈ Rn, replace xi by ai for i = 1, . . . , n in the expression
for p. If the result equals zero, then a is said to be a root of p (in R). In the
remainder of this thesis, we will often identify a polynomial with the function it
induces.

For D ⊆ R, we call a function f : Dn → D positive (non-negative) on A ⊆ Dn

if f(a) >
(−)

0 for all a ∈ A. In particular, positiveness (non-negativeness) of a

polynomial with coefficients in Z, Q, Ralg or R corresponds to positiveness
(non-negativeness) of its induced function.

1.2 Term Rewriting

A signature is a set of function symbols, each of which is equipped with a fixed
arity. Function symbols of arity zero are also called constant symbols (or just
constants), whereas function symbols of arity one (two) are referred to as unary
(binary) function symbols. For a signature F and a countably infinite set of
variables V disjoint from F , the set of terms over F and V is denoted by T (F ,V).
The set of variables (function symbols) occurring in a term t is denoted by Var(t)
(Fun(t)), and |t|a denotes the number of occurrences of a symbol a ∈ F ∪ V
in t. A term is called linear if each variable occurs at most once in it. In case
Var(t) = ∅, t is said to be a ground term. The set of all ground terms over F is
denoted by T (F , ∅) or simply T (F). The size |t| of a term t is defined as the
number of function symbols and variables occurring in it, whereas its depth is
defined as follows: depth(t) = 0 if t is a variable or a constant, otherwise, if
t = f(t1, . . . , tn), depth(t) = 1 + max{ depth(ti) | 1 6 i 6 n }. The root of a
non-variable term t = f(t1, . . . , tn) is defined as root(t) = f .

Let � be a fresh constant symbol, called hole, not occurring in F ∪ V. A
context is a term from T (F ∪ {�},V) with exactly one occurrence of �. If C
is a context and t a term, then the expression C[t] denotes the term obtained
by replacing the hole in C by t. We say that a term s is a subterm of a term t,
denoted by s E t, if there exists a context C such that t = C[s]; s is called
a proper subterm if C 6= �, in which case we write s C t. A substitution is
a mapping from V to T (F ,V). As usual, tσ denotes the result of applying
a substitution σ to a term t, that is, replacing each variable x occurring in t
by σ(x). A binary relation R on terms is closed under contexts if s R t implies
C[s] R C[t] for all terms s, t and contexts C. It is closed under substitutions if
s R t implies sσ R tσ for all terms s, t and substitutions σ. A rewrite relation
is a binary relation on terms that is closed under contexts and substitutions.

A rewrite rule is a pair of terms (`, r), conveniently written as ` → r, such
that the left-hand side ` is not a variable and all variables of the right-hand
side r are contained in `, i.e., Var(r) ⊆ Var(`). A rewrite rule `→ r is called
left-linear (right-linear) if ` (r) is a linear term. It is said to be linear if both `
and r are linear and duplicating if some variable x occurs more often in r than

10
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in `, i.e., |r|x > |`|x. A term rewrite system (TRS) over T (F ,V) is a finite set of
rewrite rules `→ r such that `, r ∈ T (F ,V). If all function symbols occurring in
a TRS are unary, then we call it a string rewrite system (SRS). A TRS is linear
(left-linear, right-linear) if all its rewrite rules have the corresponding property,
it is non-duplicating if it contains no duplicating rule. The rewrite relation →R
induced by a TRS R is a binary relation on terms, which is defined as follows:
s→R t for two terms s and t if and only if there exist a rewrite rule `→ r ∈ R,
a substitution σ and a context C such that s = C[`σ] and t = C[rσ]. We call
s→R t a rewrite step (or simply an R-step). As usual, →+

R (→∗R) denotes the
transitive (and reflexive) closure of →R and →n

R its n-th iterate. For notational
convenience, we sometimes drop the subscript R if it is clear from the context.
A term s is called a normal form if there is no term t such that s →R t. A
TRS R over T (F ,V) is terminating if →R is well-founded, that is, if there is no
infinite rewrite sequence t1 →R t2 →R t3 →R t4 →R · · · of terms in T (F ,V).
A TRS R is terminating relative to a TRS S if every rewrite sequence in R∪ S
contains only finitely many R-steps.

We illustrate some of the above concepts by means of the following example.

Example 1.1. Let F = {0, s, add} be a finite signature consisting of a binary
function symbol add, a unary symbol s and a constant 0, and let us consider
the TRS R consisting of the following rewrite rules:

add(0, y)→ y

add(s(x), y)→ s(add(x, y))

This TRS specifies the addition of two natural numbers in unary notation, where
the natural number zero is represented by the constant 0, whereas the unary
symbol s represents the successor function x 7→ x+ 1 on the natural numbers.
Thus, we can represent the set of all natural numbers N = {0, 1, 2, 3, . . .} by
the set of ground terms TN = {0, s(0), s(s(0)), s(s(s(0))), . . .}. For two terms t1
and t2 representing the numbers n1 and n2, respectively, the addition n1 + n2

is represented by the term t = add(t1, t2). The result of such a computation is
obtained by applying the rewrite rules of the TRS R exhaustively to t; e.g., the
following rewrite sequence computes the result of adding two and two:

add(s(s(0)), s(s(0)))→R s(add(s(0), s(s(0))))→R
s(s(add(0, s(s(0)))))→R s(s(s(s(0))))

Later, in Example 1.8, we shall see that any such computation is guaranteed to
come to an end after finitely many steps. In other words, we will show that the
TRS R is terminating.

1.3 Monotone Algebras

Monotone algebras play an important role in the context of termination analysis
of TRSs. We use the following terminology (cf. [20, 70]).

11



1 Preliminaries

Definition 1.2. Let F be a signature and V a countably infinite set of variables
disjoint from F . An F-algebra A consists of a non-empty carrier set A and
a collection of interpretation functions fA : An → A for each n-ary function
symbol f ∈ F . A variable assignment for A is a mapping from V to A. The
evaluation or interpretation [α]A(t) of a term t ∈ T (F ,V) with respect to a
variable assignment α is inductively defined as follows:

[α]A(t) =

{
α(t) if t ∈ V
fA([α]A(t1), . . . , [α]A(tn)) if t = f(t1, . . . , tn)

We shall sometimes abbreviate [α]A(t) by [α](t) if A is clear from the context.
For i ∈ {1, . . . , n}, an interpretation function fA : An → A is monotone in its
i-th argument with respect to a binary relation A on A if ai A b implies

fA(a1, . . . , ai, . . . , an) A fA(a1, . . . , b, . . . , an)

for all a1, . . . , an, b ∈ A. It is said to be monotone with respect to A if it is
monotone in all its arguments.

Definition 1.3. Let A = (A, {fA}f∈F) and B = (B, {fB}f∈F) be F-algebras.
A homomorphism from A to B is a mapping h : A → B such that for each
n-ary function symbol f ∈ F , h(fA(a1, . . . , an)) = fB(h(a1), . . . , h(an)) for all
a1, . . . , an ∈ A. An isomorphism is a bijective homomorphism.

Definition 1.4. Let F and V be as above, and let (A, >,>) be an F-algebra
A = (A, {fA}f∈F) together with two binary relations > and > on A. We lift
the latter from A to T (F ,V) as follows: for s, t ∈ T (F ,V), we define

• s >A t if and only if [α]A(s) > [α]A(t) for all assignments α, and

• s >A t if and only if [α]A(s) > [α]A(t) for all assignments α.

For a set of rewrite rules R we say that (A, >,>) and R are (weakly) compatible
if ` >A r (` >A r) for each rewrite rule ` → r ∈ R. We use the following
abbreviations: R ⊆ >A for compatibility and R ⊆ >A for weak compatibility.
The triple (A, >,>) (or just A if > and > are clear from the context) is a
weakly (strictly) monotone F-algebra if > is well-founded, > · > ⊆ > and for
each f ∈ F , fA is weakly (strictly) monotone, that is, monotone with respect
to > (>). It is said to be an extended monotone F-algebra if it is both weakly
monotone and strictly monotone. Finally, we call (A, >,>) a well-founded
monotone F-algebra if > is a well-founded order (i.e., a transitive and irreflexive
relation) on A, > is its reflexive closure, and each interpretation function is
strictly monotone.

It is well-known that well-founded monotone algebras provide a complete
characterization of termination (cf. [70, Theorem 6.2.2]).

Theorem 1.5. A TRS is terminating if and only if there exists a well-founded
monotone algebra that is compatible with it.

12
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Similarly, extended monotone algebras characterize relative termination ac-
cording to [20, Theorem 2].

Theorem 1.6. A TRS R is terminating relative to a TRS S if and only if
there exists an extended monotone algebra that is compatible with R and weakly
compatible with S.

Thus, for S = ∅, we conclude that a TRS is terminating if and only if there
exists an extended monotone algebra that is compatible with it. In fact, as weak
compatibility is not involved in the latter characterization of termination, weak
monotonicity of the interpretation functions can be dispensed with altogether.
This is obvious from the proof of [20, Theorem 2]. So we obtain the following
corollary.

Corollary 1.7. A TRS is terminating if and only if there exists a strictly
monotone algebra that is compatible with it.

Note that strictly monotone algebras correspond to well-founded monotone
algebras with respect to compatibility of TRSs if > is not only a well-founded
relation but also an order. This will be the case throughout this thesis. Moreover,
note that any well-founded monotone algebra (A, >,>) is also an extended
monotone algebra because> is the reflexive closure of>. Therefore, monotonicity
with respect to > implies monotonicity with respect to >.

Next we mention another important aspect related to extended monotone
algebras, namely, the fact that they facilitate incremental termination proofs
(cf. [20, Theorem 3]). To this end, let A be an extended monotone algebra and
suppose R is a TRS such that R ⊆ >A and S ⊆ >A for some non-empty subset
S of R. Then, after removing all S-rules from R, termination of R \ S implies
termination of R. Thus, one is free to choose a different extended monotone
algebra for the remaining rules R\ S. This process is continued until eventually
all rewrite rules have been removed.

Example 1.8. We use the concepts introduced above to show that the TRS R
of Example 1.1 is terminating. For this purpose, let us interpret all functions
symbols in an F-algebra over the carrier N, where F = {0, s, add}:

0N = 0 sN(x) = x+ 1 addN(x, y) = 2x+ y

It is easily verified that the pair A = (N, {fN}f∈F ) is indeed a valid F-algebra
according to Definition 1.2. This is due to the fact that all interpretation
functions are polynomial functions with non-negative integer coefficients. In
addition, all of them are monotone with respect to the natural order >N on N.
In particular, monotonicity of 0N is vacuously satisfied (as it has no arguments,
cf. Definition 1.2). Furthermore, we also have monotonicity of all interpretation
functions with respect to >N. As a consequence, the triple (A, >N,>N) is an
extended monotone F -algebra. Together with a variable assignment α mapping
(term) variables to natural numbers, it gives rise to the following interpretations
of the rules of R:

[α]A(add(0, y)) = α(y) > α(y) = [α]A(y)

[α]A(add(s(x), y)) = 2α(x) + α(y) + 2 > 2α(x) + α(y) + 1 = [α]A(s(add(x, y)))

13
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These inequalities simplify to 0 > 0 and 1 > 0, so they hold for any variable
assignment α. Therefore, the algebra A is weakly compatible with both rules
of R and (strictly) compatible with the second rule. After removing this rule,
termination of the first rule implies termination of the overall system. But
termination of the first rule can easily be shown by the following interpretation:
0N = 1 and addN(x, y) = x+ y. Hence, termination of R follows. Alternatively,
a slight modification of the original interpretation to

0N = 0 sN(x) = x+ 1 addN(x, y) = 2x+ y + 1

results in an extended monotone F-algebra that is compatible with both rules
(at the same time), thus establishing termination of R directly via Corollary 1.7.

Weakly monotone algebras play an important role in the context of termination
analysis in the dependency pair framework.

1.4 Dependency Pair Framework

The dependency pair (DP) framework [3,25–28,71] is the state-of-the-art frame-
work for termination analysis of TRSs. Being a modular extension of the
dependency pair method of Arts and Giesl [3], which was originally regarded as
just another termination technique (amongst many others), the main benefit
of the DP framework is due to its ability to integrate and combine arbitrary
termination techniques in a modular and uniform way [71] (besides facilitating
the development of new methods for termination analysis). In what follows,
we give a simplified account of the DP framework which is sufficient for our
purposes.

Let R be a TRS over some signature F . The set of defined symbols of R is
given by FD = {root(`) | ` → r ∈ R}. For each defined symbol f ∈ FD, we
introduce a fresh dependency pair symbol f ] of the same arity (as f), and for a
term t = f(t1, . . . , tn) with f ∈ FD, we denote by t] the result of replacing its
root symbol f by f ].

Definition 1.9. For F and R as above, the set of dependency pairs of R is
given by DP(R) = {`] → u] | `→ r ∈ R, u E r, u 6C `, root(u) ∈ FD}.

In the DP framework, the problem of establishing termination of a given
TRS is modularized by splitting it into several subproblems called DP problems,
which can then be treated separately using different termination techniques. A
DP problem is a pair (P,S), where P and S are finite sets of rewrite rules such
that the root symbols of the rules in P neither occur in S nor in proper subterms
of the left- and right-hand sides of the rules in P. In the sequel, we sometimes
write (P, ) (resp. ( ,S)) to indicate that we are only interested in the first
(resp. second) component of a DP problem. A DP problem (P,S) is finite if
there is no infinite rewrite sequence s1 →P t1 →∗S s2 →P t2 →∗S · · · such that
all terms ti (i = 1, 2, . . .) are terminating with respect to →S . Such an infinite
sequence is said to be minimal. Every DP problem of the form (∅, ) is finite.
The following theorem captures the main result underlying the dependency pair
approach.
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Theorem 1.10. A TRS R is terminating if and only if the DP problem
(DP(R),R) is finite.

The pair (DP(R),R) is referred to as the initial DP problem of R. So
according to Theorem 1.10, proving termination amounts to proving finiteness
of a DP problem. The latter is achieved by means of DP processors, functions
taking a DP problem as input and returning a set of DP problems as output.
In order to use a DP processor Φ for proving termination, it must be sound,
that is, if all DP problems in Φ(P,S) are finite, then the original problem (P,S)
is finite. Of course, the intention is to transform (P,S) into a set of “simpler”
problems, simpler in the sense that proving finiteness of the latter is easier than
proving finiteness of (P,S). Therefore, one is especially interested in processors
that decrease P and/or S.

The general procedure for establishing termination of a TRS R in the
DP framework is to (try to) prove finiteness of its initial DP problem by
recursively applying sound DP processors, thereby creating a tree whose nodes
are DP problems and whose root is the initial DP problem. The children of a
node (P,S) to which some processor Φ is applied are the single DP problems
in Φ(P,S). If at some point no new DP problems are generated, that is, if the
final processors return empty sets of DP problems, then all leaves in the tree
are finite DP problems (typically but not necessarily of the form (∅, )). This
implies finiteness of the initial DP problem, hence termination of R, as finiteness
propagates right up from the leaves of the tree to its root due to soundness of
all processors.

In the context of this thesis, we only consider DP processors based on reduction
pairs. Given a DP problem (P,S), the aim of such a processor is to return a
simplified version of its input by removing rules from the P component. Formally,
a reduction pair (>,&) consists of a well-founded order > and a reflexive and
transitive relation & (on terms) such that

1. > is closed under substitutions,

2. & is closed under contexts and substitutions, and

3. > ·& ⊆ > or & ·> ⊆ >.

Theorem 1.11. For any reduction pair (>,&), the processor that maps a
DP problem (P,S) to

• {(P \ P ′,S)} if P ′ ⊆ > and (P \ P ′) ∪ S ⊆ & for some P ′ ⊆ P

• {(P,S)} otherwise

is sound.

Such processors are called reduction pair processors. We say that a reduction
pair processor Φ succeeds on a DP problem (P,S) if Φ(P,S) 6= (P,S), otherwise
it fails. It is well-known (and easily verified) that (>A,>A) is a reduction
pair for every weakly monotone algebra (A, >,>), where > is not only a well-
founded relation but also an order and > is reflexive and transitive. (The latter
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requirements on> and> are satisfied by all weakly monotone algebras considered
in this thesis. However, these properties are not essential for obtaining a sound
processor [20].) We say that a weakly monotone algebra (A, >,>) succeeds (fails)
on a DP problem if the reduction pair processor based on (>A,>A) succeeds
(fails) on it.

The number of constraints that need to be satisfied in Theorem 1.11 can often
be reduced based on the observation that a reduction pair does not necessarily
have to satisfy ` & r for all rules `→ r in S but just for a subset of rules known
as the usable rules [3,26,28,71]. Formally, the set of usable rules of a DP problem
(P,S) is given by U(P,S) = {`→ r ∈ S | root(`) ∈ US(t) for some s→ t ∈ P},
where US(t) = ∅ if t is a variable and US(t) = US(f(t1, . . . , tn)) is the least
set such that f ∈ US(t), US(ti) ⊆ US(t) for all i ∈ {1, . . . , n}, and for all rules
`→ r ∈ S, root(`) ∈ US(t) implies Fun(r) ⊆ US(t). The integration of usable
rules into the reduction pair processor of Theorem 1.11 allows to weaken the
requirement S ⊆ & to U(P,S) ⊆ &, provided that Cε-compatibility is guaranteed,
which means that for a fresh function symbol c the conditions c(x, y) & x and
c(x, y) & y must hold (cf. [26, 28]).

Theorem 1.12. For any Cε-compatible reduction pair (>,&), the processor that
maps a DP problem (P,S) to

• {(P \ P ′,S)} if P ′ ⊆ > and (P \ P ′) ∪ U(P,S) ⊆ & for some P ′ ⊆ P

• {(P,S)} otherwise

is sound.

The result of Theorem 1.12 can be strengthened by coupling usable rules with
argument filters [26] and/or by improving the computation of usable rules using
unification instead of just looking at the root symbols (cf. e.g. [71]). Argument
filters are implicit in reduction pairs based on weakly monotone algebras induced
by polynomial interpretations and matrix interpretations. Because of this, and
due to the fact that all reduction pairs considered in the sequel fall into this
category, we skip a detailed discussion of argument filters here.
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Chapter 2

Polynomial Interpretations

In this chapter, we introduce all relevant concepts and definitions related to
polynomial interpretations and recall some well-known basic results concerning
decidability, total termination and simple termination. In particular, we formally
define the following variants of polynomial interpretations: polynomial inter-
pretations over the real, rational and natural numbers. We also present a new
result in connection with simple termination showing that, unlike polynomial
interpretations over the natural numbers, polynomial interpretations over the
rationals and reals do not enforce simple termination.

The idea of using polynomial interpretations for proving termination of TRSs
dates back to the (late) seventies of the last century. In the classical approach
of Lankford [43], one considers polynomials with integer coefficients inducing
polynomial algebras over the well-founded domain of the natural numbers. To
be precise, each n-ary function symbol f is interpreted by a polynomial in n
indeterminates with integer coefficients, which induces a mapping from terms
to integer numbers in the obvious way. In order to conclude termination of
a given TRS, three conditions have to be satisfied. First, every polynomial
must be well-defined, that is, it must induce a well-defined polynomial function
fN : Nn → N over the natural numbers. In addition, all interpretation functions
are required to be monotone with respect to the natural order >N on N. Finally,
one has to show compatibility of the interpretation with the given TRS, i.e., for
each rewrite rule `→ r, the polynomial P` associated with the left-hand side
must be greater (with respect to >N) than Pr, the corresponding polynomial of
the right-hand side, for all values of the indeterminates (ranging over N).

Using the terminology of Chapter 1, polynomial interpretations à la Lankford
are just special well-founded monotone algebras (resp. extended monotone
algebras) over the carrier N, where all interpretation functions are given by
polynomials with integer coefficients, and proving termination of a TRS R
amounts to finding an interpretation that is compatible with (all rules of) R.
However, a thorough examination of [43] reveals that Lankford was already aware
of the possibility of establishing termination by using polynomial interpretations
in an incremental way (essentially using the approach outlined in Section 1.3
for extended monotone algebras).

Apart from using polynomial interpretations as a stand-alone termination
method (as described above), they are nowadays often employed in the context
of the DP framework, which has the great advantage that the induced algebras
only need to be weakly monotone rather than strictly monotone (cf. Section 1.3).

Already back in the seventies an alternative approach using polynomials with
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real coefficients instead of integers was proposed by Dershowitz [18]. However,
due to the fact that the real numbers R equipped with the natural order >R
are not well-founded, a subterm property is explicitly required to ensure well-
foundedness, i.e., each interpretation function fR ∈ R[x1, . . . , xn] must addition-
ally satisfy fR(. . . , xi, . . .) >R xi for all i ∈ {1, . . . , n} and all x1, . . . , xn ∈ A ⊆ R,
where A 6= ∅ is the intended carrier of the induced algebra. It was not until 2005
that this limitation was overcome, when Lucas [45] presented a framework for
proving (polynomial) termination over the real numbers, where well-foundedness
is basically achieved by replacing >R by a new ordering >R,δ requiring com-
parisons between real numbers to not be below a given positive real number δ.
The two approaches of [18] and [45] were compared in [47], with the result that
the latter is strictly better than the former. Therefore, we employ the notion of
polynomial interpretations over the real numbers of [45], which also facilitates
polynomial interpretations over the rational numbers without further ado.

2.1 Definitions

For polynomial interpretations, the notion of well-definedness of a (polynomial)
function is important.

Definition 2.1. Let f be a function from Dn to D with D ⊆ R and n > 0. We
say that f is well-defined over A ⊆ D if f(x1, . . . , xn) ∈ A for all x1, . . . , xn ∈ A;
in particular, f ∈ A if n = 0.

In other words, well-definedness over A ⊆ D of a function f from Dn to D
means that the restriction of f to An is a function from An to A. In particular,
well-definedness of f over D0 is equivalent to non-negativeness of f on Dn

0 .
Further, note that well-definedness of a polynomial (with coefficients in Z, Q,
Ralg or R) corresponds to well-definedness of the function it induces.

2.1.1 Polynomial Interpretations over the Natural Numbers

Definition 2.2. A polynomial interpretation over N for a signature F consists
of a polynomial fN ∈ Z[x1, . . . , xn] for each n-ary function symbol f ∈ F such
that fN is well-defined over N.

Due to well-definedness, each of the polynomials fN induces a function from Nn
to N. Hence, the pair N = (N, {fN}f∈F) constitutes an F-algebra over the
carrier N. In the sequel, we often identify a polynomial interpretation with its
associated F-algebra. In conjunction with the natural order >N on N and its
reflexive closure >N, we obtain an algebra (N , >N,>N), which is easily seen to
be a weakly monotone F-algebra if for each f ∈ F , fN is weakly monotone. It
is strictly monotone if each interpretation function fN is strictly monotone, in
which case it is even an extended monotone algebra because strict monotonicity
of fN implies weak monotonicity, that is, monotonicity with respect to >N
implies monotonicity with respect to >N.

Definition 2.3. A polynomial interpretation over N is said to be weakly (strictly)
monotone if the algebra (N , >N,>N) is weakly (strictly) monotone. Similarly,
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we say that a polynomial interpretation over N is (weakly) compatible with a
set of rewrite rules R if the algebra (N , >N,>N) is (weakly) compatible with R.
Finally, a TRS R is polynomially terminating over N if there exists a polynomial
interpretation over N that is both compatible with R and strictly monotone.

Note that the notion of polynomial termination over N as defined above does
indeed make sense because any TRS that is polynomially terminating over N is
indeed terminating due to Corollary 1.7. Moreover, note that the coefficients
of the polynomials occurring in a polynomial interpretation over N are not
restricted to N. Some of them may be negative, even if strict monotonicity of
all interpretation functions is required.
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2x2 − x+ 1

Figure 2.1: The polynomial function x 7→ 2x2 − x+ 1.

Example 2.4. The univariate integer polynomial p(x) = 2x2 − x + 1 ∈ Z[x]
induces the polynomial function fZ : Z→ Z, x 7→ p(x), which is easily seen to be
well-defined over N (cf. Figure 2.1). So its restriction fN : N→ N, x 7→ p(x) to
the natural numbers is indeed permissible in a polynomial interpretation over N,
even in a strictly monotone one because fN is strictly monotone (i.e., monotone
with respect to >N). However, viewing p(x) as a function of a non-negative real
variable, monotonicity (with respect to the natural order on the real numbers)
does not hold.

Next we present an example that illustrates the use of polynomial interpreta-
tions for proving a given TRS polynomially terminating and/or incrementally
polynomially terminating. The formal definition of incremental polynomial
termination will be given in the next subsection.

Example 2.5. Consider the TRS R consisting of the following rewrite rules:

f(g(x))→ g(g(f(x)))

g(s(x))→ s(s(g(x)))
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We claim that R is polynomially terminating over N by the following polynomial
interpretation: fN(x) = x2, gN(x) = 3x+ 5 and sN(x) = x+ 1. Indeed, all these
functions are polynomial functions that are well-defined over N as all coefficients
are non-negative integers. In addition, all of them are monotone with respect
to >N because if the value of x is increased (by at least one), then the value of
the functions also increases (by at least one). Finally, for compatibility with the
rules of R, the two inequalities

9x2 + 30x+ 25 >N 9x2 + 20

3x+ 8 >N 3x+ 7

must hold for all x ∈ N, which is obviously true. Hence, R is polynomially
terminating over N. Besides, one can show that no interpretation using only
linear polynomials of the form ax + b can be used to establish polynomial
termination of R. However, the corresponding argument crucially relies on
the fact that the interpretation must be (strictly) compatible with all rewrite
rules. Indeed, using the incremental approach outlined in Section 1.3, which
allows for weak compatibility with some (but not all) rules, termination of R
can be established using linear polynomials. To this end, let us first consider
the interpretation fN(x) = 3x, gN(x) = x+ 1 and sN(x) = x, which is easily seen
to be a strictly monotone polynomial interpretation over N that is compatible
with the first rule of R and weakly compatible with the second rule. Thus,
after removing the first rule, termination of the second rule implies termination
of R. But termination of the second rule can easily be shown by the following
interpretation: gN(x) = 3x and sN(x) = x+ 1. Hence, termination of R follows.

2.1.2 Polynomial Interpretations over the Rationals and Reals

Now if one wants to extend the notion of polynomial interpretations to the
rational, real or real algebraic numbers, the main problem one is confronted
with is the non-well-foundedness of these domains with respect to their natural
order (even for non-negative numbers). In [30], and later in [45], this problem is
overcome as follows. Let D ∈ {Q,Ralg,R}, fix some positive number δ ∈ D, and
define a new order >D,δ on D as a replacement for the natural order >D:

x >D,δ y :⇐⇒ x− y >D δ for all x, y ∈ D

Thus, >D,δ is well-founded on subsets of D that are bounded from below.
Therefore, any set Dm (m ∈ D) could in principle be used as the carrier for
polynomial interpretations over D. However, it is well-known that one may
restrict to D0 without loss of generality, that is, without losing any power with
respect to proving termination (cf. [16,45,70]). We shall further elaborate on
this aspect at the end of this section.

Remark 2.6. Obviously, one can also define >D,δ for D = Z. Then, for δ = 1,
the order >Z,1 corresponds to the natural order on the integers.

Definition 2.7. Let D ∈ {Q,Ralg,R}. A polynomial interpretation over D for a
signature F consists of a polynomial fD ∈ D[x1, . . . , xn] for each n-ary function
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symbol f ∈ F and some positive number δ ∈ D such that fD is well-defined
over D0.

As for polynomial interpretations over N, the pair D = (D0, {fD}f∈F) con-
stitutes an F-algebra over the carrier D0 due to the well-definedness of all
interpretation functions. Together with >D0,δ and >D0 , the restrictions of >D,δ
and >D to D0, we obtain an algebra (D, >D0,δ,>D0), where >D0,δ is well-
founded (on D0) and >D0,δ · >D0 ⊆ >D0,δ. Hence, if for each f ∈ F , fD is
weakly (strictly) monotone, that is, monotone with respect to >D0 (>D0,δ), then
(D, >D0,δ,>D0) is a weakly (strictly) monotone F-algebra. However, unlike for
polynomial interpretations over N, strict monotonicity of (D, >D0,δ,>D0) does
not entail weak monotonicity as it can very well be the case that an interpreta-
tion function is monotone with respect to >D0,δ but not with respect to >D0 .
We shall see an example of such a function in Section 3.3 (cf. Lemma 3.19).

Definition 2.8. Let D ∈ {Q,Ralg,R}. A polynomial interpretation over D is
said to be weakly (strictly) monotone if the algebra (D, >D0,δ,>D0) is weakly
(strictly) monotone. Similarly, we say that a polynomial interpretation over D is
(weakly) compatible with a set of rewrite rules R if the algebra (D, >D0,δ,>D0)
is (weakly) compatible with R. Finally, a TRS R is polynomially terminating
over D if there exists a polynomial interpretation over D that is both compatible
with R and strictly monotone.

Again, the notion of polynomial termination over Q (Ralg, R) as defined
above is sensible due to Corollary 1.7. Next we formally define the notion of
incremental polynomial termination, which is essentially based on the incremental
termination approach for extended monotone algebras given in Section 1.3.

Definition 2.9. For D ∈ {N,Q,Ralg,R} and n ∈ N, n > 1, a TRS R is said to
be polynomially terminating over D in n steps if

• n = 1 and R is polynomially terminating over D, or if

• n > 1 and there exists a polynomial interpretation P over D and a
non-empty subset S ( R such that

1. P is weakly and strictly monotone,

2. R ⊆ >P and S ⊆ >P , and

3. R \ S is polynomially terminating over D in n− 1 steps.

Furthermore, we call a TRS R incrementally polynomially terminating over D
(or polynomially terminating over D∗) if there exists some n ∈ N, n > 1, such
that R is polynomially terminating over D in n steps.

Note that the interpretation P in Definition 2.9 is an extended monotone
algebra that establishes relative termination of S with respect to R according
to Theorem 1.6. So every infinite rewrite sequence in R contains only finitely
many S-steps. That is, after a finite number of steps we are left with an infinite
rewrite sequence in R \ S. Thus, termination of R \ S implies termination of R
(cf. also [20, Theorem 3]). This observation, together with an easy induction
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on the number of steps n, by which termination of R \ S in item (3) follows,
yields the following soundness result. In particular, note that the notions of
polynomial termination over D and incremental polynomial termination over D
coincide for singleton TRSs.

Lemma 2.10. Let D ∈ {N,Q,Ralg,R}, and let R be a TRS. If R is incremen-
tally polynomially terminating over D, then it is terminating.

In principle, one could take any set Nm (or even Zm) instead of N as the
carrier for polynomial interpretations with integer coefficients. However, it
is well-known [16, 70] that this does not have any effect on the power of the
interpretations (with respect to proving termination). Thus, one may restrict to
the carrier N without loss of generality. Likewise, for polynomial interpretations
with coefficients from Q (Ralg, R), one does not lose any power by choosing the
carrier Q0 (Ralg,0, R0), as was already observed in [45]. In fact, this is a direct
consequence of the following more general result.

Let F be a signature, D ∈ {Z,Q,Ralg,R}, and let (B, >Dm,δ,>Dm) be an
F-algebra over the carrier Dm with m ∈ D (whose interpretation functions
are not necessarily polynomials). Then one can always define an F-algebra
(A, >D0,δ,>D0) over the carrier D0 such that A is isomorphic to B and induces
the same (ordering) relations >A = >B and >A = >B on terms. In particular,
for D = Z and δ = 1, one can always define an isomorphic F -algebra (A, >N,>N)
over the carrier N because D0 = N, >D0 = >N and >D0,δ = >N (cf. Remark 2.6).
In order to prove this, let us consider the translation

ϕ : D0 → Dm, x 7→ x+m

which is obviously bijective. In addition, it satisfies the following condition:

∀x, y ∈ D0 x >D0 y ⇐⇒ ϕ(x) >Dm ϕ(y) (2.1)

(Here, >Dm denotes the restriction of >D to Dm.) This is due to the fact
that >D is closed under addition and the observation that x, y ∈ D0 if and
only if ϕ(x), ϕ(y) ∈ Dm. Hence, ϕ is an order-isomorphism from (D0,>D0)
to (Dm,>Dm), and therefore also from (D0, >D0,δ) to (Dm, >Dm,δ) as the or-
ders >D0,δ and >Dm,δ are defined in terms of >D0 and >Dm , respectively.
Moreover, ϕ naturally extends to a bijection ϕ̃ from Dn

0 to Dn
m, based on which

we establish the following diagram:

Dn
0 Dn

m

D0 Dm

-ϕ̃

?

fD0

?

fDm

-ϕ

Figure 2.2: A commutative diagram.

This diagram is commutative if ϕ ◦ fD0 = fDm ◦ ϕ̃, that is, if

fDm = ϕ ◦ fD0 ◦ ϕ̃−1 or equivalently fD0 = ϕ−1 ◦ fDm ◦ ϕ̃ (2.2)
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Thus, given fD0 , defining fDm = ϕ ◦ fD0 ◦ ϕ̃−1 makes the diagram commutative,
and vice versa. Now let A = (D0, {fD0}f∈F ) and B = (Dm, {fDm}f∈F ) be two
F-algebras. Then commutation of the diagram amounts to an isomorphism
between the two algebras.

Lemma 2.11. Consider the F-algebras (A, >D0,δ,>D0) and (B, >Dm,δ,>Dm)
and assume that for each n-ary function symbol f ∈ F , the diagram in Figure 2.2
commutes. Then the following statements hold:

1. A and B are isomorphic as F-algebras by the isomorphism ϕ,

2. ϕ ◦ [α]A(·) = [ϕ ◦ α]B(·) for any variable assignment α, and

3. >A = >B and >A = >B.

Proof. Concerning the first item, we observe that the translation ϕ is a bijective
mapping from the carrier of A to the carrier of B, which is a homomorphism
from A to B due to the assumption that the diagram in Figure 2.2 commutes,
which means that for each n-ary function symbol f ∈ F , ϕ ◦ fD0 = fDm ◦ ϕ̃.

Concerning the second item, we remark that [α]A(t) = ϕ−1([ϕ◦α]B(t)) follows
by a straightforward induction on t using the commutation property (2.2).

The third item follows from the second item and the order-isomorphism
property (2.1). The equality >A = >B can be shown as follows:

s >A t ⇐⇒ ∀α [α]A(s) >D0,δ [α]A(t)

⇐⇒ ∀α [α]A(s) >D0 [α]A(t) + δ

⇐⇒ ∀α ϕ([α]A(s)) >Dm ϕ([α]A(t) + δ)

⇐⇒ ∀α ϕ([α]A(s)) >Dm ϕ([α]A(t)) + δ

⇐⇒ ∀α [ϕ ◦ α]B(s) >Dm [ϕ ◦ α]B(t) + δ

⇐⇒ ∀α [ϕ ◦ α]B(s) >Dm,δ [ϕ ◦ α]B(t)

⇐⇒ ∀β [β]B(s) >Dm,δ [β]B(t)

⇐⇒ s >B t

Here, α (β) is a variable assignment for A (B), and we use the fact that there is
a one-to-one correspondence between assignments for A and assignments for B
mapping any assignment α for A to an assignment β = ϕ ◦ α for B. Finally,
we remark that the equality >A = >B follows by analogous reasoning after
replacing >D0,δ by >D0 .

Thus, if B = (Dm, {fDm}f∈F ) is a polynomial interpretation over the carrier
Dm, then we can always define a polynomial interpretation A = (D0, {fD0}f∈F )
over the carrier D0 by letting fD0 = ϕ−1 ◦ fDm ◦ ϕ̃ such that A is isomorphic
to B and induces the same (ordering) relations >A = >B and >A = >B on
terms. Note that fD0 is a polynomial whenever fDm is a polynomial because
polynomials are closed under translation.

Example 2.12. Consider the TRS R of Example 2.5. As shown previously,
this system is polynomially terminating over N by the following interpretation:
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fN(x) = x2, gN(x) = 3x+ 5 and sN(x) = x+ 1. As a consequence of Lemma 2.11,
termination of R can also be established via the following polynomial interpre-
tation over the carrier N1:

fN1(x) = fN(x− 1) + 1 = x2 − 2x+ 2 gN1(x) = gN(x− 1) + 1 = 3x+ 3

sN1(x) = sN(x− 1) + 1 = x+ 1

To this end, we first observe that all interpretation functions are indeed well-
defined over N1. This is obvious for gN1 and sN1 , but it also holds for fN1 because
fN1(x) = (x−1)2+1 has a global minimum of value one. In addition, all functions
are monotone with respect to >N1 . In particular, monotonicity of fN1 can be
shown as follows. If x >N1 y (i.e., x >N y for x, y ∈ N1), then x − 1 >N y − 1
and both operands are non-negative, which implies (x − 1)2 >N (y − 1)2 and
fN1(x) = (x − 1)2 + 1 >N (y − 1)2 + 1 = fN1(y). Hence, fN1(x) >N1 fN1(y) due
to well-definedness of fN1 . Finally, compatibility with the rules of R amounts
to the satisfaction of the two inequalities 30x >N1 25 and 3x + 6 >N1 3x + 5
for all x ∈ N1, both of which obviously hold. This implies termination due to
Corollary 1.7. In the same way, termination of R can also be established via a
polynomial interpretation over a carrier containing negative numbers, like Z−1,
for example:

fZ−1(x) = fN(x+ 1)− 1 = x2 + 2x gZ−1(x) = gN(x+ 1)− 1 = 3x+ 7

sZ−1(x) = sN(x+ 1)− 1 = x+ 1

We conclude this section with the formal definition of linear polynomial
interpretations.

Definition 2.13. Let D ∈ {N,Q,Ralg,R}. A polynomial interpretation over D
is said to be linear if all its interpretation functions are linear polynomials, that
is, fD(x1, . . . , xn) = anxn + · · ·+ a1x1 + a0 for each n-ary function symbol f .

In the remainder of this thesis, we will sometimes use the term “polynomial
interpretations with integer coefficients” as a synonym for polynomial interpre-
tations over N. Likewise, the term “polynomial interpretations with rational
(real, real algebraic) coefficients” refers to polynomial interpretations over Q (R,
Ralg).

2.2 Basic Facts

In this section, we present some well-known facts about polynomial interpreta-
tions as well as a new result in connection with simple termination.

We start with some easy observations which will be used freely in the sequel.
Let P be a polynomial interpretation over D ∈ {N, Q, Ralg,R} and ` → r a
rewrite rule in the variables x1, . . . , xm. One easily verifies (e.g. by induction
on `) that the interpretation [α]P(`) with respect to a variable assignment α can
be written as P`(α(x1), . . . , α(xm)) for some m-variate polynomial P` (which
does not depend on α). Likewise, one can associate a polynomial Pr with r
such that [α]P(r) = Pr(α(x1), . . . , α(xm)). Denoting the difference P` − Pr
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by P`,r, we thus conclude that compatibility of P with the rule ` → r holds
if and only if P`,r(α(x1), . . . , α(xm)) > 0 for all assignments α, or equivalently,
if P`,r(x1, . . . , xm) > 0 for all x1, . . . , xm ∈ D0. Similarly, P is weakly compatible
with `→ r if and only if P`,r(x1, . . . , xm) > 0 for all x1, . . . , xm ∈ D0.

We also note that compatibility with a set of rewrite rules implies weak
compatibility with that set of rules. This is due to the fact that >N ⊆ >N
and >D0,δ ⊆ >D0 for all D ∈ {Q,Ralg,R}.

2.2.1 Decidability Issues

Next we recall some decidability results related to polynomial interpretations.
Suppose R is a finite set of rewrite rules over some signature F and {fZ}f∈F a
collection of polynomials with integer coefficients. In order to verify whether
these polynomials constitute a valid polynomial interpretation over N that is
compatible with R, we have to show

1. well-definedness (over N) of all interpretation functions, and

2. for each rule `→ r ∈ R, [α]N (`) >N [α]N (r) for all assignments α.

Clearly, if the first condition holds, then N = (N, {fZ}f∈F) is indeed a valid
polynomial interpretation over N, which is compatible with R if the second
condition is satisfied as well. Using the observations made at the beginning of
this section, we conclude that the family of interpretations {fZ}f∈F is a valid
polynomial interpretation over N that is (weakly) compatible with R if the
following conditions hold:

1. for each n-ary f ∈ F , fZ(x1, . . . , xn) > 0 for all x1, . . . , xn ∈ N, and

2. for each rule `→ r ∈ R, P`,r(x1, . . . , xm) >
(−)

0 for all x1, . . . , xm ∈ N.

Here, the variables x1, . . . , xm correspond to the ones occurring in `→ r. Be-
sides, in connection with termination, the interpretation is required to be
weakly monotone (if used in the DP framework) or strictly monotone (if
used as a stand-alone termination method). The corresponding conditions
for strict (weak) monotonicity are as follows: for each n-ary function symbol
f ∈ F , fZ(x1, . . . , xi, . . . , xn) >

(−)
fZ(x1, . . . , y, . . . , xn) for all x1, . . . , xn, y ∈ N

with xi >
(−)

y and all i ∈ {1, . . . , n}.
Using the fact that x >N y if and only if x >N y + 1, all of the condi-

tions mentioned above, most notably the ones arising from compatibility with
rewrite rules, can be phrased as instances of the problem of checking posi-
tiveness of a polynomial p ∈ Z[x1, . . . , xn] on Nn. However, this problem is
known to be undecidable for n > 1 (by reduction from Hilbert’s 10-th problem,
cf. [70, Proposition 6.2.11]), as was already observed by Lankford [43]. Neverthe-
less, the following partial method for testing positiveness (and non-negativeness),
which is due to [34], has proven to work sufficiently well in practice, that is, in
the context of automated termination proofs (cf. [16,34] for details). We shall
refer to it as the absolute positiveness approach and adapt it as follows.

25



2 Polynomial Interpretations

Definition 2.14. A polynomial is said to be absolutely positive (absolutely
non-negative) if its constant coefficient is positive (non-negative) and all other
coefficients are non-negative.

Lemma 2.15. If a polynomial p ∈ Z[x1, . . . , xn] is absolutely positive (absolutely
non-negative), then p(x1, . . . , xn) >

(−)
0 for all x1, . . . , xn ∈ N.

Another way of obtaining a decidable sufficient condition for positiveness of a
polynomial p ∈ Z[x1, . . . , xn] on Nn, which was already mentioned in [43], is to
evaluate p in R rather than in N as positiveness on Nn follows from positiveness
on Rn0 . And the latter is decidable by Tarski’s celebrated decision procedure
for the first-order theory of real closed fields using the method of quantifier
elimination [6, 14, 69], which implies the decidability of the first-order theory of
the real numbers (R being a real closed field).

More importantly, from Tarski’s result we immediately obtain the decidability
of the problem considered at the beginning of this section for polynomials with
real coefficients. That is to say that it is decidable whether a given collection
of polynomials with real (algebraic) coefficients constitutes a valid polynomial
interpretation over R (Ralg) that is compatible (resp. weakly compatible) with a
given set of rewrite rules, and weak (resp. strict) monotonicity of the interpreta-
tion is decidable, too. (Note that both R and Ralg are real closed fields.) While
this result is of great theoretical importance, it is less relevant in practice due
to the high computational complexity of the decision procedures for the theory
of real closed fields (cf. [6], for example). In fact, as of yet, most automatic
termination tools prefer the absolute positiveness approach also for polynomials
with real (algebraic) coefficients. This is sound because Lemma 2.15 extends to
this case.

Lemma 2.16. If a polynomial p ∈ R[x1, . . . , xn] is absolutely positive (absolutely
non-negative), then p(x1, . . . , xn) >

(−)
0 for all x1, . . . , xn ∈ R0.

As far as polynomial interpretations over Q are concerned, we remark that
the corresponding literature (e.g. [4, 45,70]) does not mention any decidability
results. It is known, though, that the full first-order theory of the rationals is
undecidable [63,65]. Despite this negative result, it turns out that decidability
does indeed hold for polynomial interpretations over Q. However, we shall
postpone the proof of this fact until we have all the necessary ingredients for it
at hand in Chapter 3.

2.2.2 Total Termination and Simple Termination

Next we relate the notion of polynomial termination to two other well-known
notions of termination, namely, total termination and simple termination. Fol-
lowing [70], we define total termination as follows.

Definition 2.17. A TRS over a signature F is called totally terminating if there
exists a compatible well-founded monotone F-algebra (A, >,>) such that > is
a total order on its carrier.

For simple termination, we employ the following definition.
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Definition 2.18. A TRS R over a signature F is called simply terminating if
R∪ Emb(F) is terminating, where the TRS Emb(F) consists of all the rules

f(x1, . . . , xn)→ xi

with f ∈ F an n-ary function symbol, n > 1, and i ∈ {1, . . . , n}. The latter
rules are called embedding rules.

Hence, compatibility of a strictly monotone F -algebra (A, >,>), where > is a
total order, with some TRS R implies total termination of R. Thus, polynomial
termination over N implies total termination as >N is a total order on N. In
contrast, for D ∈ {Q,Ralg,R}, the order >D0,δ is not total (independently of
the value of δ). So if a TRS is polynomially terminating over Q, Ralg or R, total
termination cannot be concluded.

Polynomial termination over N also implies simple termination. This is
due to the fact that total termination implies simple termination according to
[70, Propositions 6.3.8 and 6.3.18]. (But note that the latter statement does
not hold any more for infinite signatures if one employs the alternative definition
of simple termination given in [50].)

Example 2.19. Consider the TRS R0 = {f(a) → f(g(a))} over the finite
signature F = {a, f, g}. It is easy to see that this system is not simply terminating
because the TRS R0 ∪Emb(F) = R0 ∪{f(x)→ x, g(x)→ x} admits the infinite
rewrite sequence

f(a)→R0 f(g(a))→Emb(F) f(a)→R0 f(g(a))→ · · ·

Hence, the TRS R0 cannot be polynomially terminating over N.

Concerning simple termination in connection with polynomial interpretations
over Q, Ralg and R, we establish the following new result showing that polynomial
termination over these domains does not imply simple termination, not even for
finite signatures.

Lemma 2.20. The TRS R0 of Example 2.19 is polynomially terminating over
Q, Ralg and R.

Proof. The following interpretation establishes polynomial termination over Q:

δ = 1 aQ = 1
2 fQ(x) = 4x gQ(x) = x2

To this end, we first note that the compatibility constraint associated with the
single rewrite rule gives rise to the inequality 2 >Q0,1 1, which holds by definition
of >Q0,1. Next we observe that all interpretation functions are well-defined
over Q0 as all coefficients are non-negative. So it remains to show monotonicity
with respect to >Q0,1. Assume x >Q0,1 y for x, y ∈ Q0. By definition of >Q0,1,
we have x >Q0 y + 1, and therefore 4x >Q0 4y + 4 >Q0 4y + 1, which implies
fQ(x) >Q0 fQ(y) + 1. Hence, fQ(x) >Q0,1 fQ(y) due to well-definedness of fQ.
As to monotonicity of gQ, we observe that x >Q0,1 y implies both x− y >Q0 1
and x+ y >Q0 1. So we obtain (x+ y)(x− y) = x2 − y2 >Q0 1, and therefore
gQ(x) >Q0 gQ(y) + 1. Hence, gQ(x) >Q0,1 gQ(y) due to well-definedness of gQ.
This shows polynomial termination over Q. Polynomial termination over Ralg

and R follows by the same interpretation.
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Corollary 2.21. For D ∈ {Q,Ralg,R}, the following statements hold:

1. Polynomial termination over D does not imply simple termination.

2. Polynomial termination over D does not imply total termination.

Proof. The first claim follows from Lemma 2.20 because the TRS of Example 2.19
is not simply terminating. The second claim follows from the first one and
the fact that total termination implies simple termination in case of finite
signatures.

2.2.3 Algebraic and Transcendental Numbers

According to Definition 2.7, the coefficients of the polynomials occurring in
a polynomial interpretation over R can be arbitrary real numbers, including
transcendental numbers, like π, for example. However, according to [47], it
suffices to restrict to polynomials with real algebraic coefficients as interpretations
of function symbols (without loss of generality). In this thesis, we extend this
result by showing that polynomial interpretations over R are in fact equivalent
to polynomial interpretations over Ralg with respect to proving termination of
TRSs (in the context of the DP framework as well as if used as a stand-alone
termination method). That is, we show that it is also sufficient to restrict to the
non-negative real algebraic numbers (instead of the entire set of non-negative
real numbers) as the carrier for polynomial interpretations with real algebraic
coefficients (cf. Section 4.2 of Chapter 4).
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Chapter 3

Monotonicity Criteria

In order to prove termination by means of a polynomial interpretation, three
conditions must be satisfied. First, all polynomials occurring in the interpretation
must be well-defined over the respective carrier. Secondly, the interpretation is
required to be weakly monotone (if applied in the context of the DP framework)
or strictly monotone (if used as a stand-alone termination method). In other
words, all interpretation functions have to be weakly monotone in the former
case, whereas strict monotonicity is required in the latter case. Last but not
least, given a termination problem in the form of a set of rewrite rules, the
interpretation has to be compatible with some subset of its rules and weakly
compatible with the remaining rules. Ideally, the process of proving termination
should be fully automated. One does not want to search for termination proofs
by hand, but one would rather have them generated automatically. Interestingly,
as far as polynomial interpretations are concerned, automation was an issue
right from the beginning [43]. Unlike then, nowadays they are considered to
be well-suited for automation. Concerning polynomial interpretations over the
natural numbers, the corresponding details can be found in [16], whereas the
automation of polynomial interpretations over the rational and real numbers
is described in [45]. In both approaches, termination tools are concerned with
parametric polynomials whose coefficients (i.e., the parameters) are initially
unknown and have to be instantiated suitably such that the resulting concrete
polynomials satisfy the conditions mentioned above.

In the first part of this chapter, we consider polynomial interpretations over
the natural numbers, putting our focus on monotonicity and well-definedness of
parametric polynomials of low degree (e.g., linear, quadratic, etc.). The aim is
to provide exact (that is, necessary and sufficient) constraints in terms of the
abstract coefficients of the parametric polynomials such that monotonicity and
well-definedness of the resulting concrete polynomials are guaranteed for every
instantiation of the coefficients satisfying the constraints. In particular, our
approach subsumes the one proposed in [16], which is currently used in many
termination tools. In contrast to the latter, which is essentially based on the
absolute positiveness criterion and therefore does not allow negative coefficients,
negative numbers in certain coefficients can be handled without further ado in
our approach.

In the second part of this chapter, we investigate monotonicity and well-
definedness for polynomial interpretations over the rational and real numbers.
Most notably, we provide complete characterizations of weak and strict mono-
tonicity, the latter subsuming the approach proposed in [45]. We also present a
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TRS, for which polynomial termination can only be established by our approach.
In addition, we investigate the relationship between weak and strict mono-
tonicity, showing that, unlike for polynomial interpretations over the natural
numbers, strict monotonicity does not imply weak monotonicity. Moreover, we
give necessary and sufficient criteria for monotonicity and well-definedness of
parametric polynomials of low degree (also allowing negative numbers in certain
coefficients).

Finally, in the third part of this chapter, we show that there are indeed TRSs
that can be proved terminating by a polynomial interpretation with negative
coefficients, but cannot be proved terminating by a polynomial interpretation
where the coefficients of all polynomials are non-negative. Concerning previous
work [21,28] on negative coefficients in polynomial interpretations, we note that
these approaches ensure well-definedness and (weak) monotonicity by extending
polynomials with the “max”-operation. However, all our interpretation functions
are (real) polynomials and our results do also apply to strict monotonicity. Hence,
we do not consider these approaches in the sequel.

Last but not least, let us also mention that some of the criteria presented in
this chapter have a strong impact on the theoretical part of this thesis, enabling
us to derive (new) results, which could not be derived otherwise.

The chapter is organized as follows. In Section 3.1, we introduce some
mathematical preliminaries. Then, in Section 3.2, we present our results on
monotonicity and well-definedness of polynomial interpretations over the natural
numbers, whereas Section 3.3 is dedicated to polynomial interpretations over
the rational and real numbers. Negative coefficients are treated in Section 3.4,
before we conclude in Section 3.5.

The results presented in Section 3.2 were originally published in the conference
paper [58]. The material contained in Sections 3.3 and 3.4 is new.

3.1 Preliminaries

A sequence of real numbers (xk)k∈N converges to the limit x if for every real
number ε > 0 there exists a natural number N such that the absolute distance
|xk − x| is less than ε for all k > N ; we denote this by limk→∞ xk = x. As
convergence in Rn is equivalent to componentwise convergence, we use the same
notation also for limits of converging sequences of n-tuples of real numbers
(~xk ∈ Rn)k∈N. A real function f : D → R, D ⊆ Rn, is continuous at ξ ∈ D if
for every converging sequence (~xk)k∈N in D with limk→∞ ~xk = ξ it holds that
limk→∞ f(~xk) = f(ξ). The function f is continuous on D if it is continuous at
all ξ ∈ D. Polynomial functions are well-known to be continuous on Rn. Finally,
as Q is dense in R, every real number is a rational number or the limit of a
converging sequence of rational numbers.

A quadratic equation is a polynomial equation of the form ax2 + bx+ c = 0,
where x is an indeterminate, and the coefficients a, b and c are real constants
with a 6= 0. The values of x satisfying such an equation are called roots of the
equation. By the fundamental theorem of algebra, every quadratic equation has
exactly two (not necessarily distinct) roots. They are given by the quadratic
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formula:

x =
−b±

√
b2 − 4ac

2a

In this formula, the expression D := b2 − 4ac underneath the square root sign
is of central importance because it determines the nature of the roots; it is
therefore called the discriminant of a quadratic equation. Since all coefficients
are assumed to be real numbers, one of the following three cases applies:

1. If D is positive, there are two distinct roots, both of which are real numbers.

2. If D is zero, there is exactly one real root, called a double root.

3. If D is negative, there are no real roots. Both roots are complex numbers.

Lemma 3.1. Let f(x) = ax2 + bx+ c with a, b, c ∈ R. Then f(x) > 0 holds for
all x ∈ R0 if and only if a > 0 ∧ c > 0 ∧ (b > 0 ∨ 4ac− b2 > 0).

Proof. First, we observe that c > 0 is necessary as f(0) = c. Moreover, a > 0
is also necessary because otherwise the leading coefficient of the quadratic
polynomial ax2 + bx+ c, which determines the behaviour for large values of x, is
negative. Next we consider the case a = 0 explicitly. Then the condition given
in the lemma simplifies to c > 0∧ (b > 0∨ b2 6 0), or equivalently, c > 0∧ b > 0,
which is obviously necessary and sufficient for f(x) = bx+ c to be non-negative
whenever x is non-negative. On the other hand, if a > 0, we proceed by case
distinction on b. If b > 0, then all three coefficients are non-negative, so the
claim holds. In case b is negative, we write

f(x) = a

((
x+

b

2a

)2

− b2

4a2
+
c

a

)
= a

((
x+

b

2a

)2

− D

4a2

)

where D := b2−4ac is the discriminant of the quadratic equation ax2+bx+c = 0.
From this representation we infer that f has a global minimum at xmin = −b/(2a)
of value f(xmin) = −D/(4a). As b is negative, xmin is positive, such that
f(x) > 0 holds for all x ∈ R0 if and only if f(xmin) = −D/(4a) > 0, or
equivalently, 4ac− b2 > 0.

We end this section with the mean value theorem of differential calculus.

Theorem 3.2 ([5, Theorem 3.1]). If a function f : D → R, D ⊆ R, is contin-
uous on the closed interval [a, b] and differentiable on the open interval (a, b),
then there exists ξ ∈ (a, b) such that

f ′(ξ) =
∂f

∂x
(ξ) =

f(b)− f(a)

b− a

3.2 Polynomial Interpretations over the Natural
Numbers

According to the definition given in the previous chapter, a polynomial interpre-
tation over N for a signature F is essentially an F-algebra N = (N, {fN}f∈F)
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3 Monotonicity Criteria

over the carrier N that associates each function symbol with a polynomial
with integer coefficients. Depending on whether all interpretation functions are
weakly or strictly monotone, the triple (N , >N,>N) is either a weakly monotone
F-algebra or a strictly monotone F-algebra (or both). As some form of mono-
tonicity is always required in the context of termination analysis, we conclude
that an n-ary polynomial function fN used in a polynomial interpretation over N
is an element of the polynomial ring Z[x1, . . . , xn] that must satisfy:

1. well-definedness over N: fN(x1, . . . , xn) > 0 for all x1, . . . , xn ∈ N, and

2. strict (weak) monotonicity: fN(x1, . . . , xi, . . . , xn) >
(−)

fN(x1, . . . , y, . . . , xn)

for all x1, . . . , xn, y ∈ N with xi >
(−)

y and all i ∈ {1, . . . , n}.

Alas, as mentioned in Section 2.2, both of these properties are in general
undecidable.

Termination tools face the following problem. They deal with parametric
polynomials (i.e., polynomials whose coefficients are unknowns; e.g., ax2+bx+c),
and their task is to find suitable integer numbers for the unknown coefficients
such that the resulting concrete polynomials satisfy both of the above properties.
The solution proposed in [16] is to restrict the search space for the unknown
coefficients to the non-negative integers (i.e., applying the absolute positiveness
criterion) because then well-definedness and weak monotonicity are obtained
for free. To obtain strict monotonicity in the i-th argument of a polynomial
function fN(. . . , xi, . . . ), at least one of the terms (ckx

k
i )k>0 must have a positive

coefficient ck > 0 (or equivalently, ck > 1).
Obviously, this approach is easy to implement and works quite well in practice.

However, it is not optimal in the sense that it excludes certain polynomials,
like 2x2 − x+ 1 (cf. Figure 2.1), which might be useful to prove termination of
certain TRSs. So how can we do better? To this end, let us observe that in
general termination tools only use restricted forms of polynomials to interpret
function symbols. There are restrictions concerning the degree of the polynomials
(linear, quadratic, etc.) and sometimes also restrictions that disallow certain
kinds of monomials. Now the idea is as follows. Despite the fact that well-
definedness and monotonicity are undecidable in general, it might be the case,
and indeed it actually is the case, that they are decidable for the restricted
forms of polynomials used in practice.

Remark 3.3. Checking (weak) compatibility of a polynomial interpretation
over N with a rewrite rule `→ r means showing that the rule gives rise to a (weak)
decrease; i.e., P` − Pr >(−)

0. In N, both cases reduce to checking non-negativeness

of integer polynomials because x > y holds if and only if x > y + 1 holds. Since
well-definedness over N of an integer polynomial is equivalent to non-negativeness
on N, any method that ensures non-negativeness of parametric polynomials can
also be used for checking compatibility. However, we remark that the method
presented in this chapter is not ideally suited for this purpose as it also enforces
monotonicity (weak or strict), which is irrelevant for compatibility.

In the sequel, we analyze parametric polynomials whose only restriction is a
bound on the degree. We will first treat linear parametric polynomials. While
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3.2 Polynomial Interpretations over the Natural Numbers

this does not yield new results or insights, it is instructive to demonstrate our
approach in a simple setting. This is followed by an analysis of quadratic and
finally also cubic parametric polynomials, both of which yield new results. The
following lemmas will be helpful in this analysis. The first one gives a more
succinct characterization of monotonicity (which is well-known), whereas the
second one relates monotonicity and well-definedness. In these lemmata, as well
as in the entire section, well-definedness means well-definedness over N, and weak
(strict) monotonicity refers to monotonicity with respect to >N (>N). In partic-
ular, monotonicity is meant with respect to all arguments (cf. Definitions 1.2
and 1.4).

Lemma 3.4. A (not necessarily polynomial) function fN : Nn → N is strictly
(weakly) monotone if and only if

fN(x1, . . . , xi + 1, . . . , xn) >
(−)

fN(x1, . . . , xi, . . . , xn)

for all x1, . . . , xn ∈ N and all i ∈ {1, . . . , n}.

Lemma 3.5. Let f : Zn → Z be the polynomial function associated with a
polynomial in Z[x1, . . . , xn], and let fN : Nn → Z denote its restriction to Nn.
Then fN is strictly (weakly) monotone and well-defined if and only if

1. fN(0, . . . , 0) > 0, and

2. fN(x1, . . . , xi + 1, . . . , xn) >
(−)

fN(x1, . . . , xi, . . . , xn)

for all x1, . . . , xn ∈ N and all i ∈ {1, . . . , n}.

Proof. Obvious.

3.2.1 Linear Parametric Polynomials

In this section, we consider the generic linear parametric polynomial function
fN(x1, . . . , xn) = anxn + an−1xn−1 + · · ·+ a1x1 + a0 and derive constraints on
the coefficients ai that guarantee monotonicity and well-definedness.

Lemma 3.6. The function fN(x1, . . . , xn) = anxn + · · ·+ a1x1 + a0 with ai ∈ Z
for i = 0, 1, . . . , n is strictly (weakly) monotone and well-defined if and only if
a0 > 0 and ai >

(−)
0 for all i ∈ {1, . . . , n}.

Proof. Easy consequence of Lemma 3.5.

Remark 3.7. Note that all coefficients must be non-negative and that the
constraints on the coefficients are exactly the ones one would obtain by the
absolute positiveness approach of [16]. Furthermore, these constraints are
optimal in the sense that they are both necessary and sufficient for monotonicity
and well-definedness.

33



3 Monotonicity Criteria

3.2.2 Quadratic Parametric Polynomials

Next we consider the generic quadratic parametric polynomial function

fN(x1, . . . , xn) = a0 +
n∑
j=1

ajxj +
∑

16j6k6n

ajkxjxk ∈ Z[x1, . . . , xn] (3.1)

Lemma 3.8. The function fN is strictly (weakly) monotone and well-defined if
and only if a0 > 0, ajk > 0 and aj + ajj >

(−)
0 for all 1 6 j 6 k 6 n.

Proof. By Lemma 3.5, this lemma holds if and only if fN(0, . . . , 0) > 0 and
fN(x1, . . . , xi + 1, . . . , xn) >

(−)
fN(x1, . . . , xi, . . . , xn) for all x1, . . . , xn ∈ N and

all i ∈ {1, . . . , n}. Clearly, fN(0, . . . , 0) > 0 is equivalent to a0 > 0, and the
monotonicity condition fN(x1, . . . , xi + 1, . . . , xn) > fN(x1, . . . , xi, . . . , xn) yields

ai(xi + 1) + aii(xi + 1)2 +
∑
i<k6n

aik(xi + 1)xk +
∑

16j<i

ajixj(xi + 1)

> aixi + aiix
2
i +

∑
i<k6n

aikxixk +
∑

16j<i

ajixjxi

which simplifies to

ai + aii + 2aiixi +
∑
i<k6n

aikxk +
∑

16j<i

ajixj > 0

This is a linear inequality in x1, . . . , xn that holds for all x1, . . . , xn ∈ N if
and only if ai + aii > 0 and all other coefficients are non-negative. Taking the
quantification over i into account, this proves the claim for strict monotonicity; for
weak monotonicity, we just have to replace > by > in the above calculation.

Corollary 3.9. The function fN(x) = ax2 + bx + c with a, b, c ∈ Z is strictly
(weakly) monotone and well-defined if and only if a > 0, c > 0 and a+b >

(−)
0.

Hence, in a quadratic parametric polynomial all coefficients must be non-
negative except the coefficients associated with the linear monomials. They can
be negative; for example, the polynomial 2x2 − x+ 1 satisfies the constraints of
Corollary 3.9, which shows that it is both well-defined and strictly monotone.

Remark 3.10. Not only does our approach improve upon the absolute positive-
ness approach of [16] for quadratic parametric polynomials, but the constraints
derived from it are even optimal, that is, necessary and sufficient for monotonicity
and well-definedness.

Example 3.11. The polynomial function

fN(x1, x2) = 2x2
1 + 3x2

2 + x1x2 − x1 − 2x2 + 1

is both well-defined and strictly monotone according to Lemma 3.8. Yet we can
also infer this result in a more modular and probably more intuitive way from
Corollary 3.9. To this end, let fN(x1, x2) = g1(x1) + g2(x2) + x1x2 + 1, where
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3.2 Polynomial Interpretations over the Natural Numbers

g1(x1) = 2x2
1 − x1 and g2(x2) = 3x2

2 − 2x2. Clearly, by Corollary 3.9, g1(x1)
and g2(x2) are both well-defined and strictly monotone. The same holds for
their sum, g1(x1) + g2(x2), because g1(x1) and g2(x2) do not share variables.
From this we conclude that fN is then also well-defined and strictly monotone
by observing that the addition of terms with non-negative coefficients (in this
case: x1x2 and 1) is not harmful.

Another thing that is noteworthy about the previous lemma is that it subsumes
the result of Lemma 3.6. That is to say, if we set the coefficients ajk of all
quadratic monomials in (3.1) to zero, thereby obtaining the linear parametric
polynomial function f ′N(x1, . . . , xn) = a0 +

∑n
j=1 ajxj , then the constraints

generated by Lemma 3.8 are in fact the ones Lemma 3.6 would produce when
applied to f ′N. In theory, this means that if we want to prove termination of some
TRS, then we do not have to specify a priori whether to interpret a function
symbol by a linear or a quadratic parametric polynomial function; we can always
go for a quadratic interpretation, and it is solely determined by the constraint
solving process (i.e., the process that assigns suitable integers to the abstract
coefficients such that all constraints are satisfied) whether the resulting concrete
polynomial function is linear or quadratic. In practice, however, this approach
has an important drawback; that is, it increases both the number of abstract
coefficients and the number of constraints involving these coefficients, which is
detrimental to the performance of the constraint solving process.

3.2.3 Cubic Parametric Polynomials

Next we apply our approach to cubic parametric polynomials. First, we consider
the univariate polynomial function fN(x) = ax3 + bx2 + cx+ d ∈ Z[x], for which
the monotonicity condition fN(x+ 1) >

(−)
fN(x) for all x ∈ N simplifies to

∀x ∈ N 3ax2 + (3a+ 2b)x+ (a+ b+ c) >
(−)

0 (3.2)

In the interesting case, where a 6= 0, the polynomial

P (x) = 3ax2 + (3a+ 2b)x+ (a+ b+ c)

is a quadratic polynomial in x whose geometric representation is a parabola in
2-dimensional space, which has a global minimum at xmin = −(3a+ 2b)/(6a)
because the leading coefficient of P must not be negative in order for (3.2) to
hold. Since a is involved in the leading coefficient of P , we conclude that a must
be positive. Next we focus on strict monotonicity, that is, the solution of the
inequality

∀x ∈ N 3ax2 + (3a+ 2b)x+ (a+ b+ c) > 0 (3.3)

Now this inequality holds if and only if either xmin < 0 and P (0) > 0 or xmin > 0
and both P (bxminc) > 0 and P (dxmine) > 0. However, these constraints use
the floor and ceiling functions, but we would rather have a set of polynomial
constraints in a, b and c (which can easily be encoded in SAT or SMT). It is
possible, though, to eliminate the floor and ceiling functions from the above
constraints, but only at the expense of introducing new variables; e.g., bxminc = n
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3 Monotonicity Criteria

for some n ∈ Z if and only if n 6 xmin < n + 1. Thus, one obtains a set of
polynomial constraints in a, b, c and the additional variables. But one can also
avoid the introduction of new variables with the following approach. For this
purpose, let us examine the roots of P and distinguish two possible cases:

Case 1 P has no roots in R (both roots are complex numbers),

Case 2 both roots of P are real numbers.

In the first case, (3.3) trivially holds. Moreover, this case is completely charac-
terized by the discriminant of P being negative, i.e., 4b2 − 3a2 − 12ac < 0. In
the other case, when both roots r1 and r2 are real numbers, the discriminant is
non-negative and (3.3) holds if and only if the closed interval [r1, r2] does not
contain a natural number, i.e., [r1, r2]∩N = ∅. While this condition can be fully
characterized with the help of the floor and/or ceiling functions, we can also
obtain a polynomial characterization as follows. We require the larger of the
two roots, that is, r2, to be negative because then (3.3) is guaranteed to hold.
This observation leads to the constraints

4b2 − 3a2 − 12ac > 0 and r2 =
−(3a+ 2b) +

√
4b2 − 3a2 − 12ac

6a
< 0

which can be simplified to

4b2 − 3a2 − 12ac > 0 (3.4)√
4b2 − 3a2 − 12ac < 3a+ 2b (3.5)

Due to (3.4), (3.5) holds if and only if 4b2−3a2−12ac < (3a+2b)2 and 3a+2b > 0,
which simplifies to a+ b+ c > 0 and 3a+ 2b > 0. Putting everything together,
we conclude from Lemma 3.5 that the function fN(x) = ax3 + bx2 + cx+ d is
strictly monotone and well-defined if

a > 0 ∧ d > 0 ∧ (4b2 − 3a2 − 12ac < 0 ∨ (a+ b+ c > 0 ∧ 3a+ 2b > 0))

Observing that fN(1)− fN(0) = a+ b+ c > 0 is necessary for strict monotonicity,
we arrive at the following equivalent formulation.

Lemma 3.12. The function fN(x) = ax3 + bx2 + cx + d ∈ Z[x] is strictly
monotone and well-defined if a > 0∧d > 0∧a+b+c > 0∧(D < 0∨3a+2b > 0),
where D = 4b2 − 3a2 − 12ac.

Note that these constraints are only sufficient for monotonicity and well-
definedness, they are not necessary. However, they are very close to necessary
constraints, as will be explained below.

Weak monotonicity of ax3 + bx2 + cx + d is obtained by similar reasoning.
The only difference is that in case 2 we differentiate between distinct real roots
r1 6= r2 and a double root r1 = r2. In the latter case, which is characterized
algebraically by the discriminant of P being zero, (3.2) holds unconditionally
(as P (x) = 3a(x− r1)2 > 0), whereas in the former case, where the discriminant
of P is positive, it suffices to require the larger of the two roots to be negative
or zero.
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Lemma 3.13. The function fN(x) = ax3 + bx2 + cx + d ∈ Z[x] is weakly
monotone and well-defined if a > 0∧d > 0∧a+b+c > 0∧(D 6 0∨3a+2b > 0),
where D = 4b2 − 3a2 − 12ac.

In case a = 0, i.e., fN(x) = bx2 + cx + d, Lemma 3.12 yields exactly the
same constraints as Corollary 3.9, that is, necessary and sufficient constraints.
One possible interpretation of this fact is that the simplification we made on
our way to Lemma 3.12 did not cast away anything essential. Indeed, that is
the case. To this end, we recall that Lemma 3.12 covers the case where the
polynomial P has no real roots as well as the case of two negative real roots.
The only case (where (3.3) holds) that is not covered is when both roots r1

and r2 are positive and [r1, r2] ∩ N = ∅; e.g., the polynomial 2x3 − 6x2 + 5x is
both strictly monotone and well-defined, but it does not satisfy the constraints
of Lemma 3.12; in particular, the polynomial P (x) = 6x2 − 6x + 1 has two
real roots r1, r2 ∈ (0, 1). However, it turns out that this case is very rare; for
example, empirical investigations reveal that in the set of polynomials

{3ax2 + (3a+ 2b)x+ (a+ b+ c) | 1 6 a 6 7,−15 6 b, c 6 15 (a, b, c ∈ Z)}

3937 out of a total of 6727 polynomials satisfy (3.3), but only 25 of them are of
this special kind. In other words, the constraints of Lemma 3.12 comprise 3912
out of 3937, hence almost all, polynomials; and this is way more than the 1792
(= 7× 16× 16) polynomials that the absolute positiveness approach, where a,
b and c are restricted to the non-negative integers, can handle. The following
table summarizes all our experiments with varying ranges for a, b and c:

a b, c Lemma 3.12

[1, 7] [−15, 15] 3912 of 3937
[1, 7] [−31, 31] 14055 of 14133
[1, 15] [−31, 31] 34718 of 34980

By design, our approach covers two out of the three possible scenarios mentioned
above. But which of these scenarios can the absolute positiveness approach deal
with? Just like our method, it fails on all instances of the scenario where the
polynomial P (x) = 3ax2 + (3a + 2b)x + (a + b + c) has two positive roots r1

and r2, which gives rise to the factorization P (x) = k(x− r1)(x− r2) with k > 0.
This expression is equivalent to kx2 − k(r1 + r2)x+ kr1r2, the linear coefficient
of which should be equal to 3a + 2b. Yet this is not possible if a and b are
restricted to the non-negative integers because −k(r1 + r2) is a negative number.
Concerning the two remaining scenarios, the absolute positiveness approach can
handle only some instances of the respective scenarios while failing at others.
We present one failing example for either scenario:

• If a = 1, b = −1 and c = 1, then P (x) = 3x2 + x + 1, which has no
real roots. Clearly, P (x) is positive for all x ∈ N. However, the absolute
positiveness approach fails because b is negative.

• If a = 3, b = −1 and c = −1, then P (x) = 9x2 + 7x + 1, both roots of
which are negative real numbers. Clearly, P (x) is positive for all x ∈ N,
but the absolute positiveness approach fails because b and c are negative.
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Generalization to Multivariate Cubic Parametric Polynomials

In this subsection, we elaborate on the question how to generalize the results
of Lemmata 3.12 and 3.13 to the multivariate case. In general, this is always
possible by a very simple approach that we already introduced in Example 3.11.
For this purpose, let fN(x1, . . . , xn) denote the n-variate generic cubic parametric
polynomial function, and let us note that we can write it as

fN(x1, . . . , xn) =
n∑
j=1

gj(xj) + r(x1, . . . , xn) (3.6)

where gj(xj) denotes the univariate generic cubic parametric polynomial function
in xj without constant term and r(x1, . . . , xn) contains all the remaining terms.
Now let us assume that all the gj(xj) are both strictly monotone and well-defined.
Then the same is true of their sum

∑n
j=1 gj(xj) because of variable-disjointness.

But when is this also true of fN? By Lemma 3.5, fN is strictly monotone and
well-defined if and only if

∑n
j=1 gj(0) + r(0, . . . , 0) > 0 and

gi(xi + 1)− gi(xi) + r(x1, . . . , xi + 1, . . . , xn)− r(x1, . . . , xi, . . . , xn) > 0

for all x1, . . . , xn ∈ N and all i ∈ {1, . . . , n}. By assumption, we have gi(0) > 0
and gi(xi + 1) − gi(xi) > 0 for all xi ∈ N and all i ∈ {1, . . . , n}. So the above
constraint is guaranteed to hold if r(0, . . . , 0) > 0 and

r(x1, . . . , xi + 1, . . . , xn)− r(x1, . . . , xi, . . . , xn) > 0

for all x1, . . . , xn ∈ N and all i ∈ {1, . . . , n}, that is, if r is weakly monotone
and well-defined according to Lemma 3.5. Hence, the n-variate generic cubic
parametric polynomial function fN(x1, . . . , xn) is strictly monotone and well-
defined if

• all the gj(xj) satisfy the constraints of Lemma 3.12, and

• r(x1, . . . , xn) is weakly monotone and well-defined.

In the same way, but using Lemma 3.13 instead of Lemma 3.12, we obtain
weak monotonicity and well-definedness of fN. Concerning weak monotonicity
and well-definedness of r(x1, . . . , xn), it is obviously sufficient to restrict all
its coefficients to be non-negative. However, using the method proposed in
this section, we can even do better. We demonstrate this for n = 2 in the
example below and remark that the corresponding approach readily generalizes
to arbitrarily many variables.

Example 3.14. For the bivariate generic cubic parametric polynomial function

fN(x1, x2) = ax3
1 + bx2

1x2 + cx1x
2
2 + dx3

2 + ex2
1 + fx1x2 + gx2

2 + hx1 + ix2 + j

we write fN(x1, x2) = g1(x1) + g2(x2) + r(x1, x2), where

g1(x1) = ax3
1 + ex2

1 + hx1

g2(x2) = dx3
2 + gx2

2 + ix2

r(x1, x2) = bx2
1x2 + cx1x

2
2 + fx1x2 + j
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Then this function is both strictly monotone and well-defined if ax3
1 + ex2

1 + hx1

and dx3
2 + gx2

2 + ix2 satisfy the constraints of Lemma 3.12, and r(x1, x2) is
weakly monotone and well-defined. Concerning the latter, one easily derives the
following necessary and sufficient conditions using the method proposed in this
section: b, c, j > 0 and b+ c+ f > 0. Thus, f may be negative. Further, note
that non-negativeness of b, c and j is necessary for well-definedness of r, and
necessity of b+ c+ f > 0 can, for example, be concluded from r(1, 1) > r(0, 1).

3.3 Polynomial Interpretations over the Rationals and
Reals

In this section, we investigate monotonicity and well-definedness for polynomial
interpretations over the rational and real numbers. In particular, we provide
complete characterizations of weak and strict monotonicity and relate them to
the approach proposed in [45]. Concerning the latter, we argue that the result
of Corollary 2.21 can only be established using our approach. Furthermore,
we give necessary and sufficient criteria for monotonicity and well-definedness
of parametric polynomials of low degree, and we show that, in contrast to
polynomial interpretations over the natural numbers, strict monotonicity does
not imply weak monotonicity.

According to the definition given in the previous chapter, a weakly (strictly)
monotone polynomial interpretation over D ∈ {Q,Ralg,R} is a weakly (strictly)
monotone F -algebra ((D0, {fD}f∈F ), >D0,δ,>D0) over the carrier D0 that asso-
ciates each function symbol f ∈ F with a polynomial fD with coefficients in D
such that fD is well-defined and weakly (strictly) monotone. Here, as well as in
the remainder of this section, weak (strict) monotonicity refers to monotonic-
ity with respect to >D0 (>D0,δ), and well-definedness means well-definedness
over D0. Throughout this section, we shall find the following characterizations of
weak and strict monotonicity more useful than the ones obtained by specializing
Definition 1.2.

Lemma 3.15. For D ∈ {Q,Ralg,R}, let fD be a (not necessarily polynomial)
function from Dn

0 to D0, and let δ ∈ D0, δ > 0. Then fD is

1. weakly monotone iff fD(x1, . . . , xi+h, . . . , xn)−fD(x1, . . . , xi, . . . , xn) > 0
for all x1, . . . , xn, h ∈ D0 and all i ∈ {1, . . . , n}.

2. strictly monotone iff fD(x1, . . . , xi+h, . . . , xn)−fD(x1, . . . , xi, . . . , xn) > δ
for all x1, . . . , xn, h ∈ D0 with h > δ and all i ∈ {1, . . . , n}.

Proof. Obvious from the definition of >D0,δ and the definition of monotonicity
with respect to >D0,δ (>D0).

Remark 3.16. Note that the second condition above is formally equivalent to
the first one for δ = 0. Hence, weak and strict monotonicity can be treated
uniformly.
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Corollary 3.17. In the situation of Lemma 3.15, fD is strictly monotone iff

fD(x1, . . . , xi + δ + h, . . . , xn)− fD(x1, . . . , xi, . . . , xn) > δ

for all x1, . . . , xn, h ∈ D0 and all i ∈ {1, . . . , n}.

Intuitively, monotonicity of fD with respect to >D0,δ means that if one
increases any of its arguments by at least δ, then the function value increases by
at least δ, too. We now show that in general this kind of monotonicity depends
on the actual value of δ. That is to say that it may indeed happen that a
function is monotone with respect to >D0,δ for some value of δ but not so for a
different value of δ. In [45], this was already observed for the function

f(x) = x− 1

1 + (x
8
3 − 2)2

+
3

4

which is even non-negative and continuous on R0, but obviously not a polynomial
function. However, the situation is no different for polynomial functions, even for
very simple ones, which are indeed relevant for (automated) termination proofs.
As an example, let us consider the polynomial function fD(x) = x2, which was
used in Section 2.2 to show that polynomial termination over Q (Ralg, R) does
not imply simple termination (cf. Lemma 2.20 and Corollary 2.21). According
to Lemma 3.15, fD is monotone with respect to >D0,δ if and only if

(x+ h)2 − x2 = 2hx+ h2 > δ

for all x, h ∈ D0 with h > δ, which is equivalent to h2 > δ for all D0 3 h > δ.
Clearly, the latter holds if and only if it holds for h = δ, that is, if and only if
δ2 > δ, which simplifies to δ > 1 because δ is positive by assumption. Indeed,
monotonicity is violated in case δ is less than one; e.g., for δ = 1

2 , we have
δ >D0,δ 0, but fD(δ) = 1

4 >D0,δ 0 = fD(0) does not hold.

3.3.1 Weak and Strict Monotonicity

Next we investigate the relationship between weak and strict monotonicity.
To begin with, we show how strict monotonicity can be obtained from weak
monotonicity.

Lemma 3.18. In the situation of Lemma 3.15, fD is strictly monotone if

1. fD is weakly monotone and

2. fD(x1, . . . , xi + δ, . . . , xn)− fD(x1, . . . , xi, . . . , xn) > δ

for all x1, . . . , xn ∈ D0 and all i ∈ {1, . . . , n}.

Proof. Using the characterization of strict monotonicity given in Corollary 3.17,
the result is an immediate consequence of (2) and the characterization of weak
monotonicity given in Lemma 3.15.

Note that the conditions mentioned in Lemma 3.18 are only sufficient for
strict monotonicity. This is due to the fact that in general strict monotonicity
does not imply weak monotonicity, not even for polynomial functions.
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Lemma 3.19. In the situation of Lemma 3.15, strict monotonicity of fD does
not imply weak monotonicity.

Proof. For D ∈ {Q,Ralg,R} and δ ∈ D0, δ > 0, let us consider the function
fD : D0 → D0, x 7→ 2x2 − x+ 1, which is indeed well-defined over D0 (cf. Fig-
ure 2.1). In addition, fD is monotone with respect to >D0,δ if δ = 1, for example.
According to Lemma 3.15, this amounts to showing that 4hx + 2h2 − h > 1
for all x, h ∈ D0 with h > 1, which does indeed hold as 4hx is non-negative
and 2h2 − h = h(2h − 1) is at least one if h is at least one. However, fD is
not monotone with respect to >D0 for any D ∈ {Q,Ralg,R}; e.g., 1

4 >D0 0 but
fD
(

1
4

)
= 7

8 6>D0 1 = fD(0).

Further, note the similarity between Lemma 3.4 and Lemma 3.18 after setting δ
to one and dropping the weak monotonicity condition. This motivates the ques-
tion whether the latter is needed at all. However, it turns out that weak mono-
tonicity is indeed needed for the soundness of Lemma 3.18. To this end, let us con-
sider the polynomial function fD : D0 → D0, x 7→ 7x4 − 28x3 + 36x2 − 14x+ 2
for D ∈ {Q,Ralg,R}, which is well-defined over D0, as is evident from the
graph depicted in Figure 3.1. In addition, it satisfies the second condition of
Lemma 3.18 for δ = 1, that is, fD(x + 1) − fD(x) > 1 for all x ∈ D0, be-
cause the difference fD(x + 1) − fD(x) can be written as x · p(x) + 1, where
p(x) = 28x2 − 42x + 16, and p(x) is non-negative for all x ∈ D0 according to
Lemma 3.1. Nevertheless, fD is not monotone with respect to >D0,1; e.g., we
have 3

2 >D0,1 0 but fD
(

3
2

)
= 47

16 6>D0,1 2 = fD(0).

x

1

2

3

4

5

6

7

0 1 2

Figure 3.1: The polynomial function x 7→ 7x4 − 28x3 + 36x2 − 14x+ 2.

There is another subtlety worth noting about weak and strict monotonicity.
Let f be a function from Rn0 to R0 that is also well-defined over Ralg,0 and Q0.
Then, by definition, monotonicity of f with respect to >R0 implies monotonicity
with respect to >Ralg,0

, which in turn implies monotonicity with respect to >Q0 .
However, in general, the reverse implications do not hold. For example, the
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function

f(x) =

{
x if x ∈ Q0

0 otherwise

is obviously monotone with respect to >Q0 but not with respect to >Ralg,0
; e.g.,√

2 >Ralg,0
1 but f(

√
2) = 0 6>Ralg,0

1 = f(1). Similarly, one can show that
monotonicity with respect to >Ralg,0

does not imply monotonicity with respect
to >R0 . Moreover, note that f is monotone with respect to >D0,δ for D = Q
(independently of δ) but not for D = Ralg or D = R. As it turns out, however,
this kind of behaviour is solely due to the pathological nature of the function f .
For well-behaved functions, that is, for functions that are continuous on the
non-negative orthant, the situation is not so intricate. In order to see this, we
need the following lemma, whose proof is based upon the fact that the behaviour
of continuous functions at irrational points is completely defined by the values
they take at rational points.

Lemma 3.20. Let f : Rn0 → R be continuous on Rn0 . Then the following
statements are equivalent:

1. f(x1, . . . , xn) > 0 for all x1, . . . , xn ∈ Q0.

2. f(x1, . . . , xn) > 0 for all x1, . . . , xn ∈ Ralg,0.

3. f(x1, . . . , xn) > 0 for all x1, . . . , xn ∈ R0.

Proof. Clearly, (3) implies (2), which in turn implies (1). So it remains to show
the implication from (1) to (3). To this end, let ~x = (x1, . . . , xn) ∈ Rn0 and let
(~xk)k∈N be a sequence of n-tuples of non-negative rational numbers ~xk ∈ Qn

0

whose limit is ~x. Such a sequence exists because Qn is dense in Rn. Then

f(~x) = f( lim
k→∞

~xk) = lim
k→∞

f(~xk)

by continuity of f . Thus, f(~x) is the limit of (f(~xk))k∈N, which is a sequence of
non-negative real numbers by assumption. Hence, f(~x) is non-negative, too.

Lemma 3.21. Let f be a continuous function from Rn0 to R0 that is well-defined
over D0 with D ∈ {Q,Ralg}. Then the following statements are equivalent:

1. The function f is monotone with respect to >R0.

2. The function f is monotone with respect to >D0.

Proof. By Lemmata 3.15 and 3.20.

Corollary 3.22. Let f be a polynomial function from Rn0 to R0 induced by a
polynomial with coefficients in Q. Then the following statements are equivalent:

1. The function f is monotone with respect to >Q0.

2. The function f is monotone with respect to >Ralg,0
.

3. The function f is monotone with respect to >R0.
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In case f is induced by a polynomial with coefficients in Ralg, at least one of
which is irrational, then the last two statements are equivalent.

Thus, for continuous functions, hence for polynomial functions, one does not
have to distinguish between monotonicity with respect to >Q0 , >Ralg,0

and >R0 ,
provided well-definedness over the respective domain holds. A similar statement
can be made about strict monotonicity.

Lemma 3.23. Let f be a continuous function from Rn0 to R0 that is well-defined
over D0 with D ∈ {Q,Ralg}. Then the following statements are equivalent for
D0 3 δ > 0:

1. The function f is monotone with respect to >R0,δ.

2. The function f is monotone with respect to >D0,δ.

Proof. By Corollary 3.17 and Lemma 3.20.

Corollary 3.24. Let f be a polynomial function from Rn0 to R0 induced by a
polynomial with coefficients in Q. Then the following statements are equivalent
for Q0 3 δ > 0:

1. The function f is monotone with respect to >Q0,δ.

2. The function f is monotone with respect to >Ralg,0,δ.

3. The function f is monotone with respect to >R0,δ.

In case f is induced by a polynomial with coefficients in Ralg, at least one of which
is irrational, then the last two statements are equivalent for Ralg,0 3 δ > 0.

3.3.2 Differentiable Functions

Next we turn our attention to functions that are even more well-behaved than
continuous functions, namely, differentiable functions. This class of functions
was already considered in [45], with the following results. Weak monotonicity
can be completely characterized using partial derivatives. This is due to the fact
that a function f from Rn0 to R0 is monotone in its i-th argument with respect
to >R0 if and only if it is non-decreasing in its i-th argument (because >R0

is just the natural partial order on R). However, non-decreasingness of f in
the i-th argument is well-known [8] to be equivalent to the (first-order) partial
derivative ∂f

∂xi
being non-negative (provided it exists). Thus, we obtain the

following lemma (cf. also [45, Proposition 2] and [47, Proposition 1]).

Lemma 3.25. Let f be a function from Rn0 to R0 that is continuous and
differentiable in all arguments. Then the following statements are equivalent:

1. The function f is monotone with respect to >R0.

2. ∂f(x1,...,xi,...,xn)
∂xi

> 0 for all x1, . . . , xn ∈ R0 and all i ∈ {1, . . . , n}.
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Corollary 3.26. Let f be a function from Rn0 to R0 that is continuous and
differentiable in all arguments, and, in addition, well-defined over D0 with
D ∈ {Q,Ralg}. Then the following statements are equivalent:

1. The function f is monotone with respect to >R0.

2. The function f is monotone with respect to >D0.

3. ∂f(x1,...,xi,...,xn)
∂xi

> 0 for all x1, . . . , xn ∈ R0 and all i ∈ {1, . . . , n}.

Proof. By Lemmata 3.25 and 3.21.

Note that polynomial functions with non-negative real coefficients trivially
satisfy the derivative condition of Lemma 3.25, hence they are always weakly
monotone. However, there are also polynomial functions that are weakly mono-
tone despite having negative coefficients; e.g., f(x) = x3 − x2 + 2x, whose
derivative 3x2 − 2x+ 2 is non-negative for all x ∈ R0 according to Lemma 3.1.

Finally, comparing Lemma 3.15 and Lemma 3.25 (resp. Corollary 3.26), both
of which completely characterize weak monotonicity for differentiable functions,
let us mention that the constraints associated with the latter are generally easier
to handle than the ones associated with the former.

Concerning strict monotonicity, the following condition is proposed in [45].

Lemma 3.27. Let f be a function from Rn0 to R0 that is continuous and

differentiable in all arguments. If ∂f(x1,...,xi,...,xn)
∂xi

> 1 for all x1, . . . , xn ∈ R0

and all i ∈ {1, . . . , n}, then f is monotone with respect to >R0,δ for any positive
real number δ. If, in addition, f is well-defined over Q0 (Ralg,0), then f is
also monotone with respect to >Q0,δ (>Ralg,0,δ) for any positive rational (real
algebraic) number δ.

In contrast to Lemma 3.15, the derivative condition given in Lemma 3.27
is only sufficient for strict monotonicity; e.g., the function f(x) = x2, which
was already shown to be strictly monotone for δ > 1, cannot be handled by
Lemma 3.27. However, Lemma 3.27 has the advantage that it establishes strict
monotonicity for any value of δ rather than just for one specific value. In fact, as
already mentioned in [45], the derivative condition of Lemma 3.27 is necessary
for ensuring strict monotonicity independently of the value of δ.

Furthermore, note that any function that is strictly monotone according to
Lemma 3.27 is also weakly monotone by Lemma 3.25 (resp. Corollary 3.26).
From this we conclude that Lemma 3.27 is weaker than Lemma 3.18 in the sense
that any function that can be shown strictly monotone by the former can also be
shown strictly monotone by the latter, but not vice versa, as witnessed (again)
by the function f(x) = x2. This is due to the fact that the second condition
of Lemma 3.18 is necessary for strict monotonicity, whereas the derivative
condition of Lemma 3.27 is not. Moreover, it turns out that the inherent loss
of power is considerable. For example, in Section 2.2, we could successfully
exploit the function g(x) = x2 to establish polynomial termination of the single
rewrite rule f(a)→ f(g(a)), thus showing that polynomial termination over Q
(Ralg, R) does not imply simple termination (cf. Lemma 2.20 and Corollary 2.21).
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However, this result cannot be obtained using the monotonicity criterion of
Lemma 3.27 because if the interpretation functions f(x) and g(x) associated
with the symbols f and g are strictly monotone according to this lemma, and
therefore also weakly monotone, then we must have f(x) > x and g(x) > x for
all x > 0 (by the mean value theorem of differential calculus, cf. Lemma 3.28
below). Hence, the value of the left-hand side of f(a)→ f(g(a)) cannot be greater
than the value of the right-hand side. So termination cannot be established in
this way (not only for polynomial algebras, but for any algebra whatsoever).

Lemma 3.28. Let f be a function from Rn0 to R0 that is continuous and

differentiable in all arguments. If ∂f(x1,...,xi,...,xn)
∂xi

> 1 for all x1, . . . , xn ∈ R0

and all i ∈ {1, . . . , n}, then

f(x1, . . . , xi, . . . , xn) > xi

for all x1, . . . , xn ∈ R0 and all i ∈ {1, . . . , n}.

Proof. Assume to the contrary that there are a1, . . . , an ∈ R0 and i ∈ {1, . . . , n}
such that f(a1, . . . , ai, . . . , an) < ai, and define a function g from R0 to R0 by
g(xi) := f(a1, . . . , ai−1, xi, ai+1, . . . , an). Then ai 6= 0 by assumption on the
range of f and

g(ai)− g(0)

ai − 0
6
g(ai)

ai
< 1

Hence, by Theorem 3.2, there is 0 < ξ < ai such that

∂g

∂xi
(ξ) =

∂f

∂xi
(a1, . . . , ai−1, ξ, ai+1, . . . , an) < 1

However, this contradicts our assumption on the partial derivatives of f .

In fact, Lemma 3.27 enforces simple termination. To this end, let F be a
signature, and let A = (A, {fA}f∈F) be an F-algebra (not necessarily poly-
nomial), where A ⊆ R0 and all interpretation functions are strictly monotone
according to Lemma 3.27. Then A gives rise to a strictly monotone F-algebra
(A, >A,δ,>A) together with >A,δ and >A, the restrictions of >R0,δ and >R0 to A.
More importantly, by Lemma 3.28, (A, >A,δ,>A) is also a well-founded simple
monotone F -algebra (in the sense of [70,77], cf. Definition 3.29 below), and such
algebras are well-known to characterize simple termination.

Definition 3.29. A simple monotone F-algebra (A, >,>) is an F-algebra
A = (A, {fA}f∈F) together with an order > and a partial order > on A such
that > · > ⊆ > and for each f ∈ F , fA is monotone with respect to >, and

fA(x1, . . . , xi, . . . , xn) > xi

for all x1, . . . , xn ∈ A and all i ∈ {1, . . . , n}. A simple monotone algebra is said
to be well-founded if > is well-founded.

Remark 3.30. In [70, Definition 6.3.1], > is implicitly assumed to be the
reflexive closure of >. However, this is not essential. For the validity of the
results established on top of this definition, it is sufficient if > and > satisfy the
compatibility condition > · > ⊆ >.
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Proposition 3.31 ([70, Proposition 6.3.8]). A TRS is simply terminating if
and only if it admits a compatible well-founded simple monotone algebra.

Proposition 3.32 ([70, Proposition 6.3.5]). Let R be a TRS over a finite sig-
nature F , and let (A, >,>) be a compatible simple monotone F-algebra. Then
R is terminating.

As a consequence of Proposition 3.31, any TRS that is compatible with the
algebra (A, >A,δ,>A) is necessarily simply terminating.

More importantly, it turns out that the aforementioned advantage that
Lemma 3.27 establishes strict monotonicity for any value of δ entails the fact
that we can dispense with >A,δ altogether, replacing it by >A, the restriction of
the natural order >R0 on the non-negative reals to A. This statement is based on
the observation that the resulting algebra (A, >A,>A) is still a simple monotone
algebra. To this end, note that well-foundedness of >A is not (necessarily)
required in Definition 3.29 and that an interpretation function is monotone
with respect to >A if it is (strictly) increasing in all its arguments, which is
known [8] to be the case if all partial derivatives are positive, a condition that
is obviously implied by the derivative condition of Lemma 3.27. Hence, by
Proposition 3.32, compatibility of the algebra (A, >A,>A) with a TRS over a
finite signature implies termination. Moreover, it is easy to see that any TRS
(resp. any set of rewrite rules) that is compatible with the algebra (A, >A,δ,>A)
is also compatible with (A, >A,>A) since >A,δ ⊆ >A, and likewise for weak
compatibility. This shows that, in case of finite signatures, the traditional simple
monotone algebra approach using the natural order on the reals subsumes the
approach of [45] if Lemma 3.27 is used to enforce strict monotonicity.

3.3.3 Parametric Polynomials

In analogy to Section 3.2, we are now going to consider parametric polynomials
of low degree with the aim of providing necessary and sufficient constraints in
terms of their abstract coefficients such that monotonicity and well-definedness
of the resulting concrete polynomials are guaranteed for every instantiation of
the coefficients that satisfies the constraints.

Due to Lemma 3.20 and Corollaries 3.22 and 3.24, for polynomial functions,
it suffices to consider monotonicity with respect to >D0,δ (>D0) and well-
definedness over D0 for D = R only; e.g., if f is a polynomial function induced
by a polynomial with rational coefficients, then f is well-defined over Q0 if
and only if it is well-defined over R0 according to Lemma 3.20, and for a
positive rational number δ, it is monotone with respect to >Q0,δ (>Q0) if and
only if it is monotone with respect to >R0,δ (>R0) by Corollaries 3.22 and 3.24
(assuming well-definedness). In particular, for parametric polynomials, these
monotonicity and well-definedness requirements can readily be expressed in the
first-order theory of the reals. For example, the following formula characterizes
well-definedness and strict monotonicity (using Lemma 3.15) of the univariate
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quadratic parametric polynomial ax2 + bx+ c:

∀x ∀h ((x > 0 =⇒ ax2 + bx+ c > 0)∧
(x > 0 ∧ h > δ =⇒ 2ahx+ ah2 + bh > δ)) (3.7)

In this formula, all variables, that is, the quantified variables x and h as well as
the free variables a, b, c and δ, are supposed to range over the real numbers,
and what we seek is an equivalent formula in which no quantified variables
appear. For this purpose, we can use any quantifier elimination algorithm for
the first-order theory of the reals (resp. the first-order theory of real closed
fields), though the calculations are generally tedious to do by hand. However,
in our case, it turns out that this process is amenable for automation because of
the fact that we are dealing with relatively simple polynomials of low degree.
For example, the quantifier elimination tool QEPCAD B [11] implementing the
partial cylindrical algebraic decomposition (CAD) algorithm of Collins and
Hong [14,15] produces an equivalent quantifier-free formula for (3.7) in about
one second.1 Despite this fact, we shall formally treat linear and quadratic
parametric polynomials below as the obtained results will be used throughout
this thesis. But beforehand, let us observe the following lemma relating weak
monotonicity and well-definedness.

Lemma 3.33. For D ∈ {Q,Ralg,R}, let fD : Dn
0 → D denote the polynomial

function associated with a polynomial in D[x1, . . . , xn]. Then fD is monotone
with respect to >D0 and well-defined over D0 if and only if it is monotone with
respect to >D0 and fD(0, . . . , 0) > 0.

Proof. Obvious from Lemma 3.15.

Thus, well-definedness is implicitly taken care of by the single constraint
fD(0, . . . , 0) > 0. In order to ensure weak monotonicity in Lemma 3.33, one
may either employ Lemma 3.15 or Lemma 3.25 (resp. Corollary 3.26).

For strict monotonicity and well-definedness, the analogon of Lemma 3.33
does not hold (basically because strict monotonicity does not imply weak
monotonicity); e.g., taking f(x) = 2x2 − x+ 1, which was already shown to be
monotone with respect to >D0,δ for δ = 1 using Lemma 3.15, we observe that
the function g(x) = f(x)− 1 satisfies g(0) > 0 as well as the strict monotonicity
condition of Lemma 3.15 (for δ = 1) since g(x+ h)− g(x) = f(x+ h)− f(x).
Nevertheless, g is not well-defined over D0 because g

(
1
4

)
= −1

8 . Therefore, we
have to explicitly take care of well-definedness.

Linear Parametric Polynomials

Lemma 3.34. For D ∈ {Q,Ralg,R}, the linear parametric polynomial function
fD(x1, . . . , xn) = anxn + · · · + a1x1 + a0 with ai ∈ D for i = 0, 1, . . . , n is
monotone with respect to >D0 and well-defined over D0 if and only if ai > 0 for
all i ∈ {0, 1, . . . , n}.
1On a desktop computer equipped with 1 GB of main memory and a single IntelR© PentiumR© 4
processor running at a clock rate of 3 GHz.
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Proof. Easy consequence of Lemmata 3.33 and 3.15.

Lemma 3.35. For D ∈ {Q,Ralg,R} and δ ∈ D0, δ > 0, the linear parametric
polynomial function fD(x1, . . . , xn) = anxn + · · · + a1x1 + a0 with ai ∈ D for
i = 0, 1, . . . , n is monotone with respect to >D0,δ and well-defined over D0 if and
only if a0 > 0 and ai > 1 for all i ∈ {1, . . . , n}.

Proof. According to Lemma 3.15, this lemma holds if and only if fD is well-
defined over D0 and fD(x1, . . . , xi+h, . . . , xn)−fD(x1, . . . , xi, . . . , xn) > δ holds
for all x1, . . . , xn, h ∈ D0 with h > δ and all i ∈ {1, . . . , n}. By definition of fD,
the latter condition simplifies to aih > δ for all h > δ and all i ∈ {1, . . . , n},
which holds if and only if it holds for h = δ, that is, if ai > 1 for all i ∈ {1, . . . , n}
(since δ > 0). But then a0 = fD(0, . . . , 0) > 0 is not only necessary but also
sufficient for well-definedness.

Quadratic Parametric Polynomials

Next we consider the generic quadratic parametric polynomial function

fD(x1, . . . , xn) = a0 +
n∑
j=1

ajxj +
∑

16j6k6n

ajkxjxk ∈ D[x1, . . . , xn] (3.8)

Lemma 3.36. For D ∈ {Q,Ralg,R}, the function fD of (3.8) is monotone with
respect to >D0 and well-defined over D0 if and only if all its coefficients are
non-negative.

Proof. As a consequence of Lemma 3.20, the function fD is well-defined over D0

if and only if it is well-defined over R0. Then, by Lemma 3.25 (for D = R)
and Corollary 3.26 (for D ∈ {Q,Ralg}), the claim holds if and only if fD is
well-defined over R0 and

∂fD
∂xi

(x1, . . . , xi, . . . , xn) = 2aiixi +
∑
i<k6n

aikxk +
∑

16j<i

ajixj + ai > 0

for all x1, . . . , xn ∈ R0 and all i ∈ {1, . . . , n}. Being a quantified linear inequality
in x1, . . . , xn, the latter condition holds if and only if all its coefficients are non-
negative. Taking the quantification over i into account, this shows that all
coefficients of fD, except for a0, must be non-negative. But then a0 > 0 is not
only necessary but also sufficient for well-definedness.

Hence, all coefficients must be non-negative for weak monotonicity and well-
definedness. This is no longer the case for the combination of strict monotonicity
and well-definedness. To this end, we start with the following result, where we put
the focus on strict monotonicity. Well-definedness will be treated subsequently.

Lemma 3.37. For D ∈ {Q,Ralg,R} and δ ∈ D0, δ > 0, the function fD of (3.8)
is monotone with respect to >D0,δ and well-defined over D0 if and only if it is
well-defined over D0, all its coefficients, except for a1, . . . , an, are non-negative
and aiiδ + ai > 1 for all i ∈ {1, . . . , n}.
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Proof. By Lemma 3.15, the claim holds if and only if fD is well-defined over D0

and fD(x1, . . . , xi + h, . . . , xn)− fD(x1, . . . , xi, . . . , xn)− δ =∑
i<k6n

haikxk +
∑

16j<i

hajixj + 2haiixi + (h2aii + hai − δ) > 0 (3.9)

holds for all x1, . . . , xn, h ∈ D0 with h > δ and all i ∈ {1, . . . , n}. Being a
quantified linear inequality in x1, . . . , xn, quantifier elimination with respect
to x1, . . . , xn amounts to demanding non-negativeness of all coefficients, such
that (3.9) holds for all x1, . . . , xn, h ∈ D0 with h > δ and all i ∈ {1, . . . , n} if
and only if for all h ∈ D0 with h > δ and all i ∈ {1, . . . , n},

• haik > 0 for k = i+ 1, . . . , n, and

• haji > 0 for j = 1, . . . , i− 1, and

• 2haii > 0, and

• h2aii + hai − δ > 0.

Now quantifier elimination with respect to h is trivial for the first three items
because h is always positive, so we can just discard it. Taking the quantification
over i into account, this shows that all coefficients of fD, except for a0, a1, . . . , an,
must be non-negative. But a0 = fD(0, . . . , 0) > 0 is obviously necessary for well-
definedness. In the fourth item, the quantifier associated with the variable h can
be eliminated as follows. Clearly, for h = δ, we obtain the necessary condition
δ2aii + δai > δ, or equivalently, δaii + ai > 1. However, this condition is also
sufficient because for h > δ, it implies haii + ai > 1, which in turn implies
h2aii + hai > h > δ.

Hence, for strict monotonicity (and well-definedness), all coefficients must be
non-negative, except for the coefficients associated with the linear monomials.
In contrast, the strict monotonicity condition of Lemma 3.27 requires the partial
derivatives

∂fD
∂xi

(x1, . . . , xi, . . . , xn) = 2aiixi +
∑
i<k6n

aikxk +
∑

16j<i

ajixj + ai

to be at least one for all non-negative values of x1, . . . , xn and all i ∈ {1, . . . , n}.
Together with a0 > 0, which is obviously necessary for well-definedness, this
means that all coefficients must be non-negative and ai > 1 for all i ∈ {1, . . . , n}.
Hence, the latter approach admits negative coefficients only for polynomials of
degree three or higher. In addition, note that if all coefficients are non-negative
and ai > 1 for all i ∈ {1, . . . , n}, then well-definedness trivially holds, and strict
monotonicity holds with respect to any value of δ. However, we can also distill
this information from Lemma 3.37 by quantifying over δ. Doing so, we see that
the function fD of (3.8) is well-defined over D0 and monotone with respect
to >D0,δ for any δ if and only if all coefficients are non-negative and ai > 1 for
all i ∈ {1, . . . , n}.
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3 Monotonicity Criteria

Now how about well-definedness of fD? Obviously, by Lemma 3.37, non-well-
definedness can only be caused by the coefficients a1, . . . , an associated with the
linear monomials. These coefficients are bounded from below by ai > 1− aiiδ
for all i ∈ {1, . . . , n}. So if all aii are zero, then fD has no negative coefficients
and well-definedness trivially holds. On the other hand, if some aii is positive
and the corresponding ai negative, then the term aiix

2
i eventually dominates

the term aixi; in particular, we have

aiix
2
i + aixi = aii

(
xi +

ai
2aii

)2

− a2
i

4aii

Consequently, well-definedness of fD can always be achieved by choosing its
constant coefficient large enough. In this way, one easily derives a sufficient
criterion for well-definedness. Quite surprisingly, though, the computation of
conditions that are both necessary and sufficient turns out to be quite involved
in general, that is, in the multivariate case (even for two indeterminates). The
result for the univariate case is as follows.

Lemma 3.38. For D ∈ {Q,Ralg,R} and δ ∈ D0, δ > 0, the function fD(x) =
ax2 + bx+ c with a, b, c ∈ D is monotone with respect to >D0,δ and well-defined
over D0 if and only if a > 0 ∧ c > 0 ∧ (b > 0 ∨ 4ac− b2 > 0) ∧ aδ + b > 1.

Proof. By Lemma 3.37, the claim holds if and only if fD is well-defined over D0

and a > 0, c > 0 and aδ + b > 1. Furthermore, according to Lemmata 3.1
and 3.20, the conditions a > 0, c > 0 and (b > 0 ∨ 4ac− b2 > 0) are necessary
and sufficient for well-definedness.

In the bivariate case, the function fD(x1, x2) = ax2
1+bx2

2+cx1x2+dx1+ex2+f
with coefficients in D is monotone with respect to >D0,δ and well-defined over D0

if and only if

a, b, c, f > 0 ∧ aδ + d > 1 ∧ bδ + e > 1 ∧
5∨
i=1

φi

where the φi are defined as follows: for D1 := 4bf − e2 and D2 := 4af − d2,

φ1 := d > 0 ∧ e > 0 φ2 := d > 0 ∧D1 > 0 φ3 := e > 0 ∧D2 > 0

φ4 := D1 > 0 ∧D2 > 0 ∧ (2ae− cd > 0 ∨ 2bd− ce > 0)

φ5 := D1 > 0 ∧ c2f − 4abf + ae2 − cde+ bd2 6 0

As this result is never used in the remainder of the thesis (unlike the one of
Lemma 3.38), we skip its (lengthy) formal proof. We do note, however, that
the conditions listed above are equivalent to the ones obtained by the quantifier
elimination tool QEPCAD B.

Example 3.39. Consider the polynomial function f(x) = 2x2−x+1, for which
we have already established well-definedness and strict monotonicity for δ = 1.
Now we can use Lemma 3.38 to infer that it is in fact well-defined and strictly
monotone for any δ > 1.
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3.4 Negative Coefficients in Polynomial Interpretations

In the previous sections, we have seen that in principle one may use polynomial
interpretations with (some) negative coefficients for proving termination of TRSs.
Now the obvious question is the following: does there exist a TRS that can be
proved terminating by a polynomial interpretation with negative coefficients,
but cannot be proved terminating by a polynomial interpretation where the
coefficients of all polynomials are non-negative? To elaborate on this question,
let us consider the TRS R1 comprising the two rewrite rules

f(a)→ f(b) g(b)→ g(a)

We claim that R1 can be shown polynomially terminating over Q, Ralg and R,
but only by means of negative coefficients.

Lemma 3.40. The TRS R1 is polynomially terminating over Q, Ralg and R.

Proof. The following interpretation establishes polynomial termination over Q:

δ = 1 aQ = 0 bQ = 1
2 gQ(x) = 2x fQ(x) = 6x2 − 5x+ 2

First, we show compatibility of this interpretation with the rules of R1 by
observing that the inequalities

fQ(aQ) >Q0,δ fQ(bQ) gQ(bQ) >Q0,δ gQ(aQ)

simplify to 2 >Q0,1 1 and 1 >Q0,1 0. So they do indeed hold according to the
definition of >Q0,1. Next we note that well-definedness and strict monotonicity
of fQ and gQ follow directly from Lemmata 3.35 and 3.38. In particular, fQ is
well-defined over Q0 because it has a global minimum at xmin = 5

12 , namely
fQ(xmin) = 23

24 , which is positive. This shows polynomial termination over Q.
Polynomial termination over Ralg and R follows by the same interpretation.

Next we show that polynomial termination cannot be established, not even
incrementally, if negative coefficients are not allowed in the interpretation. To
this end, let us consider a strictly monotone polynomial interpretation P over
D ∈ {Q,Ralg,R}, all of whose interpretation functions are given by polynomials
with non-negative coefficients, and let us assume that P is weakly compatible
with both rules of R1 and (strictly) compatible with at least one rule. Then P
is also weakly monotone (e.g. by Lemma 3.25 or Corollary 3.26, respectively)
because all coefficients are assumed to be non-negative. In particular, all
interpretation functions are non-decreasing, which is the essential difference
to the interpretation given in the proof of Lemma 3.40. Clearly, for (strict)
compatibility of P with a non-empty subset of R1, the interpretations of the
constants a and b must not be equal. Without loss of generality, let bD >D0 aD
(but not necessarily bD >D0,δ aD). From this we obtain fD(bD) >D0 fD(aD)
by weak monotonicity of fD. Yet this inequality cannot be strict due to weak
compatibility of P with the first rule of R1; hence, fD(aD) = fD(bD). But then,
as a consequence of non-decreasingness, fD must be constant in the non-empty
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interval [aD, bD]. However, for a polynomial function, this can only be the case
if it is constant everywhere, which is not permissible because of the requirement
of strict monotonicity. Hence, there is no polynomial interpretation over Q,
Ralg or R that is weakly monotone as well as strictly monotone and proves
(incremental) polynomial termination of R1. In particular, this also reveals that
the statement of Lemma 3.40 cannot be shown by a polynomial interpretation
using the strict monotonicity condition of Lemma 3.27.

We conclude this section with the remark that there are also TRSs that can
be proved terminating by a polynomial interpretation over N with negative
coefficients, but cannot be proved polynomially terminating over N using only
non-negative coefficients. We shall present an example of such a TRS in the
next chapter. In fact, for this particular TRS, a stronger statement holds. That
is to say that, despite the fact that the system is polynomially terminating
over N (but only with negative coefficients), polynomial termination cannot
be established over Q, Ralg or R, not even by means of negative coefficients
(cf. Lemmata 4.14 and 4.15).

3.5 Conclusion

The topic of this chapter was the investigation of polynomial interpretations with
regard to criteria that guarantee monotonicity (weak and/or strict) and well-
definedness of the functions induced by the polynomials occurring in such inter-
pretations. For polynomial interpretations over the rational and real (algebraic)
numbers, we gave complete characterizations of weak and strict monotonicity,
the latter subsuming the current approach proposed in [45]. Most notably, the
fact that polynomial termination over Q (Ralg, R) does not imply simple termi-
nation can only be established using our approach. We also presented a simple
TRS, consisting of the single rewrite rule f(a)→ f(g(a)), for which polynomial
termination can only be shown using the monotonicity criteria proposed in
this chapter. In addition, we investigated the relationship between weak and
strict monotonicity, showing that, unlike for polynomial interpretations over the
natural numbers, strict monotonicity does not imply weak monotonicity.

Having automation in mind, we put our focus on parametric polynomials of
low degree, providing constraints in terms of their abstract coefficients such
that monotonicity and well-definedness of the resulting concrete polynomials are
guaranteed for every instantiation of the coefficients satisfying the constraints.
For polynomial interpretations over the natural numbers, our approach subsumes
the one proposed in [16], which is currently used in many termination provers,
and, in contrast to the latter, it allows negative numbers in certain coefficients.
Similarly, for polynomial interpretations over the rational and real (algebraic)
numbers, the constraints obtained by our approach subsume the ones of [45], and
negative coefficients can be handled without further ado. Moreover, we showed
that there are indeed TRSs that can be proved terminating by polynomial
interpretations with negative coefficients, but cannot be proved terminating by
polynomial interpretations where all coefficients are non-negative. Some of the
criteria proposed in this chapter for polynomial interpretations over the natural
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numbers have been implemented in the termination prover TTT2 [41] (by the tool
developers). Experimental results can be found in [58]. In these experiments,
checking (weak) compatibility of a polynomial interpretation (over N) with a
rewrite rule `→ r is done by testing P` − Pr >(−)

0 using the method of absolute

positiveness of Chapter 2. Yet, taking a closer look at the latter, one might argue
that it is not ideally suited for this purpose (at least not in theory) because, by
definition, it only admits polynomials with non-negative coefficients inducing
weakly monotone functions, thus precluding a vast majority of permissible
polynomials. For future work, we therefore propose to investigate alternatives
for the absolute positiveness approach. More concretely, we suggest to consider
one that is based on the fact that a (multivariate) polynomial p is (globally)
non-negative if it admits a sum of squares (SOS) decomposition [64], that is, if
it can be written as p =

∑
i f

2
i using a finite number of polynomials fi. Clearly,

if such a decomposition exists, then p(x) > 0 holds for all x ∈ Rn. The reverse
implication does not hold in general (cf. [64]). What makes this approach
appealing is the fact that the existence of an SOS decomposition can be decided
by solving a semidefinite programming feasibility problem, which can be done
efficiently, that is, in polynomial time [61,62], whereas the general problem of
testing global non-negativity of a polynomial function is NP-hard (when the
degree is at least four, cf. e.g. [62]). So it might be fruitful to approximate the
polynomial non-negativity constraints arising from (weak) compatibility of a
polynomial interpretation with a set of rewrite rules by a set of SOS constraints
rather than using the absolute positiveness approach which is weaker in theory.
Note that the relaxation to non-negativity on Rn0 poses no problem as p(x) > 0
holds for all x ∈ Rn0 if and only if p(x2) > 0 holds for all x ∈ Rn. Also note that
the constraints arising from (strict) compatibility can readily be handled as they
can easily be expressed as non-negativity constraints.

The results obtained in this chapter also enable us to prove the decidability
result for polynomial interpretations over Q mentioned in the previous chapter
(in Section 2.2). To this end, let F be a signature, {fQ}f∈F a collection of
polynomials with coefficients in Q, and let δ be a positive rational number.
According to Lemma 3.20, for each n-ary function symbol f ∈ F , fQ is well-
defined over Q0 if and only if it is well-defined over R0, with the decidability of
the latter being an immediate consequence of Tarski’s decidability result for the
first-order theory of the reals. Similarly, assuming well-definedness, we conclude
from Corollary 3.22 that each interpretation function is monotone with respect
to >Q0 if and only if it is monotone with respect to >R0 , which is again decidable
by Tarski’s result. In the same way, one obtains the decidability of monotonicity
with respect to >Q0,δ from Corollary 3.24. Therefore, it is decidable whether the
pair ({fQ}f∈F , δ) constitutes a valid polynomial interpretation over Q, and weak
as well as strict monotonicity of the interpretation is decidable, too. Moreover,
(weak) compatibility with a given set of rewrite rules is also decidable because,
by Lemma 3.20, the (weak) compatibility constraint P`−Pr−δ > 0 (P`−Pr > 0)
associated with some rewrite rule `→ r holds for all x1, . . . , xm ∈ Q0 if and only
if it holds for all x1, . . . , xm ∈ R0 (where the variables x1, . . . , xm correspond to
the ones occurring in `→ r), the latter again being decidable by Tarski’s result.
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Chapter 4

Polynomial Termination Hierarchy

In Chapter 2, we have introduced four variants of polynomial interpretations,
polynomial interpretations over N, Q, Ralg and R. Now the obvious question is:

What is their relationship with regard to termination proving power?

For Knuth-Bendix orders, for example, it is known [19,40,44] that extending the
range of the underlying weight function from the natural numbers to the non-
negative reals does not result in an increase in termination proving power. As
far as (direct) polynomial termination (in the sense of Definitions 2.3 and 2.8) is
concerned, a partial answer to the above question was given in 2006 by Lucas [46],
who managed to show that there are TRSs that can be shown terminating by
polynomial interpretations with rational coefficients, but cannot be shown
terminating using polynomials with integer coefficients only. Likewise, he proved
that there are TRSs that can be handled by polynomial interpretations with real
(algebraic) coefficients, but cannot be handled by polynomial interpretations
with rational coefficients. Based on these results and the fact that we have the
strict inclusions Z ⊂ Q ⊂ R, there is the common yet unproven belief (expressed
in e.g. [10,47]) in the term rewriting community that polynomial interpretations
with real coefficients properly subsume polynomial interpretations with rational
coefficients, which in turn properly subsume polynomial interpretations with
integer coefficients. In this chapter, we shall see, however, that this is not
true. In general, the situation turns out to be as depicted in Figure 4.1, which
illustrates both our results and the earlier results of Lucas [46]. In particular, we

terminating TRSs

R = Ralg Q
N

Figure 4.1: Comparison.

prove that polynomial interpretations with rational coefficients are subsumed by
polynomial interpretations with real coefficients, which turn out to be equivalent
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to polynomial interpretations with real algebraic coefficients. Moreover, we show
that polynomial interpretations with real or rational coefficients do not subsume
polynomial interpretations with integer coefficients. Likewise, we prove that
there are TRSs that can be shown terminating by polynomial interpretations
with real coefficients as well as by polynomial interpretations with integer
coefficients, but cannot be shown terminating using polynomials with rational
coefficients only.

We also consider the possibility of establishing termination by using poly-
nomial interpretations in an incremental way, an approach already known to
Lankford [43, Example 3]. As for (direct) polynomial termination, we give
the full picture of the relationship between the four notions of incremental
polynomial termination over N, Q, Ralg and R as introduced in Definition 2.9,
showing that it is essentially the same as the one depicted in Figure 4.1 for
(direct) polynomial termination. Besides, we also provide evidence that the
situation is no different for polynomial interpretations in the context of the
DP framework.

The remainder of this chapter is organized as follows. In Section 4.1, we present
an auxiliary result concerning polynomial interpretations that will be helpful in
Section 4.2, where we show that polynomial interpretations with real algebraic
coefficients are equivalent to polynomial interpretations with real coefficients
when it comes to proving termination of TRSs (in the DP framework as well as if
used as a stand-alone termination method). Then, in Section 4.3, we give the full
picture of the relationship between the various notions of polynomial termination,
whereas Section 4.4 is dedicated to incremental polynomial termination. Finally,
we present some results related to the DP framework in Section 4.5, before
concluding in Section 4.6.

Some of the results presented in this chapter originally appeared in the
conference paper [54]. A substantially extended paper [57] has been submitted
for publication. As far as new contributions are concerned, the solution to
the open problem mentioned in [54] whether polynomial termination over N
and R implies polynomial termination over Q is provided, thereby completing the
picture of the relationship between the various notions of polynomial termination.
The results of Sections 4.4 and 4.5, which extend this relationship to incremental
polynomial termination and polynomial interpretations in the context of the
DP framework, are also new.

4.1 Preliminaries

As described in the previous chapters, in order to prove termination by means
of a polynomial interpretation, the following conditions must be satisfied: well-
definedness over the respective carrier, monotonicity (weak or strict) and (weak)
compatibility with some set of rewrite rules. In this section, we show that for
polynomial interpretations over Q, Ralg and R all of these conditions can be
expressed as polynomial non-negativity constraints. To this end, let F be a
signature, D ∈ {Q,Ralg,R}, and consider a collection of polynomials {fD}f∈F
with coefficients in D′ ⊆ D, where D′ is a subring of D and D0 is the carrier of
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the interpretation. We claim that all of the aforementioned conditions can be
phrased as (conjunctions of) quantified polynomial inequalities of the shape

p(x1, . . . , xn, δ) > 0 for all x1, . . . , xn ∈ D0 (4.1)

for some polynomial p in the indeterminates x1, . . . , xn and δ with coefficients
in the ring D′, i.e., p ∈ D′[x1, . . . , xn, δ].

For well-definedness of the polynomials fD over D0, this is obvious from
Definition 2.1 and the assumption on the nature of their coefficients, whereas for
weak (resp. strict) monotonicity it follows from Lemma 3.15 (resp. Corollary 3.17).
In particular, for each n-ary function symbol f ∈ F , strict monotonicity of fD
in its i-th argument is equivalent to non-negativeness of

p(x1, . . . , xn, h, δ) = fD(x1, . . . , xi + δ + h, . . . , xn)− fD(x1, . . . , xn)− δ

for all x1, . . . , xn, h ∈ D0. So it remains to show p ∈ D′[x1, . . . , xn, h, δ]. Yet
this is an immediate consequence of the usual closure properties of polynomials.
To this end, note that fD is in D′[x1, . . . , xn, h, δ] by assumption. Obviously,
both xi + δ+ h and δ are in D′[x1, . . . , xn, h, δ] as well. Hence, by closure under
composition, fD(x1, . . . , xi + δ + h, . . . , xn) is then also in D′[x1, . . . , xn, h, δ],
and, by closure under addition, the same holds for p. This shows that strict
monotonicity can indeed be expressed in the form of (4.1). By similar reasoning,
the same is true of weak monotonicity.

Next we note that (weak) compatibility with some rewrite rule `→ r amounts
to the satisfaction of the non-negativity constraint P`−Pr− δ > 0 (P`−Pr > 0)
for all x1, . . . , xn ∈ D0 (where the variables x1, . . . , xn correspond to the ones
occurring in `→ r). By assumption, both P` and Pr are composed of polynomials
with coefficients in the ring D′ (because each fD is a polynomial with coefficients
in D′). Hence, by closure under composition, we obtain that P` and Pr are
in D′[x1, . . . , xn] ⊆ D′[x1, . . . , xn, δ]. Then, by closure under addition, the
polynomials P` − Pr and P` − Pr − δ are in D′[x1, . . . , xn, δ] as well.

We conclude this section with the following corollary. If the value of δ is
known, that is, for δ ∈ D0, δ > 0, all of the conditions mentioned above can be
expressed as (conjunctions of) quantified polynomial inequalities of the shape

p(x1, . . . , xn) > 0 for all x1, . . . , xn ∈ D0 (4.2)

where p is a polynomial with coefficients in D (as δ is not necessarily in D′).

4.2 Real Algebraic Numbers Suffice

As already mentioned at the end of Chapter 2, for polynomial interpretations
over R, it suffices to consider polynomials with real algebraic coefficients as
interpretations of function symbols according to a result established in [47]. In
this section, we extend this result by showing that it even suffices to restrict to the
non-negative real algebraic numbers as the carrier for polynomial interpretations
with real algebraic coefficients. In other words, we show that polynomial
interpretations over R are equivalent to polynomial interpretations over Ralg
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with respect to proving termination of TRSs (in the context of the DP framework
as well as if used as a stand-alone termination method). For this purpose,
we exploit the following concepts and results from the field of real algebraic
geometry [6, 9].

Definition 4.1. A real closed field R is an ordered field (i.e., a field equipped
with a total order that is compatible with the field operations) such that every
positive element of R has a square root in R and every polynomial in R[x] of
odd degree has a root in R.

Definition 4.2. Let R be a real closed field and D a subring of R. A first-order
formula in the language of ordered fields with coefficients in D is a formula written
with a finite number of conjunctions, disjunctions, negations, and universal or
existential quantifiers on variables, starting from atomic formulas, which are
formulas of the kind f(x1, . . . , xn) = 0, f(x1, . . . , xn) > 0 or f(x1, . . . , xn) > 0,
where f is a polynomial with coefficients in D. The free variables of a formula
are those variables of the polynomials occurring in the formula, which are not
quantified. A sentence is a formula without free variables.

Theorem 4.3 (Tarski-Seidenberg Transfer Principle). Suppose that R′ is a
real closed field that contains the real closed field R. If Φ is a sentence in the
language of ordered fields with coefficients in R, then it is true in R if and only
if it is true in R′.

With these preliminaries at hand, we are now ready to state the main result
of this section.

Lemma 4.4. Let P be a weakly (strictly) monotone polynomial interpretation
over R such that S1 ⊆ >P and S2 ⊆ >P for some finite sets of rewrite rules S1

and S2. Then there exists a weakly (strictly) monotone polynomial interpretation
N over Ralg such that S1 ⊆ >N and S2 ⊆ >N . The converse statement (obtained
by exchanging R and Ralg) also holds.

Proof. Let F denote the signature associated with S1∪S2, and let δ be a positive
real number and P = ({fR}f∈F , δ) a weakly (strictly) monotone polynomial
interpretation over R such that S1 ⊆ >P and S2 ⊆ >P . That is, P satisfies the
following conditions:

(a) for each n-ary symbol f ∈ F , fR(x1, . . . , xn) > 0 for all x1, . . . , xn ∈ R0,

(b) for each symbol f ∈ F , fR is monotone with respect to >R0 (>R0,δ),

(c) for each rule `→ r ∈ S1, P` >R0,δ Pr for all x1, . . . , xm ∈ R0, and

(d) for each rule s→ t ∈ S2, Ps >R0 Pt for all y1, . . . , yk ∈ R0.

Here, the variables x1, . . . , xm and y1, . . . , yk correspond to the ones occurring
in `→ r and s→ t, respectively. As a consequence of the aforementioned result
of [47], each interpretation function fR can be assumed to be a polynomial
with real algebraic coefficients. Treating δ as a variable (which we will later
quantify existentially) and applying the result of Section 4.1, we note that all four
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conditions can be phrased as (conjunctions of) quantified polynomial inequalities
of the shape “p(x1, . . . , xn, δ) > 0 for all x1, . . . , xn ∈ R0” for some polynomial p
with real algebraic coefficients. Moreover, any of these quantified inequalities
can readily be expressed as a formula in the language of ordered fields with
coefficients in Ralg, where δ is the only free variable. By taking the conjunction
of all these formulas, existentially quantifying δ and adding the conjunct δ > 0,
we obtain a sentence S in the language of ordered fields with coefficients in Ralg

(because S1, S2 and F are finite). By assumption, this sentence is true in the
real closed field R. But then it must also be true in the real closed field Ralg

because of Theorem 4.3, which states that S is true in R if and only if it is true
in Ralg. Hence, there exists a positive real algebraic number δN such that the
pair N = ({fR}f∈F , δN ) constitutes a valid polynomial interpretation over Ralg

that is weakly (strictly) monotone if P is weakly (strictly) monotone and satisfies
S1 ⊆ >N and S2 ⊆ >N .

The converse statement can be shown in the same way. Again, we construct
a sentence S in the language of ordered fields with coefficients in Ralg, but this
time it is true in Ralg by assumption. However, by Theorem 4.3, S is true in Ralg

if and only if it is true in R.

Remark 4.5. Taking a closer look at the result of [47], which is crucially used
in the proof of Lemma 4.4, one observes that its proof is not as explicit as it
should be, at least not for our purpose. In particular, it does not take the δ
into account, which is an integral part of any polynomial interpretation over R.
While it is true that δ can be neglected in some cases, this is by no means
always the case, as we have already seen in Chapter 3 and will see again in the
present chapter. Besides, the proof given in [47] also lacks an explicit treatment
of monotonicity. However, these issues can be resolved. A revised proof is given
in Appendix A (cf. the proof of Lemma A.1).

Lemma 4.4 gives rise to the following corollaries.

Corollary 4.6. A TRS is (incrementally) polynomially terminating over R if
and only if it is (incrementally) polynomially terminating over Ralg.

Corollary 4.7. If there exists a weakly monotone polynomial interpretation
over R that succeeds on a given DP problem, then there also exists a weakly
monotone polynomial interpretation over Ralg that succeeds on this DP problem,
and vice versa.

Thus, polynomial interpretations over R are equivalent to polynomial interpre-
tations over Ralg when it comes to proving termination of TRSs. Nevertheless,
for the sake of brevity of notation, we will mostly stick to the term “polynomial
interpretations over the real numbers” in the remainder of this thesis.

4.3 Direct Polynomial Termination

According to the result established in Section 4.2, for termination analysis, we
do not have to distinguish between polynomial interpretations over R and poly-
nomial interpretations over Ralg. So we are left with polynomial interpretations
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over N, Q and R. In this section, we investigate the relationship between the
various notions of polynomial termination (in the sense of Definitions 2.3 and 2.8)
induced by them. As far as this relationship is concerned, the following results
are known [46].

Theorem 4.8 ([46, Corollary 3]). There are TRSs that are polynomially termi-
nating over Q but not over N.

Theorem 4.9 ([46, Corollary 2]). There are TRSs that are polynomially termi-
nating over R but not over Q or N.

Hence, the extension of the coefficient domain from the integers to the rational
numbers entails the possibility to prove some TRSs polynomially terminating,
which could not be proved polynomially terminating otherwise. Moreover, a
similar statement holds for the extension of the coefficient domain from the
rational numbers to the real numbers. Based on these results and the fact that we
have the strict inclusions Z ⊂ Q ⊂ R, it is tempting to believe that polynomial
interpretations over the reals properly subsume polynomial interpretations over
the rationals, which in turn properly subsume polynomial interpretations over
the natural numbers. Indeed, as will be shown below, the former proposition can
be settled in the affirmative. However, quite surprisingly, the latter proposition
does not hold. We show this by means of a TRS that is polynomially terminating
over N but not over R or Q. Furthermore, we also present a TRS that can
be shown polynomially terminating over N and R but not over Q, thereby
completing the full picture of the relationship between polynomial termination
over N, Q and R.

4.3.1 Polynomial Termination over Q vs. R

We start with an easy result showing that polynomial termination over Q implies
polynomial termination over R. Actually, we prove the following more general
result, whose proof is based upon the fact that polynomials induce continuous
functions, the behaviour of which at irrational points is completely defined by
the values they take at rational points (cf. Lemma 3.20).

Lemma 4.10. Let P be a weakly (strictly) monotone polynomial interpretation
over Q such that S1 ⊆ >P and S2 ⊆ >P for some finite sets of rewrite rules S1

and S2. Then there exists a weakly (strictly) monotone polynomial interpretation
N over R such that S1 ⊆ >N and S2 ⊆ >N .

Proof. Let F be a signature comprising the symbols occurring in S1 and S2,
and let D ∈ {Q,Ralg,R}, δ ∈ D0, δ > 0, and P = ({fD}f∈F , δ) such that P is a
weakly (strictly) monotone polynomial interpretation over D that is compatible
with S1 and weakly compatible with S2. That is, P satisfies the following
conditions:

(a) for each n-ary symbol f ∈ F , fD(x1, . . . , xn) > 0 for all x1, . . . , xn ∈ D0,

(b) for each symbol f ∈ F , fD is monotone with respect to >D0 (>D0,δ),
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(c) for each rule `→ r ∈ S1, P` >D0,δ Pr for all x1, . . . , xm ∈ D0, and

(d) for each rule s→ t ∈ S2, Ps >D0 Pt for all y1, . . . , yk ∈ D0.

Applying the result of Section 4.1, we note that all four conditions can be
phrased as (conjunctions of) quantified polynomial inequalities of the shape
“p(x1, . . . , xn) > 0 for all x1, . . . , xn ∈ D0” for some polynomial p with coefficients
in D. Now by Lemma 3.20 and the fact that polynomials induce continuous
functions all these inequalities do not only hold in D0 but also in D′0, for
any D′ ∈ {Q,Ralg,R} such that D ⊆ D′. Hence, the polynomial interpretation
P = ({fD}f∈F , δ) is also a valid polynomial interpretation over D′ that is weakly
(strictly) monotone, compatible with S1 and weakly compatible with S2. In
particular, letting D = Q and D′ = R proves the claim.

Remark 4.11. Note that the proof of Lemma 4.10 actually establishes a stronger
result than claimed in the lemma. In particular, for D = Ralg and D′ = R,
it represents an alternative proof of the converse statement of Lemma 4.4.
Moreover, S1 and S2 need not necessarily be finite.

The following result is a direct consequence of Lemma 4.10.

Corollary 4.12. If a TRS is polynomially terminating over Q, then it is also
polynomially terminating over R.

The converse statement does not hold according to Theorem 4.9. We conclude
this subsection with the following remark stressing the essence of the proof of
Lemma 4.10.

Remark 4.13. Not only does the result established in this subsection show that
polynomial interpretations over R (Ralg) subsume polynomial interpretations
over Q, but it also reveals that the same interpretation applies.

4.3.2 Polynomial Termination over N vs. R

According to Theorem 4.9, there are TRSs that are polynomially terminating
over R but not over N. Next we present a TRS that is polynomially terminating
over N but not over R, and hence also not over Q. In order to motivate the
construction of this particular TRS, let us first observe that from the viewpoint of
number theory there is a fundamental difference between the integers (resp. the
natural numbers) and the real or rational numbers. More precisely, the integers
are an example of a discrete domain, whereas both R and Q are dense1 domains.
In the context of polynomial interpretations, the consequences of this major
distinction are best explained by an example. Let us consider the polynomial
function x 7→ 2x2 − x depicted in Figure 4.2, and let us assume that we want to
use it as the interpretation of some unary function symbol. Now the point is
that this function is permissible in a polynomial interpretation over N, even in
a strictly monotone one, as it is both well-defined over N and strictly monotone

1Given two distinct real (rational) numbers a and b, there exists a real (rational) number c in
between.
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(i.e., monotone with respect to >N). However, viewing it as a function of a
non-negative real (resp. rational) variable, we observe that well-definedness
over R0 (resp. Q0) is violated in the open interval (0, 1

2) (and monotonicity with
respect to >R0,δ (resp. >Q0,δ) requires a properly chosen value for δ). Hence,
the polynomial function x 7→ 2x2 − x is not permissible in any polynomial
interpretation over R (resp. Q).

x
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6

7

0 1 2

Figure 4.2: The polynomial function x 7→ 2x2 − x.

Thus, the idea is to design a TRS that enforces an interpretation of this shape
for some unary function symbol, and the tool that can be used to achieve this
is polynomial interpolation. To elaborate on this, let us consider the following
scenario, which is fundamentally based on the assumption that some unary
function symbol f is interpreted by a quadratic polynomial f(x) = ax2 + bx+ c
with (unknown) coefficients a, b and c. Then, by polynomial interpolation,
these coefficients are uniquely determined by the image of f at three pairwise
different locations; in this way, the interpolation constraints f(0) = 0, f(1) = 1
and f(2) = 6 enforce the interpretation f(x) = 2x2 − x. Next we encode these
constraints in terms of the TRS R consisting of the following rewrite rules,
where sn(x) abbreviates s(s(· · · s︸ ︷︷ ︸

n-times

(x) · · · )),

s(0)→ f(0)

s2(0)→ f(s(0)) f(s(0))→ 0

s7(0)→ f(s2(0)) f(s2(0))→ s5(0)

and we consider the following two cases: polynomial interpretations over N on
the one hand and polynomial interpretations over R (resp. Q) on the other hand.

In the context of polynomial interpretations over N, we observe that if we equip
the function symbols s and 0 with the (natural) interpretations sN(x) = x+ 1
and 0N = 0, then the TRS R indeed implements the above interpolation
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constraints.2 For example, the constraint fN(1) = 1 is expressed by f(s(0))→ 0
and s2(0)→ f(s(0)). The former encodes fN(1) > 0, whereas the latter encodes
fN(1) < 2. Moreover, the rule s(0)→ f(0) encodes fN(0) < 1, which is equivalent
to fN(0) = 0 in the domain of the natural numbers. Thus, this interpolation
constraint can be expressed by a single rewrite rule, whereas the other two
constraints require two rules each. Summing up, by virtue of the method of
polynomial interpolation, we have reduced the problem of enforcing a specific
interpretation for some unary function symbol to the problem of enforcing a
natural semantics for the symbols s and 0.

Next we elaborate on the ramifications of considering the TRS R in the
context of polynomial interpretations over D ∈ {Q,R}. For this purpose, let us
assume that the symbols s and 0 are interpreted by sD(x) = x+ s0 and 0D = 0,
so that s has some kind of successor function semantics. Then the compatibility
constraints associated with the TRS R are as follows:

s0 − δ > fD(0)

2s0 − δ > fD(s0) fD(s0) > 0 + δ

7s0 − δ > fD(2s0) fD(2s0) > 5s0 + δ

Hence, fD(0) is confined to the closed interval [0, s0 − δ], whereas fD(s0) is
confined to [0 + δ, 2s0− δ] and fD(2s0) to [5s0 + δ, 7s0− δ]. Basically, this means
that these constraints do not uniquely determine the function fD. In other words,
the method of polynomial interpolation does not readily apply to the case of
polynomial interpretations over R and Q. However, we can make it work. To
this end, we observe that if s0 = δ, then the above system of inequalities actually
turns into a system of equations, which can be viewed as a set of interpolation
constraints (parameterized by s0) that uniquely determine fD:

fD(0) = 0 fD(s0) = s0 fD(2s0) = 6s0

Clearly, if s0 = δ = 1, then the symbol f is fixed to the interpretation 2x2 − x,
as was the case in the context of polynomial interpretations over N (note that in
the latter case δ = 1 is implicit because of the equivalence x >N y iff x >N y+ 1).
Hence, we draw the conclusion that once we can manage to design a TRS that
enforces s0 = δ, we can again leverage the method of polynomial interpolation
to enforce a specific interpretation for some unary function symbol. Moreover,
we remark that the actual value of s0 is irrelevant for achieving our goal. That
is to say that s0 only serves as a scale factor in the interpolation constraints
determining fD. Clearly, if s0 6= 1, then fD is not fixed to the interpretation
2x2 − x. However, it is still fixed to an interpretation of the same (desired)
shape. But more on this later.

In the preceding paragraphs we have presented the basic method that we use
in order to show that polynomial termination over N does not imply polynomial
termination over R. The construction given was based on several assumptions,
the essential ones of which are listed below:

(a) The symbol s had to be interpreted by a linear polynomial x 7→ x+ s0.

2In fact, one can even show that sN(x) = x + 1 is sufficient for this purpose.
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(b) The condition s0 = δ was required to hold.

(c) The function symbol f had to be interpreted by a quadratic polynomial.

Now the point is that one can get rid of all these assumptions by adding suitable
rewrite rules to the TRS R. The resulting TRS, which we will refer to as R2,
consists of the rules given in Table 4.1. In this TRS, the rules (4.9) and (4.10)

s(0)→ f(0) (4.3)

s2(0)→ f(s(0)) (4.4)

s7(0)→ f(s2(0)) (4.5)

f(s(0))→ 0 (4.6)

f(s2(0))→ s5(0) (4.7)

f(s2(x))→ h(f(x), g(h(x, x))) (4.8)

f(g(x))→ g(g(f(x))) (4.9)

g(s(x))→ s(s(g(x))) (4.10)

g(x)→ h(x, x) (4.11)

s(x)→ h(0, x) (4.12)

s(x)→ h(x, 0) (4.13)

h(f(x), g(x))→ f(s(x)) (4.14)

Table 4.1: The TRS R2.

serve the purpose of ensuring the first of the above items. Informally, (4.10)
constrains the interpretation of the symbol s to a linear polynomial by simple
reasoning about the degrees of the left- and right-hand side polynomials, and (4.9)
does the same thing with respect to g. Because both interpretations are linear,
compatibility with (4.10) can only be achieved if the leading coefficient of the
interpretation of s is one.

Concerning item (c) above, we remark that the tricky part is to enforce the
upper bound of two on the degree of the polynomial fD interpreting the symbol f
(in a polynomial interpretation over D ∈ {N,Q,R}). We use the following
approach. Let fD(x) be a polynomial of degree n > 1, and let s0 6= 0. Then
Taylor’s theorem [60] for polynomials tells us that

fD(x+s0) =
n∑
k=0

sk0
k!
f
(k)
D (x) = fD(x)+s0f

′
D(x)+

s2
0

2
f ′′D(x)+ · · ·+ sn0

n!
f
(n)
D (x) (4.15)

Hence, deg(fD(x+ s0)− fD(x)) = deg(fD(x))−1 = n−1 since s0 6= 0. From this
we infer that fD(x) is at most quadratic if fD(x+ s0)− fD(x) is at most linear.
That is, fD(x) is at most quadratic if there exists a linear function gD(x) such
that gD(x) > fD(x+ s0)− fD(x), or equivalently, fD(x) + gD(x) > fD(x+ s0), for
all non-negative values of x. This can be encoded in terms of rule (4.14) as soon
as the interpretation of h corresponds to the addition of two numbers. And this
is exactly the purpose of the rules (4.11), (4.12) and (4.13). More precisely, by
linearity of the interpretation of g, we infer from (4.11) that the interpretation
of h must have the linear shape h1x + h2y + h0. Furthermore, compatibility
with (4.12) and (4.13) implies h1 = h2 = 1 due to item (a) above. Hence, the
interpretation of h really models the addition of two numbers (modulo adding a
constant). So the above construction can indeed be used to set the desired upper
bound on deg(fD(x)). More generally, it can be used to set arbitrary upper
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bounds on the degree of an interpretation, and it readily allows to establish
lower bounds as well.

Next we comment on how to enforce the second of the above assumptions.
As it turns out, the hard part is to enforce the condition s0 6 δ. The idea is
as follows. First, we consider the rule (4.4), observing that if f is interpreted
by a quadratic polynomial fD and s by the linear polynomial x+ s0, then (the
interpretation of) its right-hand side will eventually become larger than its
left-hand side with growing s0, thus violating compatibility. In this way, s0 is
bounded from above, and the faster the growth of fD, the lower the bound. The
problem with this statement, however, is that it is only true if fD is fixed (which
is a priori not the case); otherwise, for any given value of s0, one can always find
a quadratic polynomial fD such that compatibility with (4.4) is satisfied. The
parabolic curve associated with fD only has to be flat enough. So in order to
prevent this, we have to somehow control the growth of fD. Now that is where
the rule (4.8) comes into play, which basically expresses that if one increases the
argument of fD by a certain amount (i.e., 2s0), then the value of the function is
guaranteed to increase by a certain minimum amount as well. Thus, this rule
establishes a lower bound on the growth of fD. And it turns out that if fD has
just the right amount of growth, then we can readily establish the desired upper
bound δ for s0.

Finally, having presented all the relevant details of our construction, it remains
to formally prove our main claim that the TRS R2 is polynomially terminating
over N but not over R or Q.

Lemma 4.14. The TRS R2 is polynomially terminating over N.

Proof. We consider the following interpretation:

0N = 0 sN(x) = x+ 1 fN(x) = 2x2 − x gN(x) = 4x+ 4 hN(x, y) = x+ y

By Lemma 3.6 and Corollary 3.9, all functions are well-defined over N and strictly
monotone (i.e., monotone with respect to >N). In addition, this interpretation
is compatible with R2 because the resulting inequalities

1 >N 0 32x2 + 60x+ 28 >N 32x2 − 16x+ 20

2 >N 1 4x+ 8 >N 4x+ 6

7 >N 6 4x+ 4 >N 2x

1 >N 0 x+ 1 >N x

6 >N 5 x+ 1 >N x

2x2 + 7x+ 6 >N 2x2 + 7x+ 4 2x2 + 3x+ 4 >N 2x2 + 3x+ 1

are clearly satisfied for all natural numbers x.

Lemma 4.15. The TRS R2 is not polynomially terminating over R.

Proof. Let us assume that R2 is polynomially terminating over R and derive a
contradiction. To begin with, we observe that compatibility with (4.10) implies

deg(gR(x)) · deg(sR(x)) > deg(sR(x)) · deg(sR(x)) · deg(gR(x))
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together with the requirement that all interpretation functions must be strictly
monotone, which means that sR(x) and gR(x) cannot be constant polynomials,
that is, both deg(sR(x)) and deg(gR(x)) must be at least 1. But then the above
inequality simplifies to deg(sR(x)) 6 1. Hence, we obtain deg(sR(x)) = 1 and, by
applying the same reasoning to (4.9), deg(gR(x)) = 1. So the symbols s and g
must be interpreted by linear polynomials sR(x) = s1x+s0 and gR(x) = g1x+g0,
where s0, g0 ∈ R0 and s1, g1 >R 1 due to Lemma 3.35. Then compatibility
with (4.10) translates to the inequality

g1s1x+ g1s0 + g0 >R0,δ s
2
1g1x+ s2

1g0 + s1s0 + s0 (4.16)

which must hold for all non-negative real numbers x. This implies the following
condition on the respective leading coefficients: g1s1 >R s

2
1g1. Due to s1, g1 >R 1,

this can only hold if s1 = 1. Hence, sR(x) = x+ s0. This result simplifies (4.16)
to g1s0 >R0,δ 2s0, which implies g1s0 >R 2s0. From this we conclude that
s0 >R 0 and g1 >R 2.

Now suppose that the function symbol f were also interpreted by a linear
polynomial fR. Then we could apply the same reasoning to the rule (4.9) because
it is structurally equivalent to (4.10), thus inferring g1 = 1. However, this would
contradict g1 >R 2. Therefore, fR cannot be linear.

Next we turn our attention to the rewrite rules (4.11), (4.12) and (4.13).
Because gR is a linear polynomial function, compatibility with (4.11) constrains
the function h : R0 → R0, x 7→ hR(x, x) to be at most linear. This can only be
the case if the interpretation hR contains no terms of degree two or higher. In
other words, hR(x, y) = h1x+h2y+h0, where h0 ∈ R0 and h1, h2 >R 1 according
to Lemma 3.35. Since sR(x) = x+ s0, compatibility with (4.13) implies h1 = 1,
and compatibility with (4.12) implies h2 = 1; thus, hR(x, y) = x+ y + h0.

Using the obtained information in the compatibility constraint associated
with (4.14), we derive the inequality

gR(x) + h0 >R0,δ fR(x+ s0)− fR(x)

which must hold for all non-negative real numbers x. But this can only be the case
if deg(gR(x)+h0) > deg(fR(x+s0)−fR(x)), which simplifies to 1 > deg(fR(x))−1
since s0 6= 0 and fR is not a constant polynomial (cf. (4.15)). Consequently, fR
must be a quadratic polynomial function, that is, fR(x) = ax2 + bx + c with
a >R 0, c >R 0 and aδ + b >R 1 according to Lemma 3.38.

Next we consider the compatibility constraint associated with the rule (4.8),
from which we deduce an important auxiliary result. After unraveling the
definitions of >R0,δ and the interpretation functions, this constraint simplifies to

4as0x+ 4as2
0 + 2bs0 >R 2g1x+ g1h0 + g0 + h0 + δ for all x ∈ R0,

which implies the following condition on the respective leading coefficients:
4as0 >R 2g1; from this and g1 >R 2 we conclude

as0 >R 1 (4.17)

and note that as0 = f ′R( s02 )− f ′R(0), where f ′R denotes the derivative of fR. Hence,
the expression as0 characterizes the change of the slopes of the tangents to fR
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at the points (0, fR(0)) and ( s02 , fR( s02 )), and thus (4.17) actually sets a lower
bound on the growth of fR.

Now let us consider the combined compatibility constraint imposed by the
rules (4.4) and (4.6), namely 0R + 2s0 >R0,δ fR(sR(0R)) >R0,δ 0R, which implies
0R + 2s0 >R 0R + 2δ by definition of >R0,δ. Thus, we obtain s0 >R δ. In fact,
we even have s0 = δ, which can be derived from the compatibility constraint
of rule (4.4) using the conditions s0 >R δ, aδ + b >R 1 and as0 + b >R 1, the
combination of the former two conditions:

0R + 2s0 >R0,δ fR(sR(0R))

0R + 2s0 − δ >R fR(sR(0R))

= a(0R + s0)2 + b(0R + s0) + c

= a02
R + 0R(2as0 + b) + as2

0 + bs0 + c

>R a02
R + 0R + as2

0 + bs0 + c

>R 0R + as2
0 + bs0

>R 0R + as2
0 + (1− aδ)s0

= 0R + as0(s0 − δ) + s0

Hence, we conclude that 0R + 2s0 − δ >R 0R + as0(s0 − δ) + s0, or equivalently,
s0 − δ >R as0(s0 − δ). Yet because of (4.17) and since s0 >R δ, this inequality
can only be satisfied if:

s0 = δ (4.18)

This result has immediate consequences concerning the interpretation of the
constant 0. To see this, let us consider the rule (4.12), whose compatibility
constraint simplifies to s0 >R 0R +h0 +δ. Because of (4.18) and the fact that 0R
and h0 must be non-negative, the only possibility is 0R = h0 = 0.

Moreover, condition (4.18) is the key to the proof of this lemma. To this end,
we consider the inequalities

s0 >R0,s0 fR(0)

2s0 >R0,s0 fR(s0) fR(s0) >R0,s0 0

7s0 >R0,s0 fR(2s0) fR(2s0) >R0,s0 5s0

arising from compatibility with (4.3) – (4.7). By definition of >R0,s0 , these
inequalities induce the following system of equations:

fR(0) = 0 fR(s0) = s0 fR(2s0) = 6s0

After unraveling the definition of fR and substituting z := as0, we get a system
of linear equations in the unknowns z, b and c

c = 0 z + b = 1 4z + 2b = 6

which has the unique solution z = 2, b = −1 and c = 0. Hence, fR must
have the shape fR(x) = ax2 − x = ax

(
x− 1

a

)
in every compatible polynomial

interpretation over R. However, this function is not a permissible interpretation
for the function symbol f because it is not well-defined over R0. In particular,
it is negative in the open interval

(
0, 1

a

)
; e.g., fR

(
1
2a

)
= − 1

4a . Therefore, the
TRS R2 is not polynomially terminating over R.
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Remark 4.16. In this proof, the interpretation of f is fixed to fR(x) = ax2 − x,
which violates well-definedness over R0. However, this function is obviously well-
defined over Rm for a properly chosen negative real number m. So what happens
if we take this Rm instead of R0 as the carrier of a polynomial interpretation?
To answer this question, let us consider some negative real number x0 ∈ Rm.
Then fR(x0) >R 0 such that fR(δ) − fR(x0) = δ − fR(x0) <R δ, which means
that fR violates monotonicity with respect to the order >Rm,δ.

Moreover, note that, by construction, R2 is an example of a TRS that can
be proved terminating by a polynomial interpretation over N with negative
coefficients, but cannot be proved polynomially terminating over N using only
non-negative coefficients.

The previous lemma, together with Corollary 4.12, yields the following corol-
lary.

Corollary 4.17. The TRS R2 is not polynomially terminating over Q.

Finally, combining the material presented above, we obtain the following
corollary, the main result of this subsection.

Corollary 4.18. There are TRSs that are polynomially terminating over N but
not over R or Q.

We conclude this subsection with a remark on the actual choice of the poly-
nomial serving as the interpretation of the function symbol f.

Remark 4.19. As explained at the beginning of this subsection, the TRSR2 was
designed to enforce an interpretation for f, which is permissible in a polynomial
interpretation over N but not over R (Q). The interpretation of our choice was
the polynomial 2x2−x. However, we could have chosen any other polynomial as
long as it is well-defined and strictly monotone over N but not over R0 (Q0), for
example, the polynomial 5x3−15x2 +11x, whose graph is depicted in Figure 4.3.
The methods introduced in this subsection are general enough to handle any
such polynomial. So the actual choice is not that important.

4.3.3 Polynomial Termination over N and R vs. Q

This subsection is devoted to showing that polynomial termination over N and R
does not imply polynomial termination over Q. The proof is constructive, so
we give a concrete TRS having the desired properties. In order to motivate
the construction underlying this particular system, let us consider the following
quantified polynomial inequality

∀x (2x2 − x) · p(a) > 0 (∗)

where p ∈ Z[a] is a univariate integer polynomial in the indeterminate a, all
of whose roots are assumed to be irrational, and which is positive for some
non-negative integer value of a. To be concrete, let us consider p(a) = a2−2 and
try to satisfy (∗) in N, Q0 and R0, respectively. First, we observe that a :=

√
2
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Figure 4.3: The polynomial function x 7→ 5x3 − 15x2 + 11x.

is a satisfying assignment in R0. Besides, (∗) is also satisfiable in N by assigning
a := 2, for example, and observing that the polynomial 2x2 − x is non-negative
for all x ∈ N. However, (∗) cannot be satisfied in Q0 as non-negativeness
of 2x2 − x does not hold for all x ∈ Q0 and p has no rational roots. To sum
up, (∗) is satisfiable in N and R0 but not in Q0. Thus, the basic idea now is
to design a TRS containing some rewrite rule whose compatibility constraint
reduces to a polynomial inequality similar in nature to (∗). For this purpose,
we rewrite the inequality (2x2 − x) · (a2 − 2) > 0 to

2a2x2 + 2x > 4x2 + a2x

because now both the left- and right-hand side can be viewed as a composition of
several polynomial functions, all of which are strictly monotone and well-defined.
In particular, we identify the following constituents: h(x, y) = x+ y, r(x) = 2x,
p(x) = x2 and k(x) = a2x. Thus, the above inequality can be written in the
form

h(r(k(p(x))), r(x)) > h(r(r(p(x))), k(x)) (∗∗)

which can easily be modeled as a rewrite rule. (Note that r(x) is not really
necessary as r(x) = h(x, x), but it gives rise to a shorter encoding.) Then we
also need rewrite rules that enforce the desired interpretations for the function
symbols h, r, p and k. For this purpose, we leverage the techniques presented in
the previous subsection, in particular the method of polynomial interpolation.
The resulting TRS, which we will refer to as R3, is shown in Table 4.2. Each
of the blocks in this table serves a specific purpose. The largest block consists
of the rules (4.19) – (4.28) and is basically a slightly modified version of the
TRS R2 of the previous subsection. These rules ensure that the symbol s has the
semantics of a successor function x 7→ x+s0. Moreover, for any compatible (and
strictly monotone) polynomial interpretation over Q (resp. R), it is guaranteed
that s0 is equal to δ, the minimal step width of the order >Q0,δ (resp. >R0,δ). In
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f(g(x))→ g2(f(x)) (4.19)

g(s(x))→ s2(g(x)) (4.20)

s(x)→ h(0, x) (4.21)

s(x)→ h(x, 0) (4.22)

f(0)→ 0 (4.23)

s3(0)→ f(s(0)) (4.24)

f(s(0))→ s(0) (4.25)

h(f(x), g(x))→ f(s(x)) (4.26)

f(s2(x))→ h(f(x), g(h(x, x))) (4.27)

g(x)→ h(h(h(h(x, x), x), x), x) (4.28)

s(0)→ k(0) (4.29)

s2(p2(a))→ s(k(p(a))) (4.30)

s(k(p(a)))→ p2(a) (4.31)

g(x)→ k(x) (4.32)

a→ 0 (4.33)

s(0)→ r(0) (4.34)

s3(0)→ r(s(0)) (4.35)

r(s(0))→ s(0) (4.36)

g(x)→ r(x) (4.37)

s(0)→ p(0) (4.38)

s2(0)→ p(s(0)) (4.39)

p(s(0))→ 0 (4.40)

s5(0)→ p(s2(0)) (4.41)

p(s2(0))→ s3(0) (4.42)

h(p(x), g(x))→ p(s(x)) (4.43)

s(h(r(k(p(x))), r(x)))→
h(r2(p(x)), k(x)) (4.44)

Table 4.2: The TRS R3.

the previous subsection, these conditions were identified as the key requirements
for the method of polynomial interpolation to work in this setting. Finally,
this block also enforces h(x, y) = x + y. The next block, consisting of the
rules (4.34) – (4.37), makes use of polynomial interpolation to achieve r(x) = 2x.
Likewise, the block (4.38) – (4.43) equips the symbol p with the semantics of a
squaring function. And the block (4.29) – (4.33) enforces the desired semantics
for the symbol k, i.e., a linear function x 7→ k1x whose slope k1 is proportional
to the square of the interpretation of the constant a. Finally, (4.44) encodes the
main idea presented at the beginning of this subsection (cf. (∗∗)).

Lemma 4.20. The TRS R3 is polynomially terminating over N and R.

Proof. For polynomial termination over N, the following interpretation applies:

0N = 0 sN(x) = x+ 1 fN(x) = 3x2 − 2x+ 1 gN(x) = 6x+ 6

hN(x, y) = x+ y pN(x) = x2 rN(x) = 2x kN(x) = 4x aN = 2

By Lemma 3.6 and Corollary 3.9, all interpretation functions are well-defined
over N and strictly monotone (i.e., monotone with respect to >N). Concerning
compatibility, which is easily verified, we remark that the rule (4.44) gives rise
to the constraint

8x2 + 2x+ 1 >N 4x2 + 4x ⇐⇒ 4x2 − 2x+ 1 >N 0
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4.3 Direct Polynomial Termination

which holds for all x ∈ N. For polynomial termination over R, we let δ = 1, but
we have to modify the interpretation as 4x2 − 2x+ 1 >R0,δ 0 does not hold for
all x ∈ R0. Taking aR =

√
2, kR(x) = 2x and the above interpretations for the

other function symbols establishes polynomial termination over R. Note that
then the constraint 4x2 + 2x+ 1 >R0,δ 4x2 + 2x associated with (4.44) trivially
holds, and monotonicity with respect to >R0,δ and well-definedness over R0

follow directly from Lemmata 3.35 and 3.38.

Lemma 4.21. The TRS R3 is not polynomially terminating over Q.

Proof. Let us assume that R3 is polynomially terminating over Q and derive
a contradiction. Adapting the reasoning in the proof of Lemma 4.15, we infer
from compatibility with (a subset of) the block of rules (4.19) – (4.28) that
sQ(x) = x+s0, gQ(x) = g1x+g0, hQ(x, y) = x+y+h0 and fQ(x) = ax2 + bx+ c,
subject to the following constraints:

s0 >Q 0 g1 >Q 2 g0, h0 ∈ Q0 a >Q 0 c >Q 0 aδ + b >Q 1

Next we consider the compatibility constraints associated with (4.27) and (4.28),
from which we deduce an important auxiliary result. Compatibility with (4.28)
implies the condition g1 >Q 5 on the respective leading coefficients since
hQ(x, y) = x+ y + h0, and compatibility with (4.27) simplifies to

4as0x+ 4as2
0 + 2bs0 >Q 2g1x+ g1h0 + g0 + h0 + δ for all x ∈ Q0,

from which we infer 4as0 >Q 2g1. Together with g1 >Q 5, this implies as0 >Q 2.
Now let us consider the combined compatibility constraint imposed by the

rules (4.24) and (4.25), namely 0Q + 3s0 >Q0,δ fQ(sQ(0Q)) >Q0,δ 0Q + s0, which
implies 0Q +3s0 >Q 0Q +s0 +2δ by definition of >Q0,δ. Thus, we obtain s0 >Q δ.
In fact, we even have s0 = δ, which can be derived from the compatibility
constraint of (4.24) using the conditions s0 >Q δ, aδ + b >Q 1, as0 + b >Q 1,
the combination of the former two conditions, and fQ(0Q) >Q 0Q + δ, the
compatibility constraint associated with (4.23):

0Q + 3s0 − δ >Q fQ(sQ(0Q)) = fQ(0Q) + 2a0Qs0 + as2
0 + bs0

>Q 0Q + δ + as2
0 + bs0

>Q 0Q + δ + as2
0 + (1− aδ)s0 = 0Q + s0 + δ + as0(s0 − δ)

Hence, we conclude that 0Q+3s0−δ >Q 0Q+s0 +δ+as0(s0−δ), or equivalently,
2(s0 − δ) >Q as0(s0 − δ). But since as0 >Q 2 and s0 >Q δ, this inequality can
only hold if

s0 = δ (4.45)

This result has immediate consequences concerning the interpretation of the
constant 0. To see this, let us consider the inequality s0 >Q 0Q +h0 + δ obtained
from compatibility with (4.21). Because of (4.45) and the fact that 0Q and h0

must be non-negative, the only possibility is 0Q = h0 = 0.
Moreover, as in the proof of Lemma 4.15, condition (4.45) is the key to the

proof of the lemma at hand. To this end, let us consider the compatibility
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constraints associated with the rules (4.38) – (4.42). By definition of >Q0,s0 ,
these constraints give rise to the following system of equations:

pQ(0) = 0 pQ(s0) = s0 pQ(2s0) = 4s0

Viewing these equations as polynomial interpolation constraints, we conclude
that no linear polynomial can satisfy them (because s0 6= 0). Hence, pQ must
at least be quadratic. Moreover, by compatibility with (4.43), pQ is at most
quadratic (using the same reasoning as for (4.26), cf. the proof of Lemma 4.15
or (4.15)). So we let pQ(x) = p2x

2 + p1x+ p0 in the equations above and infer
the (unique) solution p0 = p1 = 0 and p2s0 = 1, i.e., pQ(x) = p2x

2 with p2 > 0.
Next we consider the compatibility constraints of the rules (4.34) – (4.36),

from which we deduce the interpolation constraints rQ(0) = 0 and rQ(s0) = 2s0.
Because gQ is linear, rQ must be linear, too, for compatibility with (4.37).
Hence, by polynomial interpolation, rQ(x) = 2x. Likewise, kQ must be linear
for compatibility with (4.32), i.e., kQ(x) = k1x+ k0. In particular, k0 must be
zero because of compatibility with (4.29). Then the compatibility constraints
imposed by (4.30) and (4.31) yield

p3
2a

4
Q + 2s0 − δ >Q k1p2a

2
Q + s0 >Q p

3
2a

4
Q + δ

But s0 = δ, hence k1p2a
2
Q = p3

2a
4
Q, from which we obtain k1 = p2

2a
2
Q since aQ

cannot be zero due to compatibility with (4.33). In other words, kQ(x) = p2
2a

2
Qx.

Finally, we consider the compatibility constraint associated with the rule (4.44),
which simplifies to

(2p2x
2 − x)((p2aQ)2 − 2) >Q 0 for all x ∈ Q0.

However, this inequality is unsatisfiable as the polynomial 2p2x
2 − x is negative

for some x ∈ Q0 and (p2aQ)2 − 2 cannot be zero because both p2 and aQ must
be rational numbers.

Combining Lemma 4.20 and Lemma 4.21, we obtain the main result of this
subsection.

Corollary 4.22. There are TRSs that are polynomially terminating over N
and R but not over Q.

We conclude this section with two additional observations. First, we present
alternative proofs of Theorems 4.8 and 4.9, which shows the inhabitation of the
areas with the symbols Q and R in Figure 4.1. Second, we show that the use
of non-linear interpretations in the proofs of the main results of this section is
essential.

As far as Theorem 4.8 is concerned, we remark that we have already en-
countered two TRSs in the course of this thesis that prove its claim. What is
more, the actual proofs have already been given as well, though not explicitly
stated as such. The first of these systems is the (one-rule) TRS R0 of Exam-
ple 2.19 in Chapter 2. This TRS is polynomially terminating over Q according
to Lemma 2.20 but not over N as it is not simply terminating (cf. Section 2.2).
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4.3 Direct Polynomial Termination

The other system exhibiting these properties is the TRS R1 introduced in
Section 3.4 of Chapter 3, which is well-known in term rewriting as it evidences
the fact that there are TRSs that are simply terminating but not totally ter-
minating (cf. [50], for example). Because of this, and due to the fact that
polynomial termination over N implies total termination, which we mentioned in
Section 2.2, the TRS R1 cannot be polynomially terminating over N. However,
it is polynomially terminating over Q according to Lemma 3.40. Alternatively,
the former statement can be concluded from the following observation. In every
compatible polynomial interpretation over N, we have aN > bN or aN 6 bN.
Strict monotonicity of fN and gN yields gN(aN) > gN(bN) or fN(aN) 6 fN(bN). In
both cases compatibility with some rule of R1 is violated. So the two TRSs R0

and R1 can indeed be used to provide alternative proofs for Theorem 4.8. In
particular, the corresponding proofs show that the strict inclusion holds even for
ground TRSs. Besides, both proofs are considerably shorter and simpler than
the original proof in [46, pp. 62–67].

The techniques introduced in this section also facilitate an alternative proof
of Theorem 4.9. It is based on the TRS R4 consisting of the rules (4.9) – (4.13),
(4.46) and (4.47):

k(k(x))→ h(x, x) (4.46)

s(h(x, x))→ k(k(x)) (4.47)

By construction, this TRS is polynomially terminating over R but not over Q
or N. This is achieved by the same method as in the original proof of [46], namely
by forcing the leading coefficient of the interpretation of the unary function
symbol k to be an irrational number.

Lemma 4.23. The TRS R4 is polynomially terminating over R.

Proof. By the following interpretation:

δ = 1 0R = 0 sR(x) = x+ 4 fR(x) = x2

gR(x) = 3x+ 5 hR(x, y) = x+ y kR(x) =
√

2x+ 1

Informally, the reason why R4 is not polynomially terminating over Q or N is
as follows (the formal proof will be given in the next section, where it will follow
from a more general result, cf. Lemma 4.29). As in the proof of Lemma 4.15,
the rules (4.9) – (4.13) ensure that the symbol s has an interpretation of the
shape sQ/N(x) = x+ s0, while the interpretation of h is hQ/N(x, y) = x+ y + h0.
In particular, both interpretations are linear. As a consequence, compatibility
with (4.47) implies that the interpretation of k is at most linear as well, that
is, kQ/N(x) = k1x+ k0. Then the compatibility constraints imposed by (4.46)
and (4.47) give rise to the following conditions on the respective leading coeffi-
cients: 2 > k2

1 > 2. Hence, k1 =
√

2, which is not a rational number. Therefore,
the TRS R4 cannot be polynomially terminating over Q or N.

Combining all results presented so far gives rise to Figure 4.4, which gives
the full picture of the relationship between polynomial termination over N, Q
and R. (Note that all areas are inhabited, including the trivial one lying in the
intersection of N, Q and R.)
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terminating TRSs

R
=
Ralg

Q
N

R4
···

R0
··· R1
···

R3
···

R2
···

Figure 4.4: Summary.

Finally, we review our results in the context of automated termination analysis,
where linear polynomial interpretations play a predominant role. This naturally
raises the question as to what extent the restriction to linear polynomial inter-
pretations influences the relationships depicted in Figure 4.4, and in what follows
we shall see that it changes considerably. More precisely, the areas inhabited
by the TRSs R2 and R3 become empty, such that polynomial termination by
a linear polynomial interpretation over N implies polynomial termination by
a linear polynomial interpretation over Q, which in turn implies polynomial
termination by a linear polynomial interpretation over R. The latter follows
directly from Corollary 4.12 and Remark 4.13, whereas the former is shown
below.

Lemma 4.24. Polynomial termination by a linear polynomial interpretation
over N implies polynomial termination by a linear polynomial interpretation
over Q.

Proof. Let R be a TRS that is compatible with a strictly monotone polynomial
interpretation I over N, where each n-ary function symbol f is interpreted by
a linear polynomial anxn + · · ·+ a1x1 + a0 with integer coefficients. We show
that the same interpretation also establishes polynomial termination over Q
with the value of δ set to one. By Lemma 3.6, the coefficients of the respective
interpretation functions have to satisfy a0 > 0 and ai > 1 for all i ∈ {1, . . . , n}
in order to guarantee strict monotonicity and well-definedness over N. Hence,
by Lemma 3.35, we also have well-definedness over Q0 and monotonicity with
respect to the order >Q0,1. Moreover, by compatibility of I and R, each rewrite
rule `→ r ∈ R satisfies

P` − Pr >N 0 for all x1, . . . , xm ∈ N. (4.48)

Due to the fact that linear polynomial functions are closed under addition and
composition, P` −Pr is a linear integer polynomial cmxm + · · ·+ c1x1 + c0, such
that (4.48) holds if and only if c0 > 1 and ci > 0 for all i ∈ {1, . . . ,m}. However,
then we also have

P` − Pr >Q0,1 0 for all x1, . . . , xm ∈ Q0,

which shows that the TRS R is compatible with the strictly monotone linear
polynomial interpretation (I, δ) = (I, 1) over Q.
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Hence, polynomial termination by a linear polynomial interpretation over N
implies polynomial termination by a linear polynomial interpretation over Q,
which in turn implies polynomial termination by a linear polynomial interpre-
tation over R, and both inclusions are proper due to the results of [46], which
were obtained using linear polynomial interpretations.

4.4 Incremental Polynomial Termination

In this section, we consider the possibility of establishing termination by using
polynomial interpretations in an incremental way (in the sense of Definition 2.9).
As in the previous section, we give the full picture of the relationship between
the three notions of incremental polynomial termination over N, Q and R,
showing that it is essentially the same as the one depicted in Figure 4.4 for direct
polynomial termination. We can even reuse some of the TRSs mentioned in
that figure (resp. the results established on top of them), namely the TRSs R0,
R1 and R4, for this purpose. However, we have to replace the TRSs R2 and R3

as the proofs of Lemmata 4.15 and 4.21 break down if we allow incremental
termination proofs. In more detail, the proof of Lemma 4.15 does not extend
because the TRS R2 is incrementally polynomially terminating over Q (and
thus also over R according to Lemma 4.10 and Corollary 4.27 below). This can
be seen by considering the interpretation3

0Q = 0 sQ(x) = x+ 1 fQ(x) = x2 + x gQ(x) = 2x+ 5
2 hQ(x, y) = x+ y

with δ = 1. Using the results of Chapter 3, it is easy to verify that the latter is
both weakly and strictly monotone, thus constituting an extended monotone
algebra. The rewrite rules of R2 give rise to the following inequalities:

1 >Q 0 4x2 + 12x+ 35
4 >Q 4x2 + 4x+ 15

2

2 >Q 2 2x+ 9
2 >Q 2x+ 9

2

7 >Q 6 2x+ 5
2 >Q 2x

2 >Q 0 x+ 1 >Q x

6 >Q 5 x+ 1 >Q x

x2 + 5x+ 6 >Q x
2 + 5x+ 5

2 x2 + 3x+ 5
2 >Q x

2 + 3x+ 2

Removing the rules from R2 for which the corresponding constraint remains
true after strengthening >Q to >Q0,δ leaves us with (4.4), (4.10) and (4.14),
which are easily handled, e.g. by the interpretation

δ = 1 0Q = 0 sQ(x) = x+ 1 fQ(x) = x gQ(x) = 3x hQ(x, y) = x+ y + 2

Similarly, the TRS R3 can be shown to be incrementally polynomially terminat-
ing over Q.

As the notions of polynomial termination and incremental polynomial termi-
nation coincide for one-rule TRSs, the alternative proof of Theorem 4.8 on the
basis of the one-rule TRS R0 given in the previous section immediately yields
the following result.

3I thank Harald Zankl for finding this interpretation.
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Corollary 4.25. There are TRSs that are polynomially terminating over Q∗
but not over N∗.

In fact, the TRS R0 proves the stronger statement that there are TRSs
which are polynomially terminating over Q but not incrementally polynomially
terminating over N.

Remark 4.26. Also the proof of Theorem 4.8 based on the TRS R1 can be
used to establish this result (using the observation that the interpretations of
the constants a and b must not be equal in order to make progress, that is, in
order to remove at least one rule).

In analogy to Corollary 4.12, incremental polynomial termination over Q
implies incremental polynomial termination over R. This result is a direct
consequence of Lemma 4.10 (as was the case for Corollary 4.12).

Corollary 4.27. If a TRS is polynomially terminating over Q∗, then it is also
polynomially terminating over R∗.

Next we use the TRS R4 of the previous section to show that the converse
of Corollary 4.27 does not hold. From Lemma 4.23 we already know that R4

is polynomially terminating over R. So it remains to show that it is not
incrementally polynomially terminating over Q. We also show that it is neither
incrementally polynomially terminating over N. But first we present the following
auxiliary result on a subset of its rules.

Lemma 4.28. Let D ∈ {N,Q,R}, and let P be a strictly monotone polynomial
interpretation over D that is weakly compatible with the rules (4.9) – (4.13).
Then the interpretations of the symbols s, h and g have the shape

sD(x) = x+ s0 hD(x, y) = x+ y + h0 gD(x) = g1x+ g0

where all coefficients are non-negative and g1 > 2. Moreover, the interpretation
of the symbol f is at least quadratic.

In order to reuse the proof of this result in the next section, where we
only require weak (rather than strict) monotonicity of the interpretation P,
the account presented here is as general as possible (i.e., making the least
assumptions on P).

Proof. Let D ∈ {N,Q,R}, and let P be a polynomial interpretation over D that
is weakly compatible with (4.9) – (4.13), and in which the unary symbols f,
g and s are interpreted by non-constant polynomials fD(x), gD(x) and sD(x).
(Note that strict monotonicity of P obviously implies these conditions.) Then
the degrees of these polynomials must be at least 1, such that weak compatibility
with (4.10) implies

deg(gD(x)) · deg(sD(x)) > deg(sD(x)) · deg(sD(x)) · deg(gD(x))

which simplifies to deg(sD(x)) 6 1. Hence, we obtain deg(sD(x)) = 1 and, by
applying the same reasoning to (4.9), deg(gD(x)) = 1.
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So the function symbols s and g must be interpreted by linear polynomials
sD(x) = s1x + s0 and gD(x) = g1x + g0, where s0, s1, g0, g1 ∈ D0 due to well-
definedness over D0 and s1, g1 > 0 to make them non-constant. Then the weak
compatibility constraint imposed by (4.10) gives rise to the inequality

g1s1x+ g1s0 + g0 >D0 s
2
1g1x+ s2

1g0 + s1s0 + s0 (4.49)

which must hold for all x ∈ D0. This implies the following condition on the
respective leading coefficients: g1s1 > s2

1g1. Due to s1, g1 > 0, this can only
hold if s1 6 1. Now suppose that the function symbol f were also interpreted
by a linear polynomial fD. Then we could apply the same reasoning to the
rule (4.9) because it is structurally equivalent to (4.10), thus inferring g1 6 1.
So fD cannot be linear if g1 > 1.

Next we consider the rewrite rules (4.11), (4.12) and (4.13). As gD is linear,
weak compatibility with (4.11) implies that the function hD(x, x) is at most
linear as well. This can only be the case if the interpretation hD is a linear
polynomial function hD(x, y) = h1x + h2y + h0, where h0, h1, h2 ∈ D0 due to
well-definedness over D0. Since sD(x) = s1x+s0, weak compatibility with (4.13)
implies s1 > h1, and weak compatibility with (4.12) implies s1 > h2. Similarly,
we obtain g1 > h1 + h2 from weak compatibility with (4.11).

Now if s1, h1, h2 > 1, conditions that are implied by strict monotonicity of sD
and hD according to Lemmata 3.6 (for D = N) and 3.35 (for D ∈ {Q,R}), then
we obtain s1 = h1 = h2 = 1 and g1 > 2, such that

sD(x) = x+ s0 hD(x, y) = x+ y + h0 gD(x) = g1x+ g0

with g1 > 2, which shows that fD cannot be linear. Due to the fact that all
of the above assumptions (on the interpretations of the symbols f, g, h and s)
follow from strict monotonicity of P, this concludes the proof.

With the help of this lemma it is easy to show that the TRS R4 is not
incrementally polynomially terminating over Q or N.

Lemma 4.29. The TRS R4 is not polynomially terminating over Q∗ or N∗.

Proof. Let D ∈ {N,Q}, and let P be a strictly monotone polynomial interpre-
tation over D that is weakly compatible with R4. Then, by Lemma 4.28, the
interpretations of the symbols s, h and g have the shape

sD(x) = x+ s0 hD(x, y) = x+ y + h0 gD(x) = g1x+ g0

As the interpretations of the symbols s and h are linear, weak compatibil-
ity with (4.47) implies that the interpretation of k is at most linear as well.
Then, letting kD(x) = k1x+ k0, the weak compatibility constraints associated
with (4.46) and (4.47) give rise to the following conditions on the respective
leading coefficients: 2 > k2

1 > 2. Hence, k1 =
√

2, which is not a rational number.
So we conclude that there is no strictly monotone polynomial interpretation
over N or Q that is weakly compatible with the TRS R4. This implies that R4

is not incrementally polynomially terminating over N or Q.
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Combining Lemma 4.23 and Lemma 4.29, we obtain the following result.

Corollary 4.30. There are TRSs that are polynomially terminating over R∗
but not over Q∗ or N∗.

As a further consequence of Lemmata 4.23 and 4.29, we see that the TRS R4

is polynomially terminating over R but not over Q or N, which provides the
alternative proof of Theorem 4.9 that was already sketched in the previous
section.

4.4.1 Incremental Polynomial Termination over N and R vs. Q

Next we establish the analogon of Corollary 4.22 in the incremental setting. That
is, we show that incremental polynomial termination over N and R does not imply
incremental polynomial termination over Q. Again, we give a concrete TRS
having the desired properties, but unfortunately, as was already mentioned in the
introduction of this section, we cannot reuse the TRS R3 directly. Nevertheless,
we can and do reuse the principle idea underlying the construction ofR3 (cf. (∗∗)).
However, we use a different method than polynomial interpolation in order to
enforce the desired interpretations for the involved function symbols. To this
end, let us consider the (auxiliary) TRS S consisting of the rules (4.9) – (4.13)
and (4.50) – (4.55):

k(x)→ h(x, x) (4.50)

s3(h(x, x))→ k(x) (4.51)

h(f(x), k(x))→ f(s(x)) (4.52)

f(s2(x))→ h(f(x), k(h(x, x))) (4.53)

f(s(x))→ h(f(x), s(0)) (4.54)

s2(0)→ h(f(s(0)), s(0)) (4.55)

The purpose of this TRS is to equip the symbol s (f) with the semantics of
a successor (squaring) function and to ensure that the interpretation of the
symbol h corresponds to the addition of two numbers. Besides, this TRS will
not only be helpful in this subsection but also in the next one.

Lemma 4.31. Let D ∈ {N,Q,R}, and let P be a strictly monotone polynomial
interpretation over D that is weakly compatible with the TRS S. Then

0D = 0 sD(x) = x+ s0 hD(x, y) = x+ y

gD(x) = g1x+ g0 kD(x) = 2x+ k0 fD(x) = ax2

where as0 = 1, g1 > 2 and all coefficients are non-negative.

Proof. By Lemma 4.28, the interpretations of the symbols s, h and g have the
shape sD(x) = x+ s0, hD(x, y) = x+ y + h0 and gD(x) = g1x+ g0, where all
coefficients are non-negative and g1 > 2. Moreover, the interpretation of f is at
least quadratic.

78



4.4 Incremental Polynomial Termination

Applying this partial interpretation in (4.50) and (4.51), we obtain, by weak
compatibility, the inequalities

2x+ h0 + 3s0 >D0 kD(x) >D0 2x+ h0 for all x ∈ D0,

which imply kD(x) = 2x+ k0 with k0 > 0 (due to well-definedness over D0).
Next we consider the rule (4.53) from which we infer that sD(x) 6= x because

otherwise weak compatibility would be violated; hence, s0 > 0. Then, by weak
compatibility with (4.52), we obtain the inequality

kD(x) + h0 >D0 fD(x+ s0)− fD(x) for all x ∈ D0.

Now this can only be the case if deg(kD(x)+h0) > deg(fD(x+s0)−fD(x)), which
simplifies to 1 > deg(fD(x))− 1 since s0 6= 0 and fD is at least quadratic (hence
not constant, cf. also (4.15)). Consequently, fD must be a quadratic polynomial
function, that is, fD(x) = ax2 + bx + c with a > 0 (due to well-definedness
over D0). Then the inequalities arising from weak compatibility with (4.52)
and (4.53) simplify to

2x+ k0 + h0 >D0 2as0x+ as2
0 + bs0

4as0x+ 4as2
0 + 2bs0 >D0 4x+ 3h0 + k0

both of which must hold for all x ∈ D0. Hence, by looking at the leading
coefficients, we infer that as0 = 1. Furthermore, weak compatibility with (4.54)
is satisfied if and only if the inequality

2as0x+ as2
0 + bs0 >D0 0D + s0 + h0

holds for all x ∈ D0. For x = 0, and using the condition as0 = 1, we conclude
that bs0 >D0 0D + h0 >D0 0, which implies that b > 0 as s0 > 0.

Using all the information gathered above, the compatibility constraint associ-
ated with (4.55) gives rise to the inequality 0 >D0 fD(0D) + 2 0D + bs0 + h0, all
of whose summands on the right-hand side are non-negative as b > 0 and all
interpretation functions must be well-defined over D0. Consequently, we must
have 0D = h0 = b = c = fD(0D) = 0.

In order to establish the main result of this subsection, we extend the TRS S
by the rewrite rules given in Table 4.3, calling the resulting system R5. As in Sec-
tion 4.3, each block serves a specific purpose. The one made up of (4.56) – (4.58)
enforces the desired semantics for the symbol r, that is, a linear function x 7→ 2x
that doubles its input, while the block (4.60) – (4.64) enforces a linear function
x 7→ q1x for the symbol q whose slope q1 is proportional to the square of the
interpretation of the constant m. Finally, (4.59) encodes the main idea of the
construction, as mentioned above.

Lemma 4.32. The TRS R5 is polynomially terminating over N∗ and R∗.

Proof. For polynomial termination over N∗, we start with the interpretation

0N = 0 sN(x) = x+ 1 fN(x) = x2 gN(x) = 3x+ 5

hN(x, y) = x+ y kN(x) = 2x+ 2 qN(x) = 4x rN(x) = 2x mN = 2
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k(x)→ r(x) (4.56)

s(r(x))→ h(x, x) (4.57)

h(0, 0)→ r(0) (4.58)

h(r(q(f(x))), r(x))→
h(r2(f(x)), q(x)) (4.59)

g2(x)→ q(x) (4.60)

h(0, 0)→ q(0) (4.61)

f(f(m))→ q(f(m)) (4.62)

h(0, q(f(m)))→ h(f(f(m)), 0) (4.63)

m→ s(0) (4.64)

Table 4.3: The TRS R5 (without the S-rules).

By Lemma 3.6 and Corollary 3.9, all interpretation functions are well-defined
over N and strictly monotone (i.e., monotone with respect to >N) as well as
weakly monotone (i.e., monotone with respect to >N). Moreover, it is easy to
verify that this interpretation is weakly compatible with R5. In particular, the
rule (4.59) gives rise to the constraint

8x2 + 2x >N 4x2 + 4x ⇐⇒ 2x2 − x >N 0

which holds for all x ∈ N. After removing the rules from R5 for which (strict)
compatibility holds, we are left with the rules (4.54), (4.55), (4.58), (4.59) and
(4.61) – (4.63), all of which can be handled (that is, removed at once) by the
following linear interpretation:

0N = 0 sN(x) = 7x+ 2 hN(x, y) = x+ 2y + 1

fN(x) = 4x+ 2 qN(x) = 4x rN(x) = x mN = 0

For polynomial termination over R∗, we consider the interpretation

δ = 1 0R = 0 sR(x) = x+ 1 fR(x) = x2 gR(x) = 3x+ 5

hR(x, y) = x+ y kR(x) = 2x+ 2 qR(x) = 2x rR(x) = 2x mR =
√

2

which is both weakly and strictly monotone according to Lemmata 3.34 – 3.36,
and 3.38. So all interpretation functions are well-defined over R0 and mono-
tone with respect to >R0,δ and >R0 . Moreover, one easily verifies that this
interpretation is weakly compatible with R5. In particular, the constraint
4x2 + 2x >R0 4x2 + 2x associated with (4.59) trivially holds. After removing
the rules from R5 for which (strict) compatibility holds (i.e., for which the
corresponding constraint remains true after strengthening >R0 to >R0,δ), we are
left with (4.54), (4.55), (4.58), (4.59) and (4.61) – (4.64), all of which can be
removed at once by the following linear interpretation:

δ = 1 0R = 0 sR(x) = 6x+ 2 fR(x) = 3x+ 2

hR(x, y) = x+ 2y + 1 qR(x) = 2x rR(x) = x mR = 3

Lemma 4.33. The TRS R5 is not polynomially terminating over Q∗.
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Proof. Let P be a strictly monotone polynomial interpretation over Q that is
weakly compatible with R5. According to Lemma 4.31, the symbols 0, s, f, g, h
and k are interpreted as follows:

0Q = 0 sQ(x) = x+ s0 hQ(x, y) = x+ y

gQ(x) = g1x+ g0 kQ(x) = 2x+ k0 fQ(x) = ax2

where s0, g1, a > 0 and g0, k0 > 0.
As the interpretation of k is linear, weak compatibility with the rule (4.56)

implies that the interpretation of r is at most linear as well, i.e., rQ(x) = r1x+ r0

with r0 > 0 and 2 > r1 > 0. We also have r1 > 2 due to weak compatibility
with (4.57) and 0 > r0 due to weak compatibility with (4.58); hence, rQ(x) = 2x.

Similarly, by linearity of gQ and weak compatibility with (4.60), the interpre-
tation of q must have the shape qQ(x) = q1x + q0. Then weak compatibility
with (4.61) yields 0 > q0; hence, qQ(x) = q1x, q1 > 0. Next we note that weak
compatibility with (4.62) and (4.63) implies that fQ(fQ(mQ)) = qQ(fQ(mQ)),
which evaluates to a3m4

Q = a q1m
2
Q. From this we infer that q1 = a2m2

Q as a > 0

and mQ > s0 > 0 due to weak compatibility with (4.64); i.e., qQ(x) = a2m2
Qx.

Finally, we consider the weak compatibility constraint associated with (4.59),
which simplifies to

(2ax2 − x)((amQ)2 − 2) > 0 for all x ∈ Q0.

However, this inequality is unsatisfiable as the polynomial 2ax2 − x is negative
for some x ∈ Q0 and (amQ)2−2 cannot be zero because both a and mQ must be
rational numbers. So we conclude that there is no strictly monotone polynomial
interpretation over Q that is weakly compatible with the TRS R5. This implies
that R5 is not incrementally polynomially terminating over Q.

Together, Lemma 4.32 and Lemma 4.33 yield the main result of this subsection.

Corollary 4.34. There are TRSs that are polynomially terminating over N∗
and R∗ but not over Q∗.

4.4.2 Incremental Polynomial Termination over N vs. R

In this subsection, we show that there are TRSs that are incrementally poly-
nomially terminating over N but not over R. For this purpose, we extend the
TRS S of the previous subsection by the single rewrite rule f(x)→ x and call
the resulting system R6.

Lemma 4.35. The TRS R6 is polynomially terminating over N∗.

Proof. First, we consider the interpretation

0N = 0 sN(x) = x+ 1 fN(x) = x2

hN(x, y) = x+ y gN(x) = 3x+ 5 kN(x) = 2x+ 2

which is both weakly and strictly monotone according to Lemma 3.6 and
Corollary 3.9, and one easily verifies that this interpretation is weakly compatible
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with R6. In particular, the constraint x2 >N x associated with f(x)→ x holds
for all x ∈ N. Removing the rules from R6 for which (strict) compatibility holds
leaves us with the rules (4.54), (4.55) and f(x)→ x, which are easily handled,
e.g. by the linear interpretation

0N = 0 sN(x) = 3x+ 2 fN(x) = 2x+ 1 hN(x, y) = x+ y

Lemma 4.36. The TRS R6 is not polynomially terminating over R∗ or Q∗.

Proof. Let D ∈ {Q,R}, and let P be a polynomial interpretation over D
that is weakly compatible with R6, and in which the interpretation of the
function symbol f has the shape fD(x) = ax2 with a > 0. Then the weak
compatibility constraint ax2 >D0 x associated with f(x) → x does not hold
for all x ∈ D0 because the polynomial ax2 − x = ax

(
x− 1

a

)
is negative in the

open interval
(
0, 1

a

)
. As the above assumption on the interpretation of f follows

from Lemma 4.31 if P is strictly monotone, we conclude that there is no strictly
monotone polynomial interpretation over R or Q that is weakly compatible with
the TRS R6. This implies that R6 is not incrementally polynomially terminating
over R or Q.

Together, Lemma 4.35 and Lemma 4.36 yield the main result of this subsection.

Corollary 4.37. There are TRSs that are polynomially terminating over N∗
but not over R∗ or Q∗.

The results presented in this section are summarized in Figure 4.5, which gives
the full picture of the relationship between incremental polynomial termination
over N, Q and R.

terminating TRSs

R∗
=
R∗alg

Q∗
N∗

R4
···

R0
··· R1
···

R5
···

R6
···

Figure 4.5: Summary.

4.5 Polynomial Interpretations in the DP Framework

In this section, we review the results obtained in the previous section in light
of the DP framework. Technically, the difference between the use of polyno-
mial interpretations in incremental termination proofs and their use in the
DP framework is that the former requires strict monotonicity of the interpre-
tations, whereas the latter only demands weak monotonicity. Now the goal of
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this section is to adapt the results obtained in Section 4.4 by modifying the
corresponding TRSs in such a way as to eliminate any dependence on strict
monotonicity in the respective proof arguments. Fortunately, there are not
many occurrences where strict monotonicity is crucial, and all of them can easily
be handled. The idea is as follows. Suppose that a unary function symbol f
is interpreted by a linear polynomial f1x + f0 and consider the rewrite rule
f(x)→ x. Then weak compatibility translates to the inequality f1x+ f0 > x,
which implies f1 > 1. So the rule f(x) → x enforces strict monotonicity of
the interpretation of the symbol f. Moreover, note that we can also use the
rule s(f(x))→ x for this purpose if the interpretation of the symbol s is fixed to
the shape x 7→ x+ s0 (which is the case for all TRSs considered in this section).

Before we use this idea to strengthen the results obtained in the previous
section, let us recall that, by Lemma 4.10, polynomial interpretations over the
rational numbers are subsumed by polynomial interpretations over the real
numbers. In particular, in the setting of the DP framework, we obtain the
following corollary from Lemma 4.10.

Corollary 4.38. If there exists a weakly monotone polynomial interpretation
over Q that succeeds on a given DP problem, then there also exists a weakly
monotone polynomial interpretation over R that succeeds on this DP problem.

In order to strengthen the results related to the TRSs R4, R5 and R6, we
now apply the construction described above and extend these systems by the
following rewrite rules, referring to the resulting systems as R′4, R′5 and R′6:

s(x)→ x (4.65)

g(x)→ x (4.66)

f(g(x))→ x (4.67)

s(h(x, 0))→ x (4.68)

s(h(0, x))→ x (4.69)

To begin with, we show that this allows us to drop the requirement of strict
monotonicity in Lemma 4.28.

Lemma 4.39. Let D ∈ {N,Q,R}, and let P be a weakly monotone polynomial
interpretation over D that is weakly compatible with the rules (4.9) – (4.13)
and (4.65) – (4.69). Then

sD(x) = x+ s0 hD(x, y) = x+ y + h0 gD(x) = g1x+ g0

where all coefficients are non-negative and g1 > 2. Moreover, fD(x) is at least
quadratic.

Proof. Due to weak compatibility with (4.65), (4.66) and (4.67), the inter-
pretations fD(x), gD(x) and sD(x) of the unary symbols f, g and s cannot
be constant polynomials. But then the proof of Lemma 4.28 shows that the
symbols s, g and h must be interpreted by linear polynomials sD(x) = s1x+ s0,
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gD(x) = g1x + g0 and hD(x, y) = h1x + h2y + h0, subject to the following
constraints:

1 > s1 > 0 s1 > h1 > 0 s1 > h2 > 0 g1 > h1 + h2 g1 > 0 s0, g0, h0 > 0

Moreover, fD cannot be linear if g1 > 1.

In this situation, weak compatibility with the rule (4.65) implies that s1 > 1
since sD(x) = s1x+ s0; hence, sD(x) = x+ s0. Using the latter interpretation
in the compatibility constraint associated with (4.68), we infer that h1 > 1.
Likewise, by weak compatibility with (4.69), we obtain h2 > 1. But then we
must have h1 = h2 = 1 since s1 = 1, and therefore g1 > h1 + h2 = 2, such that
sD(x) = x+ s0, hD(x, y) = x+ y + h0 and gD(x) = g1x+ g0 with g1 > 2, which
shows that fD(x) is at least quadratic.

As a consequence of this lemma, we can also drop the requirement of strict
monotonicity in Lemma 4.31 by adding the rules (4.65) – (4.69) to the TRS S
of Section 4.4, thereby obtaining the TRS S ′.

Lemma 4.40. Let D ∈ {N,Q,R}, and let P be a weakly monotone polynomial
interpretation over D that is weakly compatible with the TRS S ′. Then

0D = 0 sD(x) = x+ s0 hD(x, y) = x+ y

gD(x) = g1x+ g0 kD(x) = 2x+ k0 fD(x) = ax2

where as0 = 1, g1 > 2 and all coefficients are non-negative.

Proof. By the proof of Lemma 4.31, replacing Lemma 4.28 by Lemma 4.39.

This is all we need to get rid of the requirement of strict monotonicity in the
results obtained for the TRSs R4, R5 and R6 in Lemmata 4.29, 4.33 and 4.36.

Lemma 4.41. For the TRSs R′4, R′5 and R′6 the following statements hold:

1. There is no weakly monotone polynomial interpretation over Q or N that
is weakly compatible with R′4.

2. There is no weakly monotone polynomial interpretation over Q that is
weakly compatible with R′5.

3. There is no weakly monotone polynomial interpretation over R or Q that
is weakly compatible with R′6.

Proof. The first claim follows from the proof of Lemma 4.29 after replacing
Lemma 4.28 by Lemma 4.39 (and relaxing strict monotonicity to weak mono-
tonicity). Similarly, the other claims follow from the proofs of Lemmata 4.33
and 4.36, respectively, after replacing Lemma 4.31 by Lemma 4.40.

Hence, we obtain the following corollaries in the DP framework.

Corollary 4.42. For the TRSs R′4, R′5 and R′6 the following statements hold:
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1. There is no weakly monotone polynomial interpretation over Q or N that
succeeds on the DP problem ( ,R′4).

2. There is no weakly monotone polynomial interpretation over Q that succeeds
on the DP problem ( ,R′5).

3. There is no weakly monotone polynomial interpretation over R or Q that
succeeds on the DP problem ( ,R′6).

Nevertheless, these TRSs do admit certain polynomial interpretations, even
strictly monotone ones, which can be leveraged to establish (incremental) poly-
nomial termination of all systems.

Lemma 4.43. For the TRSs R′4, R′5 and R′6 the following statements hold:

1. R′4 is polynomially terminating over R (hence also over R∗).

2. R′5 is polynomially terminating over N∗ and R∗.

3. R′6 is polynomially terminating over N∗.

Proof. For the first claim, the same interpretation as in the proof of Lemma 4.23
applies. The second claim follows by the same interpretations as in the proof of
Lemma 4.32, whereas the third one follows by the interpretations given in the
proof of Lemma 4.35.

As far as the TRSs R0 and R1 are concerned, adding the rules (4.65) – (4.69)
does not have the desired effect of yielding TRSs that preclude weakly monotone
polynomial interpretations over N while admitting interpretations, preferably
even strictly monotone ones, over Q (and R). However, such TRSs do exist.
For example, the TRS R7 consisting of (4.9) – (4.13), (4.65) – (4.69), (4.70)
and (4.71):

h(k(x), k(x))→ h(h(x, x), x) (4.70)

s(h(h(x, x), x))→ h(k(x), k(x)) (4.71)

Lemma 4.44. There is no weakly monotone polynomial interpretation over N
that is weakly compatible with the TRS R7.

Proof. Let P be a weakly monotone polynomial interpretation over N that is
weakly compatible with R7. Then, by Lemma 4.39, we have sN(x) = x+ s0 and
hN(x, y) = x+ y + h0, such that the weak compatibility constraints associated
with (4.70) and (4.71) give rise to the inequalities

3x+ 2h0 + s0 >N 2 kN(x) + h0 >N 3x+ 2h0

which must hold for all x ∈ N. Hence, the interpretation of k must have the
shape kN(x) = 3

2x+ k0, which is not an integer polynomial.

Corollary 4.45. There is no weakly monotone polynomial interpretation over N
that succeeds on the DP problem ( ,R7).
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Nevertheless, there are strictly monotone polynomial interpretations over Q
(and R) that are compatible with R7.

Lemma 4.46. The TRS R7 is polynomially terminating over Q.

Proof. By the following interpretation:

δ = 1 0Q = 0 sQ(x) = x+ 4 fQ(x) = x2

gQ(x) = 3x+ 5 hQ(x, y) = x+ y kQ(x) = 3
2x+ 1

4.6 Conclusion

In this chapter, we investigated the relationship of polynomial interpretations
with real, real algebraic, rational and integer coefficients with regard to termina-
tion proving power.

Concerning the notion of direct polynomial termination, we presented three
new results, the first of which shows that polynomial interpretations with real
coefficients subsume polynomial interpretations with rational coefficients, the
second of which shows that polynomial interpretations with real or rational
coefficients do not properly subsume polynomial interpretations with integer
coefficients, a result that comes somewhat unexpected, and the third of which
shows that there are TRSs that can be proved terminating by polynomial
interpretations with real and with integer coefficients but not with rational
coefficients. Besides, we also showed that polynomial interpretations with real
coefficients are equivalent to polynomial interpretations with real algebraic
coefficients, a result confirming that automatic termination tools do not have
to be concerned with transcendental (real) numbers. Together with the earlier
results of Lucas [46], the results presented in this chapter give the full picture of
the relationship between the various instances of polynomial interpretations.

We also considered the possibility of establishing termination by using poly-
nomial interpretations in an incremental fashion, showing that the relationship
between the induced notions of incremental polynomial termination (over N,
Q, Ralg and R) equals the one obtained for direct polynomial termination.
Furthermore, we indicated how to adapt these results to the DP framework,
thereby obtaining evidence that the relationship is no different in that setting
(for standard reduction pairs based on polynomial interpretations, as described
in Section 1.4). However, in this respect more work needs to be done. Most
notably, it remains to consider reduction pairs that incorporate usable rules
with (implicit) argument filters [26] (induced by polynomial interpretations).
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Part II

Matrix Interpretations





Chapter 5

Introduction and Outline

The second part of this thesis is devoted to matrix interpretations. Since their
inception in 2006, matrix interpretations have evolved into one of the most
important (that is, powerful) methods for termination analysis and complexity
analysis of term rewrite systems. While originally introduced by Hofbauer
and Waldmann as a stand-alone method for establishing termination proofs
in the context of string rewriting [32, 33], allowing them to solve challenging
termination problems like {aa → bc, bb → ac, cc → ab}, problem #104 on
the RTA list of open problems,1 it was not long until Endrullis et al. [20]
generalized (one particular instance of) the matrix method to term rewriting
and also incorporated it into the DP framework [3,25–28,71], the state-of-the-art
framework for establishing termination of TRSs.

The matrix method is based on the well-known paradigm of interpreting
terms into a domain equipped with a suitable well-founded (order) relation.
In the original approach of [20], the authors consider the set of vectors of
natural numbers as underlying domain, together with a well-founded order that
relates two vectors if and only if there is a strict decrease in the respective first
components and a weak decrease in all other components. Function symbols
are interpreted by suitable linear mappings represented by square matrices of
natural numbers.

The order chosen in [20] is not the only possible base order for matrix
interpretations. There do exist other well-founded orders on vectors of natural
numbers that induce variants of matrix interpretations which are also suitable
for termination analysis. We study several such orders in Appendix B, some of
which give rise to matrix interpretations that are equally (but not more) powerful
for proving termination than the ones of [20]. This research originally appeared
in [55]. (We present it in the appendix because it does not yield more powerful
kinds of matrix interpretations. Nevertheless, it does give further insight as
to why the approach of [20] performs well in practice, and it also contains a
generalization of the latter coming along with a more powerful implementation.)

Recently, another generalization appeared in [17] that employs matrices of
natural numbers as underlying domain and interprets each function symbol by
a linear matrix polynomial. In principle, this approach also allows for non-linear
matrix polynomials.

In [1, 22, 76] the method of Endrullis et al. was lifted to the non-negative
rational and real (algebraic) numbers using the same technique that was already
used to lift polynomial interpretations from the natural numbers to the rationals

1http://rtaloop.mancoosi.univ-paris-diderot.fr
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and reals (cf. Section 2.1 and [30]). Thus, one distinguishes three variants of
matrix interpretations, matrix interpretations over the real, rational and natural
numbers, and the obvious question is:

What is their relationship with regard to termination proving power?

Giving a complete answer to this question is the first major goal of this second
part of the thesis. This is achieved in Chapter 6, where we also show how the
choice of the matrix dimension affects termination proving power.

Beyond termination analysis, matrix interpretations are also apt for analyzing
the derivational complexity of TRSs, where the aim is to obtain (quantitative)
information about the maximal length of rewrite sequences (or derivations) in
terms of the size of their initial term. As term rewriting is a formal model
of computation and algorithms of polynomial complexity are widely accepted
as feasible, one is especially interested in polynomial derivational complexity.
However, in general, matrix interpretations induce exponential upper bounds on
the derivational complexity of compatible TRSs. In order to obtain polynomial
upper bounds, the matrices occurring in a matrix interpretation have to satisfy
certain (additional) properties, the study of which is the main objective of
Chapter 7.

In the remainder of this chapter, we give a formal account of matrix interpre-
tations, introducing all relevant concepts, definitions and terminology. But first
we recall a few basic notions from linear algebra.

5.1 Linear Algebra

For any commutative ring R (e.g., Z, Q, Ralg, R), we denote the ring of all
n-dimensional square matrices over R by Rn×n. The n× n identity matrix is
denoted by In and the n× n zero matrix by 0n. We simply write I and 0 if n
is clear from the context. In case R is equipped with a partial order >, the
componentwise extension of this order to Rn×n is also denoted by >. We call a
matrix non-negative if all its entries are non-negative and denote the set of all
non-negative n-dimensional square matrices of Zn×n (Rn×n) by Nn×n (Rn×n0 ).
As usual, we write AT for the transpose of a matrix (vector) A. For a (column)
vector ~x = (x1, . . . , xn)T, (~x)i denotes its i-th component xi. Likewise, Aij
denotes the entry in the i-th row and j-th column of a matrix A, and Aj− (A−j)
refers to the j-th row (column).

For a square matrix A ∈ Rn×n, the characteristic polynomial χA(λ) is defined
as det(λIn − A), where det denotes the (matrix) determinant. It is a monic
polynomial of degree n with coefficients in R. The equation χA(λ) = 0 is called
the characteristic equation of A. The solutions of this equation, that is, the roots
of χA(λ), are precisely the eigenvalues of A. If R is contained in an algebraically
closed field (where each polynomial of degree n with coefficients in the field
is guaranteed to have exactly n roots), then A has exactly n (not necessarily
distinct) eigenvalues in this field. A non-zero vector x is an eigenvector of A
if Ax = λx for some eigenvalue λ of A.

We say that a polynomial p ∈ R[x] annihilates a square matrix A ∈ Rn×n
if p(A) = 0. The Cayley-Hamilton theorem [66] states that A satisfies its own
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characteristic equation, that is, χA annihilates A (it holds for square matrices over
commutative rings). Let R be a field and consider the set { p ∈ R[x] | p(A) = 0 }
of annihilating polynomials of a matrix A ∈ Rn×n. This set is generated by
the minimal polynomial mA(x) of A, which is the unique monic polynomial
of minimum degree that annihilates A (cf. e.g. [35]). Any polynomial that
annihilates A is a (polynomial) multiple of mA(x). In other words, if p(A) = 0
for some p ∈ R[x], then mA(x) divides p(x). In particular, mA(x) divides the
characteristic polynomial of A, and mA(λ) = 0 if and only if λ is an eigenvalue
of A.

5.2 Matrix Interpretations

Following [1, 20, 76], we define matrix interpretations as follows. Let F denote a
signature. For matrix interpretations over R, we fix a dimension n ∈ N \ {0},
some positive real number δ and use the set Rn0 as the carrier of an F -algebraM,
together with the orders >δ and > on Rn0 :

(x1, . . . , xn)T >δ (y1, . . . , yn)T ⇐⇒ x1 >R,δ y1 and xi >R yi for i = 2, . . . , n

(x1, . . . , xn)T > (y1, . . . , yn)T ⇐⇒ xi >R yi for i = 1, . . . , n

Here, as in Section 2.1, x >R,δ y if and only if x >R y + δ. Each k-ary function
symbol f ∈ F is interpreted by a linear function of the shape

fM : (Rn0 )k → Rn0 , (~x1, . . . , ~xk) 7→ F1~x1 + · · ·+ Fk~xk + ~f

where ~x1, . . . , ~xk are (column) vectors of variables, F1, . . . , Fk ∈ Rn×n0 and
~f ∈ Rn0 . In this way, (M, >δ,>) forms a weakly monotone F-algebra. If, in
addition, the top left entry (Fi)11 of each matrix Fi is at least one, then we callM
a monotone matrix interpretation over R, in which case (M, >δ,>) becomes
an extended monotone F-algebra. Note that in any case we have >M ⊆ >M
since >δ ⊆ > (independently of δ). That is, compatibility of M with a set of
rewrite rules implies weak compatibility with that set of rules, as was the case
for polynomial interpretations.

We obtain matrix interpretations over Ralg by restricting the carrier to the
set of vectors of non-negative real algebraic numbers. Similarly, matrix inter-
pretations over Q operate on the carrier Qn

0 . For matrix interpretations over N,
one uses the carrier Nn and δ = 1, such that

(x1, . . . , xn)T >δ (y1, . . . , yn)T ⇐⇒ x1 >N y1 and xi >N yi for i = 2, . . . , n

For polynomial interpretations, we showed in Section 4.2 that it suffices to
consider the real algebraic numbers instead of the entire set of real numbers,
thus establishing the equivalence between polynomial interpretations over R
and polynomial interpretations over Ralg for proving termination of TRSs.
Observing that the technique employed in Section 4.2 readily applies to matrix
interpretations as well, we conclude that matrix interpretations over R are
equivalent to matrix interpretations over Ralg (cf. also [59]). In the context of
string rewriting, this was also observed in [22]. So transcendental numbers are not
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relevant for termination proofs based on matrix interpretations. Nevertheless, for
the sake of brevity of notation, we shall stick to the term “matrix interpretations
over the real numbers”.

In analogy to polynomial interpretations, matrix interpretations can be used
as a stand-alone termination method or in the context of the DP framework.
Specializing the definitions and results given for monotone algebras in Section 1.3,
we note that in the former case the termination of a TRS can either be shown
directly by a compatible monotone matrix interpretation (cf. Theorem 1.6 and
Corollary 1.7) or incrementally by a sequence of monotone matrix interpretations,
each of which removes some rewrite rules until eventually all rewrite rules have
been removed. In the latter case, when applying matrix interpretations in the
DP framework, the algebras induced by them are only required to be weakly
monotone. In this context, we say that a matrix interpretation M succeeds on
a given DP problem if the weakly monotone algebra (M, >δ,>) succeeds on it.
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Chapter 6

Matrix Termination Hierarchy

In this chapter, we clarify the relationship between matrix interpretations over
the real, rational and natural numbers. We also clarify the ramifications of
matrix dimension on termination proving power.

As a starting point, it is instructive to restrict to one-dimensional matrix
interpretations, that is, linear polynomial interpretations, for which the re-
lationship between the induced notions of polynomial termination is known
(cf. Chapter 4 and [46,54]) and can be pictured as in Figure 6.1. That is, linear

terminating TRSs

R = Ralg Q N

Figure 6.1: Linear polynomial interpretations.

polynomial interpretations over the real numbers subsume linear polynomial
interpretations over the rational numbers, which in turn subsume linear poly-
nomial interpretations over the natural numbers. Both inclusions are proper.
In [46] this is evidenced by the TRSs RQ and RR, the first of which can be shown
terminating by a linear polynomial interpretation over the rational numbers
but not over the natural numbers. Similarly, the second system can be shown
terminating by a linear polynomial interpretation over the reals but not over
the rationals. Unfortunately, the usefulness of both RQ and RR is limited to
dimension one (cf. [48]) because, without restricting the dimension, both sys-
tems can be handled with 2-dimensional matrix interpretations over the natural
numbers, cf. Appendix A. (The same is true for the TRSs R0 and R1 occurring
in Figure 4.4 of Chapter 4, as can easily be verified with any termination prover
supporting matrix interpretations, e.g., TTT2 [41]. For the TRS R4, we could not
even find a compatible matrix interpretation.) In this context, we also mention
related work appearing in [23], where a relative termination problem in the
form of a string rewrite system is presented that can be handled with matrix
interpretations over the rationals but not with matrix interpretations over the
natural numbers. However, relative termination is essential in this example
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6 Matrix Termination Hierarchy

because the relative component is the key ingredient for precluding matrix
interpretations over the natural numbers. As the latter component consists of a
single non-terminating rule, the entire example does not readily generalize to
(real) termination problems. Besides, there is no evidence in [23] demonstrating
the benefit of using irrational numbers in matrix interpretations. Thus, we
conclude that new techniques are required to clarify the relationship between
matrix interpretations over N, Q and R.

One of the main results of this chapter is to show that the termination hier-
archy depicted in Figure 6.1 does in fact extend from one-dimensional matrix
interpretations to arbitrary matrix interpretations. That is, matrix interpreta-
tions over the reals are more powerful with respect to proving termination than
matrix interpretations over the rationals, which are in turn more powerful than
matrix interpretations over the natural numbers. In particular, we show that
this relationship does not only hold in connection with matrix interpretations as
a stand-alone termination technique but also in the setting of the DP framework.
Moreover, our results point out the limitations of a recent attempt [48] to
simulate matrix interpretations over the rationals with matrix interpretations
over the natural numbers (of higher dimension).

We also investigate the ramifications of matrix dimension on termination
proving power. Clearly, by increasing the dimension, one can never lose power (in
theory; in practice the increased search space may prohibit finding a termination
proof). But what is the exact shape of the inherent dimension hierarchy? A
partial answer to this question was given in [23], where the authors show that
the hierarchy is infinite. Yet no exact information is provided as to which levels
are actually inhabited. We close this gap in the second part of this chapter, thus
giving a complete answer to the question raised above. For this purpose, we
establish a hierarchy of matrix interpretations with respect to matrix dimension
and show it to be infinite, with each level properly subsuming its predecessor. In
other words, we show that matrix interpretations of dimension (n+1) are strictly
more powerful for proving termination than n-dimensional matrix interpretations
(for any n > 1). The construction we use for this purpose is entirely different
from the one proposed in [23]. Apart from the fact that it allows to infer the
exact shape of the dimension hierarchy, it has the additional advantage that
it produces witnesses (that is, TRSs) that are substantially smaller than the
ones of [23]. To be precise, the construction employed in [23] gives rise to a
family of SRSs (Sd)d>2 having the property that any of its members S2d (of
even index) cannot be handled with matrix interpretations of dimension d or
less (as a consequence of the Amitsur-Levitzki theorem [2]), but can be handled
with dimension d′ = 2d+ 3. Each system Sd consists of the following rules over
the finite alphabet Σd = {s, 1, . . . , d, f}:

s ek f → s ok f

for all 1 6 k 6 d!
2 . Here, e1, e2, . . . (o1, o2, . . .) is any enumeration of even (odd)1

permutations of the symbols {1, . . . , d}. Hence, the number of rewrite rules

1A permutation is called even (odd) if it can be written as a composition of an even (odd)
number of transpositions.
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in Sd exhibits factorial growth in the dimension d. In contrast, the systems
created by our approach have constant size and the dimension d′ is optimal, i.e.,
d′ = d+ 1.

The remainder of this chapter is organized as follows. In Section 6.1, we
show that matrix interpretations over the reals are more powerful than matrix
interpretations over the rationals, which are in turn more powerful than matrix
interpretations over the natural numbers. Subsequently, we present our results
on the dimension hierarchy related to matrix interpretations in Section 6.2,
before concluding with suggestions for future research in Section 6.3.

The material presented in this chapter appeared in [56].

6.1 Domain Hierarchy

In this section, we first show that matrix interpretations over R subsume matrix
interpretations over Q, which in turn subsume matrix interpretations over N.
Then, in Sections 6.1.1 and 6.1.2, both inclusions are proved to be proper.

Lemma 6.1. Let M be an n-dimensional matrix interpretation over N (not
necessarily monotone), and let S1 and S2 be finite sets of rewrite rules such
that S1 ⊆ >M and S2 ⊆ >M. Then there exists an n-dimensional matrix
interpretation N over Q such that S1 ⊆ >N and S2 ⊆ >N . Moreover, N is
monotone if and only if M is monotone.

Proof. Let F denote the signature associated with S1 ∪ S2. Then, by assump-
tion, M associates each k-ary function symbol f ∈ F with a linear function
fM(~x1, . . . , ~xk) = F1~x1 + · · ·+ Fk~xk + ~f , where F1, . . . , Fk ∈ Nn×n and ~f ∈ Nn,
such that S1 ⊆ >M and S2 ⊆ >M. Based on this interpretation, we define
the matrix interpretation N by letting δ = 1 and taking the same interpreta-
tion functions, i.e., fN (~x1, . . . , ~xk) = fM(~x1, . . . , ~xk) for all f ∈ F . Then N
is well-defined, and it is monotone if and only if M is monotone. As to com-
patibility of N with S1, let us consider an arbitrary rewrite rule ` → r ∈ S1

and show that ` >M r implies ` >N r, i.e., [α]N (`) >δ [α]N (r) for all variable
assignments α. Because of linearity of the interpretation functions, we can write
[α]N (`) = L1~x1 + · · ·+Lm~xm + ~̀ and [α]N (r) = R1~x1 + · · ·+Rm~xm + ~r, where
the assignment α maps the variables x1, . . . , xm occurring in `, r to ~xi = α(xi)
for i = 1, . . . ,m. Thus, it remains to show that the inequality

L1~x1 + · · ·+ Lm~xm + ~̀ >δ R1~x1 + · · ·+Rm~xm + ~r

holds for all ~x1, . . . , ~xm ∈ Qn
0 . This is exactly the case if Li > Ri for i = 1, . . . ,m

and ~̀ >δ ~r, i.e., `i > ri for i = 2, . . . , n and `1 > r1 + δ = r1 + 1. Indeed, all
these conditions follow from compatibility of M with ` → r because, by the
same reasoning as above (and since the interpretation functions of M and N
coincide), ` >M r holds in (M, >,>) if and only if

L1~x1 + · · ·+ Lm~xm + ~̀ > R1~x1 + · · ·+Rm~xm + ~r

holds for all ~x1, . . . , ~xm ∈ Nn, which implies Li > Ri for i = 1, . . . ,m and ~̀ > ~r,
that is, `i > ri for i = 2, . . . , n and `1 >N r1, the latter being equivalent
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6 Matrix Termination Hierarchy

to `1 > r1 + 1 as ~̀, ~r ∈ Nn. This shows compatibility of N with S1. Weak
compatibility with S2 follows in the same way.

The essence of the proof of this lemma is that any matrix interpretation
over N can be conceived as a matrix interpretation over Q. Likewise, any matrix
interpretation over Q can be conceived as a matrix interpretation over R.

Lemma 6.2. Let M be an n-dimensional matrix interpretation over Q (not
necessarily monotone), and let S1 and S2 be finite sets of rewrite rules such
that S1 ⊆ >M and S2 ⊆ >M. Then there exists an n-dimensional matrix
interpretation N over R such that S1 ⊆ >N and S2 ⊆ >N . Moreover, N is
monotone if and only if M is monotone.

Proof. Similar to the proof of Lemma 6.1, with N defined by δN = δM = δ
and fN (~x1, . . . , ~xk) = fM(~x1, . . . , ~xk) for all f ∈ F .

As an immediate consequence of the previous lemmata, we obtain the following
corollary stating that matrix interpretations over N are no more powerful than
matrix interpretations over Q, which are in turn no more powerful than matrix
interpretations over R.

Corollary 6.3. Let R be a TRS and (P,S) a DP problem.

1. If there is an (incremental) termination proof for R using monotone matrix
interpretations over N (resp. Q), then there is also one using monotone
matrix interpretations over Q (resp. R).

2. If a matrix interpretation over N (resp. Q) succeeds on (P,S), then there
is also a matrix interpretation over Q (resp. R) of the same dimension
that succeeds on (P,S).

In the remainder of this section, we show that the converse statements do not
hold.

6.1.1 Matrix Interpretations over the Rational Numbers

In order to show that matrix interpretations over Q are indeed more powerful
than matrix interpretations over N, let us first consider the TRS S consisting of
the following rewrite rules:2

x+ a→ x (6.1)

x+ a→ (x+ b) + b (6.2)

a + x→ x (6.3)

a + x→ b + (b + x) (6.4)

This TRS will turn out to be very helpful for our purposes, not only in the
current subsection but also in the subsequent one. This is due to the following
property, which holds for matrix interpretations over N, Q and R.

2I thank Bertram Felgenhauer for his help in finding these rules.
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Lemma 6.4. Let M be a matrix interpretation (not necessarily monotone) with
carrier set M such that S ⊆ >M. Then +M(~x, ~y) = ~x+ ~y + ~v, ~v ∈M .

Proof. Without loss of generality, let +M(~x, ~y) = A1~x+A2~y+~v, ~v ∈M . AsM
is weakly compatible with the rule (6.1), we obtain A1 > I; hence, A2

1 > A1 due
to non-negativity of A1. Similarly, by weak compatibility with (6.2), we infer
A1 > A2

1, which implies A2
1 = A1 > I together with the previous result. Yet

this means that A1 must in fact be equal to I. To this end, we observe that
A1 > I implies (A1 − I)2 > 0, which simplifies to I > 2A1 − A2

1 = A1; hence,
A1 = I. In the same way, we obtain A2 = I from the compatibility constraints
associated with (6.3) and (6.4).

So in any matrix interpretation that is weakly compatible with the TRS S the
symbol + must be interpreted by a function +M(~x, ~y) = ~x+ ~y + ~v that models
addition of two elements of the underlying carrier set (modulo adding a constant).
The inherent possibility to count objects can be exploited to show that matrix
interpretations over Q are indeed more powerful than matrix interpretations
over N. For this purpose, we extend the TRS S by the rules (6.5) and (6.6),
calling the resulting system TQ:

((x+ x) + x) + a→ g(x+ x) (6.5)

g(x+ x)→ (x+ x) + x (6.6)

By construction, this TRS is not compatible, not even weakly compatible, with
any matrix interpretation over N.

Lemma 6.5. Let M be an n-dimensional matrix interpretation (not necessarily
monotone) with carrier set M such that TQ ⊆ >M. Then M 6= Nn.

Proof. As M is weakly compatible with TQ, it is also weakly compatible with
the TRS S. So, by Lemma 6.4, the function symbol + must be interpreted
by +M(~x, ~y) = ~x + ~y + ~v, ~v ∈ M . Assuming gM(~x) = G~x + ~g without loss
of generality, we obtain 3I > 2G from weak compatibility of M with (6.5)
and 2G > 3I from weak compatibility with (6.6); hence, G = 3

2I /∈ Nn×n.
Therefore, M cannot be a matrix interpretation over N.

The previous lemma, together with the observation that the TRS TQ admits
a compatible matrix interpretation over Q, directly leads to the main result of
this subsection.

Theorem 6.6.

1. The TRS TQ is terminating. In particular, TQ is compatible with a mono-
tone matrix interpretation over Q.

2. There cannot be an (incremental) termination proof of TQ using only
monotone matrix interpretations over N.

3. No matrix interpretation over N succeeds on the DP problem ( , TQ).
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Proof. The last two statements are immediate consequences of Lemma 6.5. As
to the first claim, the following monotone 1-dimensional matrix interpretation
(i.e., linear polynomial interpretation) over Q is compatible with TQ: δ = 1,
aM = 2, bM = 0, gM(x) = 3

2x+ 1 and +M(x, y) = x+ y.

6.1.2 Matrix Interpretations over the Real Numbers

Next we show that matrix interpretations over R are more powerful than matrix
interpretations over Q. For this purpose, we extend the TRS S of the previous
subsection by the rules (6.7) – (6.9) and call the resulting system TR:

(x+ x) + a→ k(k(x)) (6.7)

k(k(x))→ x+ x (6.8)

k(x)→ x (6.9)

By construction, this TRS admits only matrix interpretations over R.

Lemma 6.7. Let M be an n-dimensional matrix interpretation (not necessarily
monotone) with carrier set M such that TR ⊆ >M. Then M 6= Nn and M 6= Qn

0 .

Proof. As the TRS S is a subsystem of TR, TR ⊆ >M implies S ⊆ >M. Hence, by
Lemma 6.4, the function symbol + must be interpreted by +M(~x, ~y) = ~x+~y+~v,
where ~v ∈M . Assuming kM(~x) = K~x+ ~k without loss of generality, the (weak)
compatibility constraint associated with rule (6.7) implies 2I > K2. We also
have K2 > 2I by weak compatibility with (6.8) and K > I due to (6.9). Hence,
the n× n square matrix K must satisfy the following conditions:

K2 = 2I and K > I (6.10)

Clearly, for dimension n = 1, the unique solution is K =
√

2; in particular, K is
not a rational number. In fact, for any dimension n > 1, the unique solution
turns out to be K =

√
2I. To this end, let us first show that the conditions

given in (6.10) imply that K is a diagonal matrix. Because of K > I, we can
write K = I +N for some non-negative matrix N . Then K2 = 2I if and only if
N2 + 2N = I. Now non-negativity of N implies I > N . Hence, N is a diagonal
matrix and therefore also K. So all entries of K2 are zero except its diagonal
entries: (K2)ii = K2

ii for i = 1, . . . , n. But then Kii must be
√

2 in order to
satisfy K2 = 2I and K > I. In other words, K =

√
2I /∈ Qn×n

0 . Therefore, M
cannot be a matrix interpretation over N or Q.

Remark 6.8. Rule (6.9) is essential for the statement of Lemma 6.7. Without
it, the conditions given in (6.10) would turn into K2 = 2I and K > 0, the
conjunction of which is satisfiable over Nn×n; for example, by choosing

aM =

(
2
1

)
bM =

(
0
0

)
kM(~x) =

(
0 2
1 0

)
~x+

(
1
0

)
+M(~x, ~y) = ~x+ ~y

we obtain a non-monotone 2-dimensional matrix interpretation over N that is
compatible with the TRS TR \ {(6.9)}. However, in case monotonicity of the
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matrix interpretation in Lemma 6.7 is explicitly required, rule (6.9) becomes
superfluous because K11 > 1 and K2 = 2I imply that all entries of the first row
and the first column of K are zero except K11 (as K must be non-negative).
This means that (K2)11 = K2

11, so K11 must be equal to
√

2, hence irrational,
in order to satisfy K2 = 2I.

Lemma 6.7 shows that no matrix interpretation over N or Q is weakly compat-
ible with the TRS TR. However, TR can be shown terminating by a compatible
matrix interpretation over R.

Theorem 6.9.

1. The TRS TR is terminating. In particular, TR is compatible with a mono-
tone matrix interpretation over R.

2. There cannot be an (incremental) termination proof of TR using only
monotone matrix interpretations over N or Q.

3. No matrix interpretation over N or Q succeeds on the DP problem ( , TR).

Proof. The last two claims are immediate consequences of Lemma 6.7. Fi-
nally, the first claim holds by the following monotone 1-dimensional matrix
interpretation over R that is compatible with TR: δ = 1, aM = 4, bM = 0,
kM(x) =

√
2x+ 1 and +M(x, y) = x+ y.

6.2 Dimension Hierarchy

Unlike the previous section, where we have established a hierarchy of matrix
interpretations regarding the domain of the matrix entries, the purpose of this
section is to examine matrix interpretations with respect to their dimension.
That is, we fix D ∈ {N,Q0,R0} and consider matrix interpretations over the
family of carrier sets (Dn)n>1. The main result is that the inherent termination
hierarchy is infinite with respect to the dimension n, with each level of the hier-
archy properly subsuming its predecessor. In other words, (n+ 1)-dimensional
matrix interpretations are strictly more powerful for proving termination than
n-dimensional matrix interpretations (for any n > 1). We show this by construct-
ing a family of TRSs (Tk)k>2 having the property that any of its members Tk
can only be handled with matrix interpretations of dimension at least k. The
construction is based on the idea of encoding (i.e., specifying) the degree of
the minimal polynomial mA(x) of some matrix A occurring in a matrix inter-
pretation in terms of rewrite rules. Thus, if M is an n-dimensional matrix
interpretation such that the degree of the minimal polynomial of some matrix is
fixed to a value of k, then the degree of the characteristic polynomial of this
matrix must be at least k, i.e., n > k (since the minimal polynomial divides the
characteristic polynomial whose degree is n). In other words, the dimension n
of M must then be at least k. The family of TRSs (Tk)k>2 mentioned above is
made up as follows. For any natural number k > 2, Tk denotes the union of the
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TRS S of Section 6.1 and the following rewrite rules:

fk(x) + d→ fk−1(x) + c (6.11)

fk−1(x) + c→ fk(x) (6.12)

h(fk−2(h(x)))→ h(fk−1(h(x))) + x (6.13)

h(fk−1(h(x)))→ x (6.14)

The intuition is that if M is an n-dimensional matrix interpretation that is
weakly compatible with all rules of Tk, then the minimal polynomial mF (x) of
the matrix F associated with the interpretation of the unary function symbol f
is forced to be equal to the polynomial pk(x) = xk − xk−1, a monic polynomial
of degree k. This is the purpose of the rules (6.11) – (6.14). More precisely, the
first two rules ensure that pk(x) annihilates F , whereas the latter two specify
that pk(x) is the monic polynomial of least degree having this property.

Lemma 6.10. LetM be an n-dimensional matrix interpretation (not necessarily
monotone), and let k > 2 be a natural number. Then Tk ⊆ >M implies n > k.

Proof. Let us assume Tk ⊆ >M. Then we also have S ⊆ >M because the
TRS S is contained in Tk. Therefore, the function symbol + must be inter-
preted by +M(~x, ~y) = ~x+ ~y + ~v according to Lemma 6.4. Assuming, without
loss of generality, that fM(~x) = F~x + ~f and hM(~x) = H~x + ~h, the (weak)
compatibility constraint associated with (6.11) implies F k > F k−1. We also
have F k−1 > F k due to (6.12); hence, F k = F k−1. Next we consider the
compatibility constraints associated with (6.13) and (6.14). From the former
we infer HF k−2H > HF k−1H + I, which implies F k−2 6= F k−1, whereas the
latter enforces HF k−1H > I, which implies F k−1 6= 0. Thus, the n× n square
matrix F must satisfy the following conditions:

F k = F k−1 F k−2 6= F k−1 F k−1 6= 0 (6.15)

These conditions imply that the minimal polynomial of F must be equal to the
polynomial pk(x) = xk−xk−1; i.e., mF (x) = xk−xk−1. In order to show this, we
first observe that F k = F k−1 means that the polynomial pk(x) annihilates the
matrix F . So mF (x) divides pk(x). Writing pk(x) = (x− 1)xk−1 as a product
of irreducible factors, we see that if mF (x) 6= pk(x) (i.e., mF (x) is a proper
divisor of pk(x) of degree at most k−1), then mF (x) must divide the polynomial
(x − 1)xk−2 or the polynomial xk−1 (depending on whether (x − 1) occurs as
a factor in mF (x) or not). As in both cases the corresponding polynomial
annihilates F , we obtain F k−2 = F k−1 or F k−1 = 0, contradicting (6.15).
Consequently, pk(x) must indeed be the minimal polynomial of F , and since
it divides the characteristic polynomial of F , the degree of the latter must be
greater than or equal to the degree of the former, that is, n > k.

Remark 6.11. If one explicitly requires monotonicity of the matrix interpreta-
tion M in Lemma 6.10, then the condition F k−1 6= 0 is automatically satisfied,
such that rule (6.14) becomes superfluous in this case.
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Lemma 6.10 shows that no matrix interpretation of dimension less than k can
be weakly compatible with the TRS Tk. However, Tk can be shown terminating
by a compatible matrix interpretation of dimension k.

Theorem 6.12. Let k > 2.

1. The TRS Tk is terminating. In particular, Tk is compatible with a mono-
tone matrix interpretation over N of dimension k.

2. There cannot be an (incremental) termination proof of Tk using only
monotone matrix interpretations of dimension less than k.

3. No matrix interpretation of dimension less than k succeeds on the DP prob-
lem ( , Tk).

Proof. The last two claims are immediate consequences of Lemma 6.10. The
first claim holds by the following monotone k-dimensional matrix interpretation
over N that is compatible with Tk:

aM = cM = (1, 0, . . . , 0)T bM = 0 dM = 2 aM

+M(~x, ~y) = ~x+ ~y fM(~x) = F~x hM(~x) = H~x+ ~h

where ~h = (1, . . . , 1)T, all rows of H have the shape (1, 2, 1, . . . , 1) and F is zero
everywhere except for the entries F11 and Fi,i+1, i = 1, . . . , k − 1, which are all
set to one:

F =



1 1 0 0 · · · 0
0 0 1 0 · · · 0
...

. . .
. . .

. . .
. . .

...
0 · · · 0 0 1 0
0 · · · 0 0 0 1
0 · · · 0 0 0 0

 H =



1 2 1 1 · · · 1
1 2 1 1 · · · 1
...

...
...

...
...

...
1 2 1 1 · · · 1
1 2 1 1 · · · 1
1 2 1 1 · · · 1



6.3 Conclusion

In this chapter, we have established two hierarchies of matrix interpretations. On
the one hand, there is the domain hierarchy stating that matrix interpretations
over the real numbers are more powerful with respect to proving termination
than matrix interpretations over the rational numbers, which are in turn more
powerful than matrix interpretations over the natural numbers (cf. Figure 6.2).
On the other hand, we have established a hierarchy of matrix interpretations
with respect to matrix dimension, which was shown to be infinite, with each
level properly subsuming its predecessor (cf. Figure 6.3).

Both hierarchies hold in the setting of the DP framework as well as for matrix
interpretations as a stand-alone termination technique. Concerning the former,
we remark that the corresponding results in Theorems 6.6, 6.9 and 6.12 do not
only hold for standard reduction pairs but also for reduction pairs incorporating
usable rules (as defined in Section 1.4) because all rules of the TRSs TQ, TR
and Tk are usable. It is an easy exercise to make our TRSs also withstand
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terminating TRSs

R
=
Ralg

Q N
TR
···

TQ
···

Figure 6.2: The domain hierarchy.

terminating TRSs

n=2n=3 n=1

T2
···

T3
···

T4
···

· · ·

Figure 6.3: The dimension hierarchy.

reduction pairs that incorporate usable rules with (implicit) argument filters [26]
(induced by matrix interpretations).

Our results concerning the domain hierarchy provide a definitive answer to a
question raised in [48] whether rational numbers are somehow unnecessary when
dealing with matrix interpretations. The answer is in the negative, so the attempt
of [48] to simulate matrix interpretations over Q with matrix interpretations
over N (of higher dimension) must necessarily remain incomplete.

Moreover, we remark that the results of this chapter do not only apply to
the standard variant of matrix interpretations of Endrullis et al. [20] (though
the technical part of the chapter refers to it) but also to the kinds of matrix
interpretations introduced in Appendix B and [55] (which are based on various
different well-founded orders on vectors of natural numbers) and extensions
thereof to vectors of non-negative rational and real numbers. On the technical
level, this is due to the fact that our main Lemmata 6.5, 6.7 and 6.10 only
require weak compatibility (rather than strict) and do not demand monotonicity
of the respective matrix interpretations. Also note that the interpretations
given in the proofs of Theorems 6.6, 6.9 and 6.12 can be conceived as matrix
interpretations over the base order >wΣ, which relates two vectors ~x and ~y if
and only if there is a weak decrease in every single component of the vectors
and a strict decrease with respect to the sum of the components of ~x and ~y
(cf. Appendix B or [55]). We also expect our results to carry over to the matrix
interpretations of [17]. For linear interpretations, this should be possible without
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further ado, whereas non-linear interpretations conceivably require the addition
of new rules enforcing linearity of the interpretations of some function symbols
(e.g. by using techniques from Chapter 4).

Next we consider the relationship between traditional matrix interpretations
over N, Q and R and arctic matrix interpretations [38], a variant of the matrix
interpretation method where the usual operations of addition and multiplication
on N (Q, R) are generalized to the arctic semi-ring, the natural numbers extended
with −∞, where semi-ring addition ⊕ is the “max”-operation and semi-ring
multiplication ⊗ is the standard addition operation. In [38] the authors provide
evidence that the arctic matrix method does not subsume the traditional one.
The converse statement is left as an open issue, but experiments performed by
the authors suggest that neither method subsumes the other. We fill this gap
by presenting a TRS that admits arctic matrix interpretations while precluding
traditional ones.

Lemma 6.13. There is no matrix interpretation over D ∈ {N,Q,R} that is
weakly compatible with the following TRS:

x+ a→ x (6.16)

a + x→ x (6.17)

f(x)→ x (6.18)

f(x) + b→ f(x+ x) (6.19)

Proof. Assume to the contrary thatM is a weakly compatible matrix interpreta-
tion (not necessarily monotone) over D ∈ {N,Q,R}. Without loss of generality,
let +M(~x, ~y) = A1~x+A2~y+~v and fM(~x) = F~x+ ~f . AsM is weakly compatible
with (6.16) and (6.17), we obtain A1 > I and A2 > I. Similarly, weak compati-
bility with (6.18) and (6.19) yields F > I and A1F > F (A1 + A2). Denoting
by tr(M) the trace of a square matrix M , i.e., the sum of its diagonal entries,
the latter inequality implies tr(A1F ) > tr(FA1 + FA2) = tr(FA1) + tr(FA2).
Due to the well-known fact that tr(A1F ) = tr(FA1), this inequality can only
hold if tr(FA2) = 0, which contradicts the fact that FA2 > I (since F > I and
A2 > I).

The following one-dimensional arctic matrix interpretation M, inducing a
weakly monotone algebra (M, >N,>N) with carrier N according to the proof
of [38, Theorem 12], is weakly compatible with all rules and strictly compatible
with the first two rules of the above TRS:

aM = bM = 0 fM(x) = x⊕ 0 +M(x, y) = (1⊗ x)⊕ (1⊗ y)⊕ 0

(Note that strict monotonicity cannot hold as there are no strictly monotone
linear arctic functions of more than one argument [38].)

We conclude with a remark on future work and related work. For future
work, we mention the extension of the results of this chapter to more restrictive
classes of TRSs like left-linear ones and SRSs. In this context, we also note
that the partial result of [23] showing that the dimension hierarchy is infinite
applies without further ado since the underlying construction is based on SRSs
in contrast to our approach of Section 6.2.
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Chapter 7

Derivational Complexity

This chapter is concerned with automated complexity analysis of TRSs via matrix
interpretations. Given a terminating TRS, the aim is to obtain (quantitative)
information about the maximal length of rewrite sequences (or derivations) in
terms of the size of their initial term. This is known as derivational complexity.
Developing (automatic) methods for bounding the derivational complexity of
TRSs has become an active and competitive1 research area in the past few
years (e.g. [24,38,51–53,59,73,75]), and matrix interpretations play an important
role in this context, especially for establishing polynomial bounds.

7.1 Introduction

Many powerful techniques for termination analysis of TRSs have been developed
in the course of time, most of which have been automated successfully, as is
evident in the results of the (annual) international competition for termination
and complexity tools.2 Moreover, Hofbauer and Lautemann observe in [31] that
“proving termination with one of these specific techniques in general proves more
than just the absence of infinite derivations. It turns out that in many cases
such a proof implies an upper bound on the maximal length of derivations”,
which they consider as a natural measure for the complexity of (terminating)
TRSs. More precisely, the resulting notion of derivational complexity relates
the length of a longest derivation to the size of its initial term. While Hofbauer
and Lautemann allow arbitrary terms as initial terms of derivations, Hirokawa
and Moser [29,51] consider a variant of complexity, called runtime complexity,
that relates the length of a longest derivation to the size of the arguments of
the initial term, where the arguments are required to be in normal form. This
notion of complexity is more reminiscent of term rewriting being the foundation
of much of declarative programming. In the remainder of this chapter, we adopt
the notion of derivational complexity as our central definition of the complexity
of a TRS. (But our results can easily be adapted to runtime complexity.)

As mentioned above, for a given terminating TRS, one can often estimate
its derivational complexity by examining the proof method that established its
termination. For example, polynomial interpretations imply a double exponential
upper bound on the derivational complexity [31]. However, as term rewriting is
a model of computation and algorithms of polynomial complexity are widely

1http://www.termination-portal.org/wiki/Complexity/
2http://termcomp.uibk.ac.at
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accepted as feasible, one is especially interested in polynomial derivational
complexity. But currently only few techniques for establishing feasible upper
complexity bounds are known. Commonly, they are stripped-down variants of
existing termination techniques. For example, if a TRS can be shown terminating
by means of a compatible strongly linear polynomial interpretation (i.e., a
polynomial interpretation, where each n-ary function symbol f is interpreted
by a function of the shape f(x1, . . . , xn) =

∑n
i=1 xi + c), then its derivational

complexity is at most linear (cf. e.g. [29, 51]). In addition, linear derivational
complexity can be inferred using the match-bounds technique [24] or arctic matrix
interpretations [38]. Also the standard matrix interpretations (over N, Q and R)
of Chapter 5 can readily be used to establish upper bounds on the derivational
complexity of compatible TRSs. In fact, they are the most important technique
for obtaining non-linear polynomial bounds. However, in general, the induced
bounds are exponential [20,33]. In order to obtain polynomial upper bounds, the
matrices used in such interpretations must satisfy certain (additional) restrictions,
the study of which is the the main objective of the present chapter.

So what are the conditions ensuring polynomial boundedness of matrix inter-
pretations over N, Q and R? Historically, the first approach appearing in the
literature [53] was developed for matrix interpretations over N, achieving its
goal by restricting the shape of all matrices to upper triangular form. In this
way, one obtains a method for establishing polynomial derivational complexity,
where the degree of the polynomial bound corresponds to the dimension of the
matrices. In [73] this method of triangular matrix interpretations was subsumed
by an automata-based approach, where matrices are viewed as weighted (word)
automata computing a weight function, which is required to be polynomially
bounded. The result is a complete characterization (i.e., necessary and sufficient
conditions) of polynomially bounded matrix interpretations over N. In parallel
to, but independent of [73], we developed an algebraic approach for polynomial
boundedness of matrix interpretations, which will be presented in the remainder
of this chapter. Using techniques from linear algebra, we provide a generalization
of the method of triangular matrix interpretations that does not restrict the
shape of the matrices but nevertheless induces polynomial upper bounds on the
derivational complexity of compatible TRSs. In particular, we show how one
can infer tighter bounds from triangular matrix interpretations by examining
the diagonal structure of upper triangular (complexity) matrices. In contrast
to [53, 73], our approach can handle matrix interpretations over N, Q and R.
Moreover, using joint spectral radius theory [36,37], a branch of mathematics
dedicated to studying the growth rate of products of matrices taken from a set,
it naturally extends to a complete characterization of polynomially bounded
matrix interpretations over N, Q and R.

The remainder of this chapter is organized as follows. Section 7.2 introduces
basic notions of term rewriting related to derivational complexity as well as some
mathematical prerequisites. In Section 7.3, we review matrix interpretations
in the context of complexity analysis of term rewriting and define the notion
of polynomial boundedness. Then, in Section 7.4, we present an algebraic
approach for achieving polynomial boundedness of an interpretation based on
the spectral radius of its maximum matrix. This approach is subsequently
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extended in Section 7.5 to a complete characterization of polynomially bounded
matrix interpretations over N, Q and R using joint spectral radius theory. In
Section 7.6, we give details on implementation-specific issues, before concluding
in Section 7.7.

The main results of this chapter originate from [59] (the spectral radius ap-
proach of Section 7.4) and [49] (the joint spectral radius approach of Section 7.5).
We improve upon the results of [59] by considering the minimal polynomial
(instead of the characteristic polynomial) associated with the componentwise
maximum matrix of a matrix interpretation. Moreover, a comprehensive journal
article encompassing the content of [49,59,73] is in preparation.

7.2 Preliminaries

Complementing the background material of Chapter 5, we introduce the following
additional preliminaries.

Term Rewriting. We define the notion of derivational complexity [31] of TRSs
as follows. For a finite and terminating TRS R over a finite signature, the
derivation height of a term t with respect to R is defined as

dh(t,→R) = max {n | t→n
R u for some term u}

The derivational complexity of R is the function

dcR : N \ {0} → N, k 7→ max {dh(t,→R) | |t| 6 k}

It computes the maximal derivation height of all terms up to a given size. We say
that the derivational complexity of R is linear (quadratic, cubic) if dcR(k) can
be bounded by a linear (quadratic, cubic) polynomial in k, i.e., dcR(k) ∈ O(kd)
for d = 1 (2, 3). Here, for functions f, g : N → R0, we write f(n) ∈ O(g(n)) if
there are positive constants c and N such that f(n) 6 c · g(n) for all n > N . We
call f(n) asymptotically bounded by a polynomial in n of degree d if f(n) ∈ O(nd).
Furthermore, f(n) ∈ Θ(g(n)) if f(n) ∈ O(g(n)) and g(n) ∈ O(f(n)). In this
case, we say that f and g are asymptotically equivalent.

Let M be a matrix interpretation over D ∈ {N,Q,R}, t an arbitrary term
and α0 the assignment that maps every variable to 0. In the sequel, we abbrevi-
ate [α0]M(t) by [t]M (or just [t] if M is clear from the context).

Lemma 7.1. In the situation above, [α]M(t) > [t]M for all assignments α.

Proof. By induction on the structure of t.

Linear Algebra. Let C denote the field of complex numbers, A a square matrix
from Rn×n and p a polynomial from R[x]. We denote the multiplicity of a
root λ ∈ C of p by #p(λ). The multiplicity of an eigenvalue of A is the
multiplicity of the corresponding root of the characteristic polynomial, and
the spectral radius ρ(A) of A is the maximum of the absolute values of its
eigenvalues, i.e., ρ(A) = max {|λ| | λ is an eigenvalue of A}. The matrix A is
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upper triangular if all entries below its main diagonal are zero. One easily
verifies that the diagonal entries of such a matrix give the multiset of its
eigenvalues. An upper triangular complexity matrix is a non-negative upper
triangular matrix whose diagonal entries are at most one. We call a matrix
interpretation (over N, Q or R) triangular if all matrices occurring in it are
upper triangular complexity matrices.

Following [35], we call a function ‖·‖ : Rn×n → R a matrix norm if for all
matrices A,B ∈ Rn×n it satisfies:

1. ‖A‖ > 0, with ‖A‖ = 0 if and only if A = 0

2. ‖cA‖ = |c| · ‖A‖ for all c ∈ R

3. ‖A+B‖ 6 ‖A‖+ ‖B‖

4. ‖AB‖ 6 ‖A‖ · ‖B‖

The (entrywise) l1 norm of a matrix A ∈ Rn×n is given by ‖A‖1 =
∑

16i,j6n|Aij |.
With any matrix A ∈ Rn×n0 we associate a directed (weighted) graphG(A) on n

vertices, numbered from 1 to n, such that there is a directed edge (of weight Aij)
in G(A) from i to j if and only if Aij > 0. In this context, A is said to be the
adjacency matrix of the graph G(A). The weight of a path in G(A) is the product
of the weights of its edges. With a (non-empty) finite set of matrices S ⊆ Rn×n0

we associate the directed (weighted) graph G(S) := G(M), where M denotes the
componentwise maximum of the matrices in S, i.e., Mij = max {Aij | A ∈ S}
for all 1 6 i, j 6 n. Following [36], we define a directed graph Gk(S) for k > 2
on nk vertices, representing ordered tuples of vertices of G(S), such that there
is an edge from vertex (i1, . . . , ik) to (j1, . . . , jk) if and only if there is a matrix
A ∈ S with Ai`j` > 0 for all ` = 1, . . . , k.

Recurrence Relations. Informally, a recurrence relation is an equation that
recursively defines a sequence. Each element of the sequence is defined as a
function of the preceding elements. For example, the Fibonacci numbers are
defined by Fn = Fn−1 + Fn−2, n > 2, with the initial conditions F0 = 0 and
F1 = 1. Solving a recurrence relation means obtaining a closed-form solution; in
this example, a non-recursive function of n.

A linear homogeneous recurrence relation with constant coefficients is an
equation of the form an = c1an−1 + c2an−2 + · · · + cdan−d, where the d > 1
coefficients c1, . . . , cd are constants with cd 6= 0. The integer d is called the order
of the recurrence relation. Initial conditions for this relation specify particular
values for d of the ai (typically a0, a1, . . . , ad−1). The coefficients c1, . . . , cd define
the characteristic polynomial χ(λ) := λd − c1λ

d−1 − c2λ
d−2 − · · · − cd whose d

roots play a key role in the solution of a recurrence relation (cf. [12, 13]). To be
precise, if λ1, λ2, . . . , λr (1 6 r 6 d) are the distinct (possibly complex) roots
of the characteristic polynomial such that λi is of multiplicity mi := #χ(λi)
(i = 1, 2, . . . , r), then the general solution of the recurrence relation is given by

an =
r∑
i=1

(ci1 + ci2n+ · · ·+ cimin
mi−1)λni
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where the cik’s are (complex) constants. Any real solution is of this form
as well (with the imaginary part zero). Moreover, if the coefficients of χ(λ)
are real numbers, its non-real roots always come in conjugate pairs; i.e., if
λj := rj(cos(φj) + i sin(φj)) is a root of χ(λ), then so is its complex conjugate
λ∗j := rj(cos(φj)− i sin(φj)). In this case, avoiding the use of complex numbers,
the most general real solution can be written as

an =
∑
i

(ci1 + ci2n+ · · ·+ cimin
mi−1)λni

+
∑
j

(dj1 + dj2n+ · · ·+ djmjn
mj−1)rnj cos(nφj)

+
∑
j

(d′j1 + d′j2n+ · · ·+ d′jmj
nmj−1)rnj sin(nφj)

where the cik’s, djk’s and d′jk’s are real constants, the λi’s the distinct real roots
of χ(λ) and the λj ’s, λj := rj(cos(φj) + i sin(φj)), the distinct complex roots
(modulo conjugates).

7.3 Polynomially Bounded Matrix Interpretations

In this section, we examine the method of matrix interpretations in the context
of complexity analysis of term rewriting, with the focus on its ability to establish
polynomial upper bounds on the derivational complexity of compatible TRSs.
To this end, we assume all TRSs and signatures to be finite in the sequel.
Following [73], we introduce the notion of growth of a matrix interpretation
(extended from N to Q and R) and argue, as in [49], that matrix interpretations
of polynomial growth can be completely characterized by the polynomial growth
(of the entries) of products of matrices taken from a finite set of matrices.

We start by showing how matrix interpretations can be used to bound the
derivational complexity of compatible TRSs. Let M be a monotone matrix
interpretation over D ∈ {N,Q,R} that is compatible with some TRS R (thus
establishing termination of R according to the results of Section 5.2), and let α
be some variable assignment. Then any rewrite sequence

t = t0 →R t1 →R t2 →R t3 →R t4 →R · · ·

gives rise to a strictly decreasing sequence of vectors (of numbers in D0)

[α]M(t) >δ [α]M(t1) >δ [α]M(t2) >δ [α]M(t3) >δ [α]M(t4) >δ · · ·

such that, by definition of >δ (in Section 5.2), the first components of these
vectors form a sequence of non-negative numbers in D0 that is strictly decreasing
with respect to the order >D,δ, each rewrite step causing a decrease of at least δ
(here, δ = 1 if D = N such that >D,δ = >N). Hence, the first component
of the vector 1

δ · [α]M(t) gives an upper bound on dh(t,→R), the maximal
length of a rewrite sequence emanating from t. According to Lemma 7.1, one
obtains the best approximation for α = α0, that is, by considering the vector
1
δ · [α0]M(t) = 1

δ · [t]. So if we manage to bound the first component of this
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vector for all terms t up to a given (but arbitrary) size k, then we have actually
established an upper bound on the derivational complexity of R. Moreover, as
we are only interested in the asymptotic growth of 1

δ · [t] with respect to the
size of t, we may neglect the constant factor 1

δ . This motivates the following
definition (given in [73] for matrix interpretations over N).

Definition 7.2. For D ∈ {N,Q,R}, the growth function of a matrix interpreta-
tion M over D is defined as growthM(k) = max {[t]1 | t is a term and |t| 6 k}.

By the reasoning given above, we have dh(t,→R) 6 1
δ · [t]1, and therefore

dcR(k) 6 1
δ · growthM(k), from which we obtain the following result.

Lemma 7.3. Let R be a TRS and M a monotone matrix interpretation
over D ∈ {N,Q,R} that is compatible with R. Then growthM(k) ∈ O(f(k))
implies dcR(k) ∈ O(f(k)).

In particular, growthM(k) ∈ O(kd) implies dcR(k) ∈ O(kd) for all d ∈ N. As
the growth of M is at most exponential (in the worst case), the derivational
complexity of the TRSs one can handle in this way can at most be exponential.
This was shown in [20] for matrix interpretations over N, but the result obviously
extends to matrix interpretations over Q and R (cf. Remark 7.9 below for a
formal account). In order to establish polynomial derivational complexity, the
matrices occurring in a (compatible) matrix interpretation must satisfy certain
additional properties.

Definition 7.4. For a matrix interpretation M of dimension n, we denote
by SM the set of matrices occurring in (the interpretation functions of) M. We
set SM = {0n} in the special case when M contains no matrices. Further, we
denote by

SkM = {A1 · · ·Ak | Ai ∈ SM, 1 6 i 6 k}

the set of all products of length k of matrices taken from SM. For k = 0, this
yields the singleton set S0

M = {I} containing only the identity matrix. Finally,
S∗M denotes the (matrix) monoid generated by SM, i.e., S∗M =

⋃∞
k=0 S

k
M. We

often drop the subscript M if it is clear from the context.

Remark 7.5. Note that there are no matrices inM if and only if the underlying
(term) signature contains only constant symbols. We avoid having to treat this
pathological case explicitly by defining SM = {0n}, which makes SM non-empty
in all cases. Moreover, SM is always finite as all TRSs and signatures are
assumed to be finite.

For M and R as in Lemma 7.3, an easy sufficient condition for polynomial
boundedness of growthM(k) (resp. dcR(k)) is obtained when the growth of the
entries of all matrix products in S∗M is asymptotically bounded by a polynomial
in the length of such products (cf. Lemma 7.8 below). Moreover, as shown
in [49], this condition is also necessary in the following sense. If growthM(k) is
polynomially bounded, then there exists a monotone matrix interpretation N
compatible with R such that growthN (k) = growthM(k) and the entries of all
matrix products in S∗N are of polynomial growth (cf. Lemma 7.10 below). The
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proof given in [49] leverages the connection between matrix interpretations and
weighted automata. This is possible since matrix interpretations correspond to
a rather restricted form of tree automata, called path-separated [39]. The idea is
to transform a matrix interpretation into the corresponding automaton, trim
this automaton by removing useless states and then transform the resulting
automaton back into a (compatible) matrix interpretation. Thus, the interpre-
tation N can be obtained from M by simply dropping some rows and columns
(the ones whose indices correspond to the useless states) in the matrices and
vectors occurring in the interpretation functions of M. So, in some sense, N
can be viewed as a condensed version of M containing no junk.

The above discussion motivates the following definition (cf. [49, Definition 1]).

Definition 7.6. A matrix interpretation M is polynomially bounded with de-
gree d ∈ N if max {Mij | M ∈ SkM} ∈ O(kd) for all 1 6 i, j 6 n, where n is
the dimension of M. It is said to be polynomially bounded if it is polynomially
bounded with degree d for some d ∈ N.

Example 7.7. Consider the TRS consisting of the single rule f(x)→ x and the
following compatible monotone matrix interpretation M over N:

fM(~x) = F~x+ ~f =

(
1 1
0 2

)
~x+

(
1
0

)
By definition, we have SM = {F} and SkM = {F k}, and it is easy to see that
the growth of the entries in the second column of the matrix F k is exponential
in k. So not all entries of the powers of the matrix F are polynomially bounded.
Nevertheless, [t]1 < |t| for any term t and thus growthM(k) is polynomially
bounded. However, after dropping the second row and column of F and ~f , we
obtain a one-dimensional matrix interpretation N over N with fN (x) = x+1 that
is still compatible with the rule f(x)→ x, and that conforms to Definition 7.6
in contrast to the interpretation M.

Lemma 7.8. Let M be a matrix interpretation over D ∈ {N,Q,R}. If M is
polynomially bounded with degree d, then growthM(k) ∈ O(kd+1).

Proof. As matrix multiplication distributes over addition, the value of the
interpretation of a term t in M can be written as

[t] =
∑
i

Mi~vi

where Mi ∈ SkiM is a matrix product of length 0 6 ki 6 depth(t) 6 |t| and

~vi = α0(x) = 0 for some variable x or ~vi = ~f for some m-ary function symbol f
with fM(~x1, . . . , ~xm) =

∑
j Fj~xj + ~f . In the sequel, we call ~f the absolute vector

of the interpretation of f . The number of summands in [t] equals the number
of subterms of t, which is equal to |t|. (All of this can easily be shown by a
straightforward induction on t.) Denoting by C the maximum entry of the
absolute vectors of the interpretations in M, we obtain

[t] =
∑
i

Mi~vi 6
∑
i

Mi · (C, . . . , C)T =
∑
i

C ·Mi · (1, . . . , 1)T
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Hence, the first component of the i-th summand satisfies

C ·
n∑
j=1

(Mi)1j 6 C ·
n∑
j=1

max {M1j |M ∈ SkiM} ∈ O(kdi )

where n is the dimension of M. Since ki 6 |t|, it is also in O(|t|d). As the
number of summands in [t]1 is bounded by |t|, we obtain [t]1 ∈ O(|t|d+1), which
proves the claim.

Remark 7.9. An easy modification of the above proof shows that the growth of
any matrix interpretationM (over D ∈ {N,Q,R}) is at most exponential. To see
this, let M denote the componentwise maximum of all matrices occurring in SM.
Then any matrix product in SkM is dominated by Mk (due to non-negativity of
the matrices in SM), and the first component of the i-th summand in the above
proof satisfies

C ·
n∑
j=1

(Mi)1j 6 C · ‖M‖ki1 (7.1)

This is easy to see for ki = 0 (where Mi = I). For ki > 0, we reason as follows:

C ·
n∑
j=1

(Mi)1j 6 C ·
n∑
j=1

(Mki)1j 6 C · ‖Mki‖1 6 C · ‖M‖ki1

Observing that ‖M‖1 is a constant (not depending on i), we infer from (7.1)
and ki 6 |t| that every summand is bounded by O(c|t|) for some constant c > 1.
Together with the fact that the number of summands in [t]1 is bounded by |t|, this
implies [t]1 ∈ O(|t| · c|t|), which shows that growthM(k) is at most exponential
in k.

Lemma 7.10. Let R be a TRS and M a monotone matrix interpretation over
D ∈ {N,Q,R} that is compatible with R. If growthM(k) is polynomially bounded
(in k), then there exists a compatible monotone matrix interpretation N over D
with growthN (k) = growthM(k) that is polynomially bounded.

Proof. By [49, Lemma 29 and Corollary 31].

Remark 7.11. The proof of [49, Corollary 31] makes use of [49, Theorem 21],
which is intended to be a restatement of [73, Theorem 3.3] and the subsequent
remark. Unfortunately, the formulation of [49, Theorem 21] is not quite correct.
It says that the growth function of a matrix interpretation is polynomially
bounded (with degree d+1) if and only if the growth function of the corresponding
automaton is polynomially bounded (with degree d). Indeed, this statement is
correct if one disregards the degrees of the polynomial bounds. Taking them into
account, the “if” direction, which is [73, Theorem 3.3], remains correct, whereas
the “only if” direction becomes incorrect. However, for the proof of Lemma 7.10,
we only need the fact that the growth function of a matrix interpretation is
polynomially bounded if and only if the growth function of the corresponding
automaton is polynomially bounded, which is correct.
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The above lemmata show that polynomial boundedness of the growth function
of a matrix interpretation can be completely characterized by the polynomial
growth of the entries of all matrix products in the associated matrix monoid
(modulo junk in the interpretation), thus justifying Definition 7.6. Alternatively,
one could define polynomially bounded matrix interpretations directly via
polynomial boundedness of their growth functions (as in [73]). However, we prefer
the characterization of Definition 7.6 because it reduces polynomial boundedness
of matrix interpretations to a property of a set of matrices, thus unveiling the
underlying cause of polynomial boundedness by casting aside the irrelevant.
Most notably, it yields a notion of polynomially bounded matrix interpretations
which is independent of the underlying well-founded order they are based on.
That is to say, while Definition 7.2 is tailored for the traditional variant of matrix
interpretations of Endrullis et al. [20] (as introduced in Chapter 5), Definition 7.6
also applies to other kinds of matrix interpretations, like the ones of [17] or the
ones introduced in Appendix B (resp. [55]). So it is both a more general and a
more natural definition.

As an immediate consequence of Lemmata 7.3 and 7.8, the relationship
between polynomially bounded matrix interpretations and the derivational
complexity of compatible TRSs is as follows.

Corollary 7.12. Let R be a TRS and M a monotone matrix interpretation
over D ∈ {N,Q,R} that is compatible with R. If M is polynomially bounded
with degree d, then dcR(k) ∈ O(kd+1).

The next example shows that the increase in the degree is necessary in general.

Example 7.13 (continued from Example 7.7). The matrix interpretation N
of Example 7.7 is obviously polynomially bounded with degree 0 as all (matrix)
products in S∗N are bounded by the constant 1. Hence, by Corollary 7.12, the
derivational complexity of the rule f(x) → x is at most linear. In fact, it is
exactly linear as witnessed by the family of terms (fk(x))k∈N.

In the following sections, we employ algebraic methods in order to ensure
polynomial boundedness of matrix interpretations. We also show that the
converse of Corollary 7.12 (resp. Lemma 7.3 with f(k) set to kd, d ∈ N) does not
hold. That is, there are TRSs of polynomial derivational complexity which are
compatible with a matrix interpretation but not with a polynomially bounded
one.

7.4 Spectral Radius

In this section, we use results from linear algebra to derive sufficient conditions
for polynomial boundedness of matrix interpretations. In contrast to all other
approaches [53,73], our approach can handle matrix interpretations over N, Q
and R (rather than just N). Conceptually, it is based on over-approximating
the entries of finite matrix products of the form A1 · · ·Ak ∈ Sk by the powers
of a single matrix M where Mij = max {Aij | A ∈ S}, for all 1 6 i, j 6 n, and
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S ⊆ Rn×n0 is a finite set of matrices associated with some matrix interpretation.
Thus, by non-negativity of the matrices in S, we have

(A1 · · ·Ak)ij 6 (Mk)ij (7.2)

for all A1, . . . , Ak ∈ S, k ∈ N and 1 6 i, j 6 n, such that polynomial boundedness
of the entries of A1 · · ·Ak follows from polynomial boundedness of the entries
of Mk. In [53], for example, this is achieved by restricting the shape of the
matrices to upper triangular form.

Lemma 7.14 ([53, Lemma 5]). Let A ∈ Nn×n be an upper triangular complexity
matrix and k ∈ N. Then (Ak)ij ∈ O(kn−1) for all 1 6 i, j 6 n.

Now if all matrices occurring in a matrix interpretation over N are upper
triangular complexity matrices, then so is the componentwise maximum matrix
of these matrices, such that, by Lemma 7.14 together with (7.2), the matrix
interpretation is polynomially bounded. From this and from Corollary 7.12 we
obtain the following result.

Theorem 7.15 ([53, Theorem 6]). If a TRS R is compatible with a monotone
triangular matrix interpretation over N, then dcR(k) ∈ O(kn), where n is the
dimension of the interpretation.

We illustrate the use of this theorem on an example TRS taken from TPDB [72].

Example 7.16. The TRS R consisting of the rewrite rules3

a(b(a(x)))→ a(b(b(a(x)))) b(b(b(x)))→ b(b(x))

is compatible with the monotone triangular matrix interpretation

aM(~x) =

1 2 1
0 0 1
0 0 0

 ~x+

0
1
1

 bM(~x) =

1 0 2
0 0 1
0 0 0

 ~x+

1
0
0


As the dimension of the interpretation is three, the derivational complexity of R
is (at most) cubic according to Theorem 7.15. It is easy to show that there
are no triangular matrix interpretations of dimension one and two compatible
with R.

However, Lemma 7.14 only gives a rough estimate of the growth of the entries
of the matrix Ak, i.e., the degree of the polynomial bound can be lowered in many
cases (e.g. in Example 7.16). To this end, we provide a more concise analysis of
the growth of Ak in the remainder of this section, obtaining a replacement for
Lemma 7.14, which allows us to tighten the bounds established by Theorem 7.15
(for the same interpretation, cf. Theorem 7.24 and Example 7.25). In particular,
our approach applies to matrix interpretations over N, Q and R alike. Moreover,
it does not enforce any restriction on the shape of the matrices. Clearly, there
are non-triangular matrices that exhibit polynomial growth, but in general

3TPDB problem TRS/Zantema 04/z126.xml
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non-triangular matrix interpretations do not induce polynomial (but rather
exponential) upper bounds on the derivational complexity of compatible TRSs.
So in order to be useful in (automated) complexity analysis of term rewriting,
a characterization of polynomially bounded matrices is required such that,
when searching for a compatible matrix interpretation for a given TRS, it is
guaranteed beforehand that the search process only considers such matrices. For
this purpose, we leverage the Cayley-Hamilton theorem and the theory of linear
homogeneous recurrence relations to completely characterize the growth of the
powers of real square matrices (independently of the shape of the matrices).
In particular, we show that the key point for polynomial boundedness of such
matrices is the nature of their eigenvalues, or, more precisely, their spectral
radius.

Lemma 7.17. Let A ∈ Rn×n0 and let p ∈ R[x] be a monic polynomial that
annihilates A and whose roots have absolute value at most one. Then ρ(A) 6 1
if and only if all entries of Ak (k ∈ N) are asymptotically bounded by a polynomial
in k of degree d, where d = maxλ(0,#p(λ)− 1) and λ ranges over all roots of p
with absolute value exactly one.

Proof. First, let us assume that ρ(A) > 1, i.e., A has an eigenvalue λ of absolute
value strictly greater than one. For any eigenvector x associated to λ, we have
Ax = λx and hence Akx = λkx. Since x is non-zero by definition and |λ| > 1,
there is at least one component of λkx whose absolute value exhibits exponential
growth in k. But this can only be the case if at least one entry of Ak has
exponential growth in k as well. Conversely, if ρ(A) 6 1, we have to show that
the entries of Ak are polynomially bounded in k. To this end, let b denote the
degree of the polynomial p. Without loss of generality, p can be written as
p(x) = xt · q(x), 0 6 t 6 b, where t is maximal and q is a monic polynomial of
degree b− t. By assumption, we have p(A) = 0. Clearly, if t = b, then Ak = 0 for
all k > b and d = 0, such that the claim follows trivially. If t < b we rearrange
the equation p(A) = 0 into the form Ab = c1A

b−1 + c2A
b−2 + · · ·+ cb−tA

t with
coefficients c1, . . . , cb−t, readily obtaining a recursive equation for the powers
of A, namely, for all k > b ∈ N, Ak = c1A

k−1 + c2A
k−2 + · · · + cb−tA

k−(b−t),
where cb−t 6= 0 due to the maximality of t. Thus, we establish the following
recurrence relation

Ak = c1Ak−1 + c2Ak−2 + · · ·+ cb−tAk−(b−t) (7.3)

and note that the sequence (Aj)j>t where Aj := Aj satisfies it by construction.
This is a linear homogeneous recurrence relation with constant coefficients
and characteristic polynomial χ(λ) = q(λ). Since the coefficients of χ(λ) are
real numbers, the non-real roots always come in conjugate pairs; that is, if
λj := rj(cos(φj) + i sin(φj)) is a root of χ(λ), then so is its complex conjugate
λ∗j := rj(cos(φj)− i sin(φj)). Thus, the general solution of (7.3) can be written
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as

Ak =
∑
i

(Ci1 + Ci2k + · · ·+ Cimik
mi−1)λki

+
∑
j

(Dj1 +Dj2k + · · ·+Djmjk
mj−1)rkj cos(kφj) (7.4)

+
∑
j

(D′j1 +D′j2k + · · ·+D′jmj
kmj−1)rkj sin(kφj)

where the λi’s are the distinct real roots of χ(λ), each having multiplicity mi

(i.e., mi = #χ(λi)), and the λj ’s, λj := rj(cos(φj) + i sin(φj)), the distinct
complex roots (modulo conjugates), each having multiplicity mj . By assumption,
the absolute values of all roots of p are at most one; hence, |λi| 6 1 and rj 6 1
in (7.4), such that the asymptotic growth of the entries of the matrix Ak is
polynomial rather than exponential. In particular, the degree d of the polynomial
bound is at most m− 1, where m is the largest of the multiplicities of the roots
with absolute value exactly one. If there are no such roots, then limk→∞A

k = 0,
such that d = 0.

According to the Cayley-Hamilton theorem (cf. Section 5.1), the characteristic
polynomial χA of the matrix A in Lemma 7.17 always annihilates A, and its
roots have absolute value at most one if and only if ρ(A) 6 1. Thus, we obtain
the following corollary.

Corollary 7.18. Let A ∈ Rn×n0 . Then ρ(A) 6 1 if and only if all entries of
Ak (k ∈ N) are asymptotically bounded by a polynomial in k of degree d, where
d = maxλ(0,#χA(λ)− 1) and λ ranges over all eigenvalues of A with absolute
value exactly one.

Example 7.19. Consider the 4× 4 matrix

A =


1 0 0 0
0 0 0 1
0 1 0 0
0 0 1 0


It has one real eigenvalue λ1 = 1 of multiplicity two and a pair of complex
conjugate eigenvalues λ2 = 1

2(−1 + i
√

3) and λ∗2 = 1
2(−1− i

√
3) of multiplicity

one, all of which have absolute value exactly one. Hence, the spectral radius ρ(A)
of A is also one. According to Corollary 7.18, the entries of the matrix Ak are
bounded by a linear polynomial in k. The actual bound, however, is even lower
since A4 = A, such that the powers of A are trivially bounded by a constant,
and we can use the method outlined in the proof of Lemma 7.17 to show this.
First, we note that the characteristic polynomial of A is χA(λ) = λ4−λ3−λ+ 1.
Thus, by the Cayley-Hamilton theorem, we obtain the recursive equation Ak =
Ak−1 + Ak−3 − Ak−4 for all k > 4 ∈ N, the general solution of which can be
written as

Ak = (C0 + C1k)λk1 +D rk cos(kφ) +D′ rk sin(kφ) (7.5)
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where r(cos(φ) + i sin(φ)) = λ2, that is, r = 1 and φ = 2π
3 . In the next

step, the exact values of the four constants C0, C1, D and D′ can be de-
termined, for example, by letting k = 4, 5, 6, 7 in (7.5) and solving the re-
sulting systems of linear equations. In doing so, one learns that C1 is zero,
which means that the linear summand in (7.5) vanishes. Further, we obtain
Ak = C0 +D cos(kφ) +D′ sin(kφ), where

C0 =


1 0 0 0

0 1
3

1
3

1
3

0 1
3

1
3

1
3

0 1
3

1
3

1
3

 D =


0 0 0 0

0 2
3 −

1
3 −

1
3

0 −1
3

2
3 −

1
3

0 −1
3 −

1
3

2
3

 D′ =


0 0 0 0

0 0 −
√

3
3

√
3

3

0
√

3
3 0 −

√
3

3

0 −
√

3
3

√
3

3 0


which explains why the powers of A are bounded by a constant. In particular,
the periodic nature of the sequence (Ak)k∈N becomes evident.

The reason why the degree of the polynomial bound established by Corol-
lary 7.18 in the above example is too high is due to the fact that in Lemma 7.17
the characteristic polynomial is not (always) the best possible choice for the an-
nihilating polynomial. Obviously, the set of (monic) polynomials that annihilate
a matrix A is infinite. However, from linear algebra we know that this set is
generated by a unique monic polynomial of minimum degree that annihilates A,
namely, the minimal polynomial mA(x) of A. Any other annihilating polynomial
is a (polynomial) multiple of mA(x). Hence, the minimal polynomial divides
the characteristic polynomial χA(x). Moreover, mA(λ) = 0 if and only if λ is
an eigenvalue of A, so every root of mA(x) is a root of χA(x), and vice versa.
However, in case mA(x) 6= χA(x), the multiplicity of a root in mA(x) may
be lower than its multiplicity in χA(x) (cf. [35]). In light of these facts, we
conclude that in Lemma 7.17 the minimal polynomial mA(x) is the best choice
(in theory; in an implementation a constraint solver might find other annihilating
polynomials faster).

Corollary 7.20. Let A ∈ Rn×n0 . Then ρ(A) 6 1 if and only if all entries of
Ak (k ∈ N) are asymptotically bounded by a polynomial in k of degree d, where
d = maxλ(0,#mA(λ)− 1) and λ ranges over all eigenvalues of A with absolute
value exactly one.

Indeed, using Corollary 7.20 in Example 7.19 yields the exact degree of the
polynomial bound because the eigenvalue λ1 = 1 only occurs with multiplicity
one in the minimal polynomial.

Based on Corollary 7.20 (resp. Corollary 7.18), one obtains as a direct conse-
quence of Corollary 7.12 (together with (7.2)) the following theorem concerning
complexity analysis via matrix interpretations.

Theorem 7.21. Let R be a TRS and M a compatible monotone matrix in-
terpretation over D ∈ {N,Q,R} of dimension n. Further, let A denote the
componentwise maximum of all matrices occurring in SM. If the spectral radius
of A is at most one, then dcR(k) ∈ O(kd+1), where d = maxλ(0,#mA(λ)− 1)
(resp. d = maxλ(0,#χA(λ) − 1)) and λ ranges over all eigenvalues of A with
absolute value exactly one.
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Remark 7.22. Actually, d can be strengthened to maxλ(0,#χA(λ))− 1 and
maxλ(0,#mA(λ)) − 1, respectively, because the pathological case ρ(A) < 1,
where limk→∞A

k = 0, implies dcR(k) ∈ O(1). As limk→∞A
k = 0 cannot

happen if A11 > 1, this means that there are no matrices inM (i.e., SM = {0}),
which can only be the case if the underlying signature contains only constant
symbols. But then the inherent simple shape of the rules of R results in a
derivational complexity that is trivially bounded by a constant (as all TRSs are
assumed to be finite).

Next we illustrate the use of Theorem 7.21 on an example.

Example 7.23. Consider the TRS R consisting of the following rewrite rules:4

h(x, c(y, z))→ h(c(s(y), x), z)

h(c(s(x), c(s(0), y)), z)→ h(y, c(s(0), c(x, z)))

This system is compatible with the monotone matrix interpretation

0M =


0
3
1
0

 cM(~x, ~y) =


1 1 1 0
0 0 0 0
0 0 1 0
0 1 0 0

 ~x+


1 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

 ~y +


0
2
0
1



sM(~x) =


1 0 1 0
0 0 0 0
0 1 0 0
0 0 0 0

 ~x hM(~x, ~y) =


1 0 1 0
0 0 0 0
0 0 0 0
0 0 0 0

 ~x+


1 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

 ~y +


0
2
1
2


The maximum matrix A has the characteristic polynomial χA(x) = x(x− 1)3

and the minimal polynomial mA(x) = x(x − 1)2. Thus, the upper bound for
the derivational complexity of R derived from Theorem 7.21 is quadratic since
#mA(1) = 2 in the minimal polynomial (the bound is worse when using the
characteristic polynomial as #χA(1) = 3).

Next we specialize Theorem 7.21 to triangular matrix interpretations. In such
interpretations all matrices are upper triangular complexity matrices whose
diagonal entries are restricted to the closed interval [0, 1]. Hence, this is also
true for the componentwise maximum matrix A. Since the diagonal entries of a
triangular matrix give the multiset of its eigenvalues, the matrix A is therefore
guaranteed to have spectral radius at most one.

Theorem 7.24. If a TRS R is compatible with a monotone triangular matrix
interpretation M over D ∈ {N,Q,R} of dimension n, then dcR(k) ∈ O(kd),
where d is the number of ones in the diagonal of the componentwise maximum
of all matrices occurring in SM.5

Proof. By Theorem 7.21 and Remark 7.22 (note that d = #χA(1) if d > 0).

4TPDB problem TRS/Endrullis 06/direct.xml
5Independently, in [73, Proposition 7.6] the same result has been established for N using
techniques from automata theory.
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Note that the bound established by Theorem 7.24 is at least as tight as the
one of Theorem 7.15 since d 6 n. In practice, however, one can often infer
tighter bounds from the same interpretation, just by inspecting the diagonal
structure of its matrices. This makes Theorem 7.24 very easy to implement (as
there is no explicit reference to the characteristic and/or minimal polynomial).

Example 7.25 (continued from Example 7.16). The diagonal of the componen-
twise maximum of the two matrices given in Example 7.16 has the shape (1, 0, 0).
Hence, R has (at most) linear derivational complexity by Theorem 7.24, whereas
the bound established by Theorem 7.15 is cubic. Incidentally, the bound inferred
from Theorem 7.24 is even optimal as it is easy to see that the derivational
complexity of R is at least linear.

In the example below, we demonstrate why triangular matrices may fail.
Similar (but larger) systems are contained in TPDB, e.g., TRS/Cime 04/dpqs.xml.

Example 7.26. Consider the TRS R consisting of the rules

f(f(x))→ f(g(f(x))) g(g(x))→ x

which is compatible with the following monotone matrix interpretation over N:

fM(~x) =

1 1 0
0 0 0
0 0 0

 ~x+

0
2
0

 gM(~x) =

1 0 0
0 0 1
0 1 0

 ~x+

1
0
0


The eigenvalues of the componentwise maximum matrix are −1, 1 and 1, and
its minimal polynomial coincides with its characteristic polynomial. Hence,
Theorem 7.21 deduces a quadratic upper bound on the derivational complexity
of R. However, there cannot exist a triangular matrix interpretation compatible
with R.

Lemma 7.27. There is no triangular matrix interpretation over D ∈ {N,Q,R}
that is compatible with the TRS R of Example 7.26.

Proof. Assume to the contrary thatM is a compatible triangular matrix interpre-
tation (not necessarily a monotone one) of dimension n such that gM(~x) = G~x+~g.
Then compatibility with the second rule demands G2 > I. As G is a triangular
matrix, we must have (G2)ii = (Gii)

2 > 1 for all 1 6 i 6 n, hence, G > I. But
then gM(~x) > ~x, such that M cannot be compatible with the first rule.

The next example shows the benefit of matrix interpretations over Q (R).

Example 7.28. Consider the TRS R consisting of the following rewrite rules:6

t(o(x))→ m(a(x)) t(e(x))→ n(s(x))

a(l(x))→ a(t(x)) o(m(a(x)))→ t(e(n(x)))

s(a(x))→ l(a(t(o(m(a(t(e(x)))))))) n(s(x))→ a(l(a(t(x))))

6TPDB problem TRS/Secret 05 SRS/matchbox2.xml
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The monotone triangular matrix interpretation M over Q (R) given below is
compatible with R (for δ 6 1

2):

tM(~x) =

1 0 0

0 0 1

0 0 0

 ~x+

0

0

0

 oM(~x) =

1 1 1

0 0 0

0 0 0

 ~x+


3
2
7
2

0



mM(~x) =

1 0 0

0 0 0

0 0 0

 ~x+


1
2

0

0

 aM(~x) =

1 1 1

0 1
2 0

0 0 0

 ~x+

0

3

0



eM(~x) =

1 2 1

0 0 0

0 0 0

 ~x+


3
2

0

3

 nM(~x) =

1 0 0

0 1
2

1
2

0 0 0

 ~x+

0

0

0



sM(~x) =

1 2 1

0 0 0

0 0 0

 ~x+

1

3

3

 lM(~x) =

1 0 0

0 0 1

0 0 0

 ~x+

0

0
1
2


The diagonal of the componentwise maximum matrix has the shape (1, 1

2 , 0).
Hence, by Theorem 7.24, the derivational complexity of R is at most linear.
Our implementation (which is described in Section 7.6) could find a compatible
triangular matrix interpretation of the same dimension over N establishing a
quadratic but not a linear bound.

With the help of the techniques introduced in Chapter 6 one can even create
TRSs of polynomial derivational complexity where matrix interpretations over N
fail (and matrix interpretations over Q succeed).

Example 7.29. Consider the TRS R consisting of the rules (6.1) – (6.4) from
Section 6.1 and the following rules:

((g(g(x)) + g(g(x))) + x) + a→ (g(x) + g(x)) + g(x) (7.6)

((g(x) + g(x)) + g(x)) + a→ (g(g(x)) + g(g(x))) + x (7.7)

f(a)→ f(g(a)) (7.8)

This system is compatible with the following monotone interpretation over Q:

δ = 1
2 aM =

(
1
1

)
bM =

(
0
0

)
gM(~x) =

(
1 0
0 1

2

)
~x

fM(~x) =

(
1 1
0 0

)
~x+

(
0
1

)
+M(~x, ~y) =

(
1 0
0 1

)
~x+

(
1 0
0 1

)
~y

Being a triangular interpretation whose maximum matrix has a diagonal of
the shape (1, 1), we infer from Theorem 7.24 that the derivational complexity
of R is at most quadratic. However, there is no compatible monotone matrix
interpretation M over N (of any dimension). This can be seen as follows. To
begin with, we know from Lemma 6.4 that the function symbol + must be
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interpreted by +M(~x, ~y) = ~x+ ~y + ~v. Then, assuming gM(~x) = G~x+ ~g without
loss of generality, the compatibility constraint associated with (7.6) implies
2G2 + I > 3G. We also have 3G > 2G2 + I due to (7.7); hence, 2G2 + I = 3G.
This means that the monic polynomial p(x) = x2 − 3

2x + 1
2 = (x − 1)(x − 1

2)
annihilates the matrix G. So the minimal polynomial mG(x) divides p(x); there
are three possibilities: mG(x) = x − 1

2 , mG(x) = x − 1 and mG(x) = p(x).
The first case where G = 1

2I is not permissible since G11 > 1 is required
for monotonicity, whereas the second case where G = I violates compatibility
with (7.8) (since gM(~x) > ~x then). So we conclude that mG(x) = p(x). As mG(x)
divides the characteristic polynomial χG(x) and mG(x) = 0 if and only if x is an
eigenvalue of G, mG(x) and χG(x) have the same irreducible factors, but with
possibly different multiplicities (cf. e.g. [35]); hence, χG(x) = (x− 1)r(x− 1

2)s

with r, s > 1. Now if G were an integer matrix, then all coefficients of χG(x)
would be integers as well (cf. Section 5.1). However, the constant coefficient
of χG(x) above is not an integer (for any value of r and s). Therefore, G cannot
be an integer matrix, and hence M cannot be a matrix interpretation over N.

We conclude this section with an example that demonstrates the conceptual
limitations arising from the over-approximation of matrix products by the powers
of the corresponding maximum matrix (cf. (7.2)). For this purpose, we construct
a TRS that is compatible with a polynomially bounded matrix interpretation
but not with one whose maximum matrix is polynomially bounded. The idea is
as follows. If a TRS R admits a polynomially bounded matrix interpretation
but not a triangular one, then the weighted graph G(A) associated with its
maximum matrix A must have a cycle of length ` > 2. Denoting by C the
adjacency matrix of one such cycle and assuming, without loss of generality, that
all its vertices are distinct, we observe that all diagonal entries of C are zero,
and that C` is a (diagonal) matrix where the diagonal entries corresponding
to the vertices of the cycle are positive. By adding the rule b(x) → x to R,
where b is a fresh symbol not occurring in R, we obtain a TRS that is still
compatible with a polynomially bounded matrix interpretation M; e.g. by
adding bM(~x) = ~x+ (1, 0, . . . , 0)T to the interpretation for R. In particular, the
matrix B associated with the interpretation of the symbol b must satisfy B > I.
Thus, the maximum matrix M ofM must satisfy M > max(I, C) = I +C such
that M ` > (I + C)` > I + C`. As a consequence, (M `)jj > 1 for some index j,
which shows that Mk exhibits exponential growth in k. In the concrete example
below, we take the TRS R of Example 7.26 and denote by Rjsr the union of R
and {b(x)→ x}.

Lemma 7.30. There is a monotone matrix interpretation compatible with Rjsr

that is polynomially bounded (in the sense of Definition 7.6), but there is no com-
patible monotone matrix interpretation where all entries in the componentwise
maximum matrix are polynomially bounded.

Proof. For the first claim, we extend the interpretation given in Example 7.26,
which is polynomially bounded, by bM(~x) = ~x + (1, 0, 0)T, thus obtaining a
compatible monotone matrix interpretation M over N that is still polynomially
bounded as the matrix associated with the interpretation of b is the identity
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matrix (cf. also Theorem 7.39 below). For the second claim, let D ∈ {N,Q,R}
and assume thatM is a compatible matrix interpretation over D (of dimension n)
with bM(~x) = B~x +~b, fM(~x) = F~x + ~f and gM(~x) = G~x + ~g. The proof of
Lemma 7.27 shows that G must satisfy G2 > I and G 6> I, i.e., there exists
an index l such that Gll < 1. So we must have (G2)ll =

∑
j GljGjl > 1 and

consequently
∑

j 6=lGljGjl > 0. As the rule b(x) → x demands B > I, we
conclude that the maximum matrix M must satisfy M > max(I,G). From this
and

∑
j 6=lGljGjl > 0 we obtain (M2)ll > 1, which shows that (Mk)ll exhibits

exponential growth in k (as M is non-negative).

7.5 Joint Spectral Radius

Instead of using a single maximum matrix to over-approximate the growth of
finite matrix products taken from a set of matrices S, in this section we provide
a concise analysis using joint spectral radius theory [36,37]. In particular, we
shall see that the joint spectral radius of S completely characterizes when the
growth (of the entries) of all such products, i.e., the products in the associated
matrix monoid S∗, is polynomially bounded, just like the spectral radius of a
single matrix characterizes polynomial growth of the powers of this matrix.

Definition 7.31. Let S be a finite set of matrices from Rn×n, and let ‖·‖
denote a matrix norm. The growth function associated with S is defined as
growthS(k, ‖·‖) = max { ‖A1 · · ·Ak‖ | Ai ∈ S, 1 6 i 6 k }.

Using the norm ‖·‖1 given by the sum of the absolute values of all matrix
entries, we observe that a matrix interpretationM is polynomially bounded (with
degree d) if and only if growthSM(k, ‖·‖1) is polynomially bounded (with degree d)
in k. (The formal proof of this fact is given in Lemma 7.37 below.) As all
matrix norms are equivalent [35], i.e., given any two matrix norms ‖·‖α and ‖·‖β ,
there exist positive constants c1 and c2 such that c1‖A‖α 6 ‖A‖β 6 c2‖A‖α
for any matrix A, we conclude that growthSM(k, ‖·‖1) and growthSM(k, ‖·‖) are
asymptotically equivalent for any matrix norm ‖·‖. The asymptotic behaviour
can be characterized by the joint spectral radius of SM.

Definition 7.32. Let S ⊆ Rn×n be finite, and let ‖·‖ denote a matrix norm.
The joint spectral radius ρ(S) of S is defined by the limit

ρ(S) = lim
k→∞

max { ‖A1 · · ·Ak‖1/k | Ai ∈ S, 1 6 i 6 k }

It is well-known that this limit always exists and that it does not depend on
the chosen norm, which follows from the equivalence of all matrix norms. If
S = {A} is a singleton set, the joint spectral radius ρ(S) of S and the spectral
radius ρ(A) of A coincide:

ρ(S) = lim
k→∞
‖Ak‖1/k = max { |λ| | λ is an eigenvalue of A } = ρ(A)

Since Definition 7.32 is independent of the actual norm, and since we are only
interested in the asymptotic behaviour of growthS(k, ‖·‖), from now on we
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simply write growthS(k). The following theorem provides a characterization of
polynomial boundedness of growthS(k) by the joint spectral radius of S. It is
essentially [7, Theorem 1.2] stated for real rather than complex matrices.

Theorem 7.33. For a finite set of matrices S ⊆ Rn×n, growthS(k) ∈ O(kd) for
some d ∈ N if and only if ρ(S) 6 1. In particular, d 6 n− 1.

Hence, polynomial boundedness of growthS(k) is decidable if ρ(S) 6 1 is
decidable. But it is well-known that the latter is undecidable in general, even if S
consists of finitely many non-negative rational matrices (cf. [36, Theorem 2.6]).
However, in case S is a finite set of non-negative integer matrices, then ρ(S) 6 1
is decidable. In particular, there exists a polynomial-time algorithm that decides
it (cf. [36, Theorem 3.1]). This algorithm is based on the following lemma.

Lemma 7.34 ([36, Lemma 3.3]). Let S ⊆ Rn×n0 be a finite set of non-negative
real square matrices. Then there is a product A ∈ S∗ such that Aii > 1 for some
index i ∈ {1, . . . , n} if and only if ρ(S) > 1.

According to [36], for a finite set S ⊆ Nn×n, the existence of such a product
can be characterized in terms of the graphs G(S) and G2(S) one can associate
with S. More precisely, there is a product A ∈ S∗ with Aii > 1 if and only if

1. there is a cycle in G(S) containing at least one edge of weight w > 1, or

2. there is a cycle in G2(S) containing at least one vertex (i, i) and at least
one vertex (p, q) with p 6= q.

Hence, we have ρ(S) 6 1 if and only if neither of the two conditions holds, which
can be checked in polynomial time according to [36]. Furthermore, as already
mentioned in [36, Chapter 3], this graph-theoretic characterization does not only
hold for non-negative integer matrices, but for any finite set of matrices where
all matrix entries are either zero or at least one (because then all paths in G(S)
have weight at least one).

Theorem 7.35. For a finite set of matrices S ⊆ Rn×n0 where all matrix entries
are either zero or at least one, ρ(S) 6 1 is decidable in polynomial time.

So, in the situation of Theorem 7.35, polynomial boundedness of growthS(k)
is decidable in polynomial time. In addition, the exact degree of growth can be
computed in polynomial time (cf. [36, Theorem 3.3 and Proposition 3.3]).

Theorem 7.36. Let S ⊆ Rn×n0 be a finite set of matrices such that ρ(S) 6 1
and all matrix entries are either zero or at least one, and let d > 0 be the largest
integer possessing the following property: there exist d different pairs of indices
(i1, j1), . . . , (id, jd) such that for every pair (is, js) the indices is, js are different
and there is a product A ∈ S∗ for which Aisis , Aisjs , Ajsjs > 1, and for each
1 6 s 6 d− 1, there exists B ∈ S∗ with Bjsis+1 > 1. Then

growthS(k) ∈

{
Θ(kd) if d > 1

O(kd) if d = 0

Moreover, the growth rate d is computable in polynomial time and d 6 n− 1.
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Proof. The case ρ(S) < 1 is a consequence of [36, Lemma 3.2], whereas the case
ρ(S) = 1 follows from [36, Theorem 3.3 and Proposition 3.3].

Next we elaborate on the ramifications of joint spectral radius theory on
complexity analysis of TRSs via polynomially bounded matrix interpretations.
To begin with, we show that the characterization of polynomially bounded
matrix interpretations given in Definition 7.6 can be rephrased as follows.

Lemma 7.37. For any matrix interpretation M and matrix norm ‖·‖,

1. M is polynomially bounded if and only if ρ(SM) 6 1, and

2. M is polynomially bounded with degree d if and only if growthSM(k, ‖·‖)
is polynomially bounded with degree d (in k).

Proof. By Theorem 7.33, the condition ρ(SM) 6 1 is equivalent to polynomial
boundedness of growthSM(k, ‖·‖). So it remains to prove the second claim. As
all matrix norms are equivalent (see above), it is sufficient to prove this claim
for a single norm of our choice. Choosing the norm ‖·‖1 amounts to showing
the equivalence

∀ i, j max {Mij |M ∈ SkM } ∈ O(kd) ⇐⇒ max { ‖M‖1 |M ∈ SkM } ∈ O(kd)

The “if” direction follows directly from the fact that ‖M‖1 >Mij for all indices i
and j, which is obvious from the definition of ‖·‖1, whereas the “only if” direction
is due to the fact that

∑
i,j max {Mij | M ∈ SkM } > max { ‖M‖1 | M ∈ SkM }

for all k ∈ N. By the equivalence of all matrix norms, max { ‖M‖1 |M ∈ SkM }
and max { ‖M‖ |M ∈ SkM } are asymptotically equivalent.

The relationship between polynomially bounded matrix interpretations and
the derivational complexity of compatible TRSs expressed in Corollary 7.12
yields the following result.

Theorem 7.38. Let R be a TRS and M a monotone matrix interpretation
over D ∈ {N,Q,R} of dimension n that is compatible with R. If ρ(SM) 6 1,
then dcR(k) ∈ O(kn).

Proof. By Lemma 7.37, Theorem 7.33 and Corollary 7.12.

As this theorem assumes the worst-case growth rate for growthSM(k), the
inferred degree of the polynomial bound may generally be too high (and unnec-
essarily so). Yet with the help of Theorem 7.36, from which we obtain the exact
growth rate, Theorem 7.38 can be strengthened (in this respect), at the expense
of having to restrict the set of permissible matrices.

Theorem 7.39. Let R be a TRS and M a compatible monotone matrix inter-
pretation over D ∈ {N,Q,R} where all matrix entries are either zero or at least
one. If ρ(SM) 6 1, then dcR(k) ∈ O(kd+1), where d refers to the growth rate
obtained from Theorem 7.36.

Proof. By Lemma 7.37, Theorem 7.36 and Corollary 7.12.
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The following example shows that the joint spectral radius theory approach
can handle TRSs where the spectral radius approach of Section 7.4 fails. Besides,
it demonstrates the ability of the former to establish tighter complexity bounds
for systems where both approaches succeed.

Example 7.40. According to Lemma 7.30, the TRS Rjsr whose derivational
complexity is polynomial cannot be handled by the spectral radius approach.
However, as there exists a compatible monotone matrix interpretation (over N)
that is polynomially bounded, Theorems 7.38 and 7.39 must apply. Indeed, the
interpretationM given in the proof of Lemma 7.30 and Example 7.26 consisting
of the matrices

SM =

{(
1 1 0
0 0 0
0 0 0

)
,

(
1 0 0
0 0 1
0 1 0

)
,

(
1 0 0
0 1 0
0 0 1

)}
satisfies ρ(SM) 6 1. This can be tested, for example, using the procedure
described after Lemma 7.34. Taking a closer look, an enumeration of all
products of matrices in SM up to length three yields S2

M = S3
M. Therefore, the

monoid S∗M generated by SM is finite, hence bounded by a constant. So the
derivational complexity of Rjsr is (at most) linear according to Theorem 7.39.
This also shows that the derivational complexity of the TRS R ⊆ Rjsr of
Example 7.26 is (at most) linear, too, thus improving upon the (quadratic)
bound established by Theorem 7.21 in Example 7.26.

7.6 Implementation Issues

Next we report on how the spectral radius approach of Section 7.4 can be
implemented. For information on how to implement the joint spectral radius
approach of Section 7.5, we refer the reader to [49].

In Theorem 7.21, we consider some TRS together with a compatible matrix
interpretation and demand that the componentwise maximum matrix A has a
spectral radius of at most one. So we have to make sure that the absolute values
of all its eigenvalues (real and complex ones) are at most one. However, since A
is a non-negative real square matrix, we only have to ensure this condition for
all (non-negative) real eigenvalues of A. This follows directly from the Perron-
Frobenius theorem ([68], weak form), which states that the spectral radius of a
non-negative real square matrix is an eigenvalue of the matrix; i.e., there exists
a non-negative real eigenvalue that dominates in absolute value all eigenvalues.

As far as automation is concerned, the main problem that has to be dealt
with is the following. Given some square matrix A with unknown entries, all
of which are supposed to be non-negative real (or integer) numbers, we need
a set of constraints, expressed in terms of the unknown entries, that enforce
ρ(A) 6 1; e.g., for which non-negative values of a, b, c and d does the matrix

A =

(
a b
c d

)
have a spectral radius of at most one? In the sequel, we present three different
approaches.
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7 Derivational Complexity

(A) The first approach is based on the explicit calculation of the eigenvalues of
A, i.e., the explicit calculation of the roots of the characteristic polynomial χA(λ).
For the 2-dimensional case, we have χA(λ) = λ2 − (a+ d)λ+ ad− bc. So, by
the quadratic formula (cf. Section 3.1), we obtain the roots

λ1,2 =
a+ d

2
±
√

(a− d)2 + 4bc

2

both of which must be real because all matrix entries are non-negative. In
particular, λ1 (> λ2) is non-negative, such that it suffices to require λ1 6 1
according to the Perron-Frobenius theorem (since λ1 > |λ2|). Simplifying this
condition as much as possible, we infer that the spectral radius of A is at most one
if and only if a+d 6 2 and a+d 6 ad−bc+1. This explicit approach also applies
to matrices of dimension three and four as there exist formulas for the solution
of arbitrary cubic and quartic polynomial equations with symbolic coefficients
(though the respective calculations are tedious). However, for equations of degree
five or higher, there are no formulas that express the solutions of such equations
in terms of their coefficients using only the four basic arithmetic operations and
radicals (n-th roots, for some integer n).

(B) Next we present an alternative and simpler approach for 3-dimensional
matrices. To this end, let

A =

a b c
d e f
g h i


be a non-negative real square matrix with characteristic polynomial χA(λ)

λ3−(a+e+i)λ2+(ei−fh+ai−cg+ae−bd)λ−(aei+bfg+cdh−ceg−bdi−afh)

which we abbreviate by λ3 + pλ2 + qλ+ r. By the Perron-Frobenius theorem, it
suffices to constrain the real roots of χA(λ) to the closed interval [−1, 1]. To
achieve this, we make use of the well-known fact that the cubic polynomial χA(λ)
either has only one real root (and two complex conjugate roots) if its discriminant
D := p2q2 − 4q3 − 4p3r − 27r2 + 18pqr is negative or three (not necessarily
distinct) real roots if D > 0. Visualizing the geometric shape of χA(λ), it is
not hard to see that in the latter case all three roots are in [−1, 1] if and only
if χA(−1) 6 0, χA(1) > 0 and χ′A(λ) > 0 for all λ ∈ R with |λ| > 1 (here, χ′A
denotes the first derivative of χA). Thus, we conclude that the matrix A has a
spectral radius of at most one if and only if

(D < 0 ∧ χA(−1) 6 0 ∧ χA(1) > 0)∨
(χA(−1) 6 0 ∧ χA(1) > 0 ∧ χ′A(λ) > 0 for all |λ| > 1)

These are polynomial constraints in the entries of A. In particular, the constraint
χ′A(λ) = 3λ2 + 2pλ+ q > 0 for all |λ| > 1 can be shown to be equivalent to

(p2 − 3q 6 0) ∨ (−3 6 p 6 3 ∧ −(q + 3) 6 2p 6 q + 3)
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by means of the quadratic formula. Here, the term p2 − 3q is essentially the
discriminant of χ′A(λ); if it is negative, then χ′A(λ) has no real root, such that
the constraint trivially holds, otherwise it has two real roots λ1 and λ2. In case
λ1 = λ2, the constraint also holds because then χ′A(λ) = 3 · (λ− λ1)2. Finally,
if λ1 6= λ2, then both must necessarily lie in the closed interval [−1, 1] for the
constraint to hold, which is ensured by the second disjunct in the above formula.

(C) Last but not least, with reference to Lemma 7.17 (resp. Corollaries 7.18
and 7.20), we present a generic method that works for matrices with unknown
entries of any dimension. Let A be an n-dimensional square matrix whose entries
are supposed to be real numbers (not necessarily non-negative for the moment).
Then its characteristic polynomial is a monic polynomial of degree n, which can
be written as χA(λ) = λn +

∑n−1
i=0 ciλ

i, where the coefficients ci, 0 6 i 6 n− 1,
are polynomial expressions in the entries of A. Since all coefficients are supposed
to be real numbers, χA(λ) can always be factored as

χA(λ) = (λ− r)b ·
∏
j

(λ2 + pjλ+ qj)
mj (7.9)

where b = 0 if n is even, b = 1 otherwise, mj > 1 (mj ∈ N) is the multiplicity of
the quadratic factor λ2 +pjλ+ qj , and r, pj , qj ∈ R. Thus, the absolute values of
all roots (real and complex ones) of χA(λ) are at most one if and only if |r| 6 1
(in case b = 1) and the absolute values of the roots of all quadratic factors are at
most one. But when does the latter condition hold for a given quadratic factor
λ2 + pjλ+ qj? By the quadratic formula, we obtain the roots

λ1,2 = −pj
2
±

√
p2
j − 4qj

2

If the discriminant p2
j − 4qj is negative, then both roots are complex, i.e.,

λ1,2 = −pj
2
± i

√
4qj − p2

j

2

and have absolute value |λ1| = |λ2| =
√
qj . Hence, we demand

√
qj 6 1, or

equivalently, qj 6 1. In the other case, if p2
j − 4qj > 0, both roots are real, and

the constraints |λ1| 6 1 and |λ2| 6 1 simplify to

−2 6 pj 6 2 and − (qj + 1) 6 pj 6 qj + 1

As a consequence, the spectral radius of the matrix A ∈ Rn×n with characteristic
polynomial (7.9) is at most one if and only if b = 1 implies −1 6 r 6 1 and for
all quadratic factors λ2 + pjλ+ qj in (7.9),

(p2
j−4qj < 0 ∧ qj 6 1) ∨ (p2

j−4qj > 0 ∧ −2 6 pj 6 2 ∧ −(qj+1) 6 pj 6 qj+1)

If A is non-negative, the constraints can be simplified according to the Perron-
Frobenius theorem (by disregarding the complex roots of χA(λ)).
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Next we sketch how one can adapt the above factorization approach to encode
the minimal polynomial mA of A (cf. [49] for a detailed description due to
H. Zankl). In accordance with Lemma 7.17, instead of demanding certain
properties of the characteristic polynomial, we encode a monic polynomial p
that annihilates A and whose roots have absolute value at most one. Based
on (7.9), we introduce variables C,Cj ∈ {0, 1} to cancel some factors, such that

p(λ) = (Cλ− Cr + 1− C)b ·
∏
j

(Cjλ
2 + Cjpjλ+ Cjqj + 1− Cj)mj

For C = 0, the corresponding factor simplifies to one and hence has no effect,
whereas the factor contributes to p if C = 1. The same holds for the variables Cj .
To ensure that all roots of p have absolute value at most one, we use the same
approach as above, whereas we have to explicitly add the constraint p(A) = 0
to guarantee that p annihilates A. Note that p is always monic by construction.
Finding the minimal polynomial mA is then an optimization problem, i.e., it
amounts to minimizing the degree of p.

Non-negative Integer Matrices. If all matrix entries are non-negative integers,
one can also apply a different approach. It is based on graph theory and the
following lemma, which is an immediate consequence of Lemma 7.34.

Lemma 7.41. Let A ∈ Nn×n. Then ρ(A) > 1 if and only if (Ak)ii > 1 for
some k ∈ N and i ∈ {1, . . . , n}.

Viewing A ∈ Nn×n as the adjacency matrix of the associated directed weighted
graph G(A) of n vertices, numbered from 1 to n, the condition (Ak)ii > 1 for
some k ∈ N and i ∈ {1, . . . , n} mentioned in the previous lemma holds if and
only if

1. there is a cycle in G(A) containing at least one edge of weight w > 1, or

2. there are (at least) two different paths (cycles) from some vertex to itself.

This is due to the well-known fact that the entry (Ak)ij equals the sum of the
weights of all distinct paths in G(A) of length k from vertex i to vertex j (note
that the weight of any path is at least one since A ∈ Nn×n). Hence, we conclude
that ρ(A) 6 1 if and only if neither of the two conditions holds. As every cycle
of G(A) is composed of simple cycles, that is, cycles with no repeated vertices
(aside from the necessary repetition of the start and end vertex), we may restrict
to simple cycles for both conditions.

Next we make two important observations. First, for A ∈ Nn×n, G(A) cannot
have a simple cycle containing an edge of weight greater than one if every
matrix in the set {A,A2, . . . , An} has diagonal entries less than or equal to one.
Concerning the second condition, let us assume that there are two different simple
cycles C1 and C2 of length l1 and l2, 1 6 l1, l2 6 n, from some vertex i to itself.
Considering all paths of length lcm(l1, l2), the least common multiple of l1 and l2,
we clearly have (Alcm(l1,l2))ii > 1. In addition, we also have (Al1+l2)ii > 1 because
there are two different cycles, each of weight at least one, from vertex i to itself of
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length l1+l2, namely, the concatenation of C1 and C2 as well as the concatenation
of C2 and C1. Hence, we can detect the existence of the cycles C1 and C2 by
examining the diagonal entries of all matrices in the set {A,A2, . . . , Am}, where
m = min(l1 + l2, lcm(l1, l2)). More generally, we can detect any pair of cycles
satisfying condition 2 by examining the diagonal entries of the matrices in the set
{A,A2, . . . , Ap(n)}, where p(n) = max {min(l1 + l2, lcm(l1, l2)) | 1 6 l1, l2 6 n}.
The left part of the table below shows the values of p(n) for various values of n.

n 1 2 3 4 5 6

p(n) 1 2 5 7 9 11

n 1 2 3 4 5 6

q(n) 1 2 3 5 7 9

The following lemma provides a more intelligible characterization of this function.
Its proof can be found in Appendix A.

Lemma 7.42. For n ∈ N, n > 1, we have

p(n) =

{
n if n = 1 or n = 2

2n− 1 if n > 3

In particular, we observe that p(n) > n for all n > 1, from which we draw
the following conclusion. If every matrix in the set {A,A2, . . . , Ap(n)}, the
cardinality of which is linear in n, has diagonal entries less than or equal to one,
then neither condition 1 nor condition 2 can hold, which implies ρ(A) 6 1. The
converse is obvious. So we obtain the following result.

Lemma 7.43. For A ∈ Nn×n, ρ(A) 6 1 holds if and only if every matrix in the
set {A,A2, . . . , Ap(n)} has diagonal entries less than or equal to one.

Now let us apply this result to matrix interpretations. By definition, all
matrices of a monotone matrix interpretation M must have a top-left entry of
at least one. Hence, this is also true for the maximum matrix A of SM (except
for the pathological case when there are no matrices in M, which we ignore
here). In other words, in G(A), vertex 1 has a loop (of length one) to itself.
This corresponds to a dimension reduction by one for precluding all instances of
condition 2. More precisely, we do not have to consider the cases l1 = n or l2 = n
because then not only C1 and C2 but also C1 (resp. C2) and the loop of vertex 1
satisfy condition 2 (for n > 1), and we can detect this by examining the diagonal
entries of the matrix An, which has to be considered anyway for precluding all
instances of condition 1. Therefore, if A11 > 0, we have ρ(A) 6 1 if and only
if every matrix in the set {A,A2, . . . , Aq(n)} has diagonal entries less than or
equal to one, where q(n) = max(n, p(n− 1)) for n > 1 and q(1) = p(1) = 1. As
a consequence of Lemma 7.42, the function q(n) can be characterized as follows.

Corollary 7.44. For n ∈ N, n > 1, we have

q(n) =

{
n if n = 1 or n = 2

2n− 3 if n > 3

Some values for q(n) are displayed in the right part of the above table.
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7.7 Conclusion

In this chapter, we studied matrix interpretations inducing polynomial upper
bounds on the derivational complexity of compatible TRSs. Using results from
linear algebra, we identified in Section 7.4 a simple sufficient condition for poly-
nomial boundedness of a matrix interpretation based on the spectral radius of
its maximum matrix. In contrast to the conditions given in related work [53,73],
it also applies to interpretations over Q and R. In Section 7.5, we then showed
that the joint spectral radius of the matrices of the interpretation provides a
better characterization of polynomial boundedness and gave conditions for the
decidability of the latter. In this way, we obtain a complete characterization of
polynomially bounded matrix interpretations over N, Q and R, complementing
the result of [73], which gives a necessary and sufficient condition for interpreta-
tions over N. In fact, a thorough examination of the automata-based approach
of [73] and the joint spectral radius theory approach of Section 7.5 reveals that
the latter subsumes the former. We give the proof of this claim in [49]. Here,
we sketch it as follows. In [73] the growth of a matrix interpretation M over N
is bounded by the growth of an associated (trim) weighted automaton A with
weights in N whose transitions are given by the matrices occurring in M, such
that polynomial boundedness of M follows from polynomial boundedness of
the weight function computed by A (and vice versa). To this end, the growth
of the weight function of a weighted automaton is studied by relating it to the
growth of the ambiguity of a non-weighted automaton, which facilitates the use
of results from Weber and Seidl who provide in [74] a complete characterization
of the degree of growth of the ambiguity of nondeterministic finite automata
(NFAs). However, this detour via classical automata is not absolutely necessary
as one can lift the concepts of [74] directly to weighted automata. This was done,
for example, by Kuich in [42]. Then the growth of (the weight function of) the
automaton A above is bounded by a polynomial if and only if A does not satisfy
a property called EDA (as in [74], but lifted from NFAs to weighted automata),
which is, by definition, equivalent to the condition of Lemma 7.34 (for trim
automata). Therefore, A does not satisfy EDA if and only if ρ(SM) 6 1, which
is equivalent to polynomial boundedness of M (resp. growthSM) according to
Lemma 7.37 (note that SM is the set of transition matrices of A). Moreover,
if the growth of A is polynomial, then the exact degree of growth is given by
the largest d ∈ N for which A satisfies a property called IDAd (also lifted from
NFAs to weighted automata). Again, by definition, the value of d is exactly the
growth rate of growthSM mentioned in Theorem 7.36. As a consequence, for
matrix interpretations over N, the joint spectral radius theory approach and the
automata-based approach of [73] actually coincide, despite their, at first sight,
seemingly different presentations.

The approaches described in this chapter to obtain polynomial upper bounds
on the derivational complexity of rewrite systems from compatible matrix
interpretations have been implemented in the complexity tool CaT [75] (by the tool
developers). Experimental results can be found in [59] and [49]. Summarizing
these results, we note that the joint spectral radius approach of Section 7.5 is
not only more powerful in theory but also in practice. However, this increase in
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power comes along with a considerably more elaborate implementation compared
to the spectral radius approach of Section 7.4, which is accordingly easier to
implement, especially Theorem 7.24, but already gives good results, in particular
in comparison with the method of triangular matrix interpretations of [53], as
it often succeeds in inferring tighter bounds from such interpretations; e.g.,
the number of linear (quadratic) upper bounds increases by 84% (16%) if one
compares Theorems 7.15 and 7.24N. It remains to be seen whether joint spectral
radius theory will advance implementations for matrix interpretations over Q
and R. For matrices with rational or real entries the joint spectral radius is
not computable in general. In the future we will investigate whether good
approximations can be obtained to improve the complexity bounds inferred from
matrix interpretations over Q and R.

We conclude this chapter with three additional remarks. First, we mention
that our results are not limited to the study of derivational complexity, but can
also be employed in the context of runtime complexity of rewrite systems [29].
Next we observe that matrix interpretations are incomplete when it comes to
establishing polynomial derivational complexity. This shows that new ideas
are necessary to obtain a complete characterization of TRSs with polynomial
derivational complexity (cf. RTA open problem #107).7

Lemma 7.45. There exists a TRS with linear derivational complexity that is
compatible with a monotone matrix interpretation but not with a polynomially
bounded one.

Proof. In order to prove this result, we extend the TRS Rjsr of Section 7.4
(before Lemma 7.30) by the rule b(x)→ g(x). The resulting TRS S has linear
derivational complexity as it is match-bounded by 3 [24], and we obtain a
compatible monotone matrix interpretation by changing the interpretation of b
in the proof of Lemma 7.30 to bM(~x) = B~x+~b, where

B =

1 0 0
0 1 1
0 1 1

 ~b =

2
0
0


That there cannot exist a polynomially bounded matrix interpretation (in the
sense of Definition 7.6) for S follows from the proof of Lemma 7.30 (replacing M
by B) since B > max(I,G), and hence some entries in Bk exhibit exponen-
tial growth in k. According to Lemma 7.10, this implies that there cannot
exist a compatible monotone matrix interpretation M for which growthM is
polynomially bounded.

Corollary 7.46. The converse of Corollary 7.12 (resp. Lemma 7.3 with f(k)
set to kd, d ∈ N) does not hold.

Finally, we report on a contribution of our results to the theory of Lindenmayer
systems (L systems, [67]). Such systems use iterated morphisms to generate
languages over some alphabet Σ. The simplest type of L system, called D0L sys-
tem, is a triple G = (Σ, h, w0), where Σ is a finite non-empty alphabet, h an

7http://rtaloop.mancoosi.univ-paris-diderot.fr/problems/107.html
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endomorphism of Σ∗ and w0 an element of Σ+ (i.e., w0 is not the empty word).
The endomorphism h is typically specified by the images of the elements of Σ,
given as a set of production rules {a→ h(a) | a ∈ Σ}. A D0L system G generates
the sequence S(G) of words (wk)k∈N, where wk+1 = h(wk) for all k ∈ N. The
language of G is the set of words in S(G). If every symbol of Σ occurs in some
word of S(G), then G is said to be reduced. For each D0L system G, one can
effectively compute an equivalent reduced D0L system Gred generating the same
sequence of words S(Gred) = S(G). In what follows, we assume all considered
D0L systems to be reduced. The growth function of a D0L system G is defined
as fG(k) = |wk|, where |wk| denotes the length of the word wk. It is well-known
that it can be written as

fG(k) = π ·Mk · (1, . . . , 1)T

for some row vector π ∈ N1×n, where n is the cardinality of the alphabet Σ,
and some matrix M ∈ Nn×n, referred to as the growth matrix of G. Every
D0L growth function is either exponential or polynomially bounded, the former
being characterized by ρ(M) > 1 and the latter by ρ(M) 6 1. As the growth
matrix M is a non-negative integer matrix, we can use Lemma 7.43 for deciding
ρ(M) 6 1, thereby obtaining the following result.

Corollary 7.47. Let G be a reduced D0L system with growth matrix M ∈ Nn×n.
The growth function of G is polynomially bounded if and only if every matrix
in the set {M,M2, . . . ,Mp(n)}, where p(n) = n if n 6 2 and p(n) = 2n − 1
otherwise, has diagonal entries less than or equal to one.

A similar result is mentioned in [67] but with p(n) = 2n + n− 1. So Corol-
lary 7.47 considerably reduces the number of matrix powers one has to inspect
before one can conclude ρ(M) 6 1 or ρ(M) > 1. According to Professor Salomaa,
one of the authors of [67] and leading expert in the field, this result is novel. In
light of this, it might be fruitful to revisit more advanced types of L systems
containing several morphisms, corresponding to a set of several matrices, using
joint spectral radius theory.
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Appendix A

Supplementary Proofs

A.1 Proofs of Chapter 4

Lemma A.1. Let P be a weakly (strictly) monotone polynomial interpretation
over R such that S1 ⊆ >P and S2 ⊆ >P for some finite sets of rewrite rules S1

and S2. Then there exists a weakly (strictly) monotone polynomial interpretation
N over R such that S1 ⊆ >N , S2 ⊆ >N and all coefficients of the polynomials
occurring in N are in Ralg.

Proof. Let F denote the signature associated with S1∪S2, and let δ be a positive
real number and P = ({fR}f∈F , δ) a weakly (strictly) monotone polynomial
interpretation over R such that S1 ⊆ >P and S2 ⊆ >P . That is, P satisfies the
following conditions:

(a) for each n-ary symbol f ∈ F , fR(x1, . . . , xn) > 0 for all x1, . . . , xn ∈ R0,

(b) for each symbol f ∈ F , fR is monotone with respect to >R0 (>R0,δ),

(c) for each rule `→ r ∈ S1, P` >R0,δ Pr for all x1, . . . , xm ∈ R0, and

(d) for each rule s→ t ∈ S2, Ps >R0 Pt for all y1, . . . , yk ∈ R0.

Next we treat δ as a variable and replace all coefficients of the polynomials
occurring in P by distinct variables c1, . . . , cj . Thus, for each n-ary func-
tion symbol f ∈ F , its interpretation function is a parametric polynomial
fR ∈ Z[x1, . . . , xn, c1, . . . , cj ] ⊆ Z[x1, . . . , xn, c1, . . . , cj , δ], where all non-zero co-
efficients are 1. As a consequence, we claim that all four of the conditions listed
above can be expressed as (conjunctions of) quantified polynomial inequalities
of the shape

p(x1, . . . , xn, c1, . . . , cj , δ) > 0 for all x1, . . . , xn ∈ R0 (A.1)

for some polynomial p ∈ Z[x1, . . . , xn, c1, . . . , cj , δ]. This is easy to see for the
first condition. For the last two conditions, and by Lemma 3.15 (resp. Corol-
lary 3.17) also for the second condition, it is a direct consequence of the nature
of the interpretation functions and the usual closure properties of polynomials.
Now any of the quantified inequalities (A.1) can readily be expressed as a
formula in the language of ordered fields with coefficients in Z, where c1, . . . , cj
and δ are the only free variables. By taking the conjunction of all these for-
mulas, existentially quantifying δ and adding the conjunct δ > 0, we obtain
a formula Φ in the language of ordered fields with free variables c1, . . . , cj
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and coefficients in Z (as S1, S2 and F are finite). By assumption (on P), we
know that there are coefficients C1, . . . , Cj ∈ R such that Φ(C1, . . . , Cj) is true
in R, i.e., there exists a satisfying assignment for Φ in R mapping its free
variables c1, . . . , cj to C1, . . . , Cj ∈ R. In order to prove the lemma, we have to
show that there also exists a satisfying assignment mapping each free variable to
a real algebraic number. We reason as follows. By [6, Theorem 2.77], there is a
quantifier-free formula Ψ with free variables c1, . . . , cj and coefficients in Z that
is R-equivalent to Φ, i.e., for all y1, . . . , yj ∈ R, Φ(y1, . . . , yj) is true in R if and
only if Ψ(y1, . . . , yj) is true in R. Hence, by assumption (on P), we have that
Ψ(C1, . . . , Cj) is true in R. Therefore, the sentence ∃c1 · · · ∃cj Ψ is true in R as
well. But by Theorem 4.3 (resp. [6, Theorem 2.80]), this sentence is true in R if
and only if it is true in Ralg. So there exists an assignment for Ψ in Ralg mapping
its free variables c1, . . . , cj to C ′1, . . . , C

′
j ∈ Ralg such that Ψ(C ′1, . . . , C

′
j) is true

in Ralg, and hence also in R as Ψ is a boolean combination of atomic formulas
in the variables c1, . . . , cj with coefficients in Z. But then Φ(C ′1, . . . , C

′
j) is true

in R as well because of the R-equivalence of Φ and Ψ.

A.2 Proofs of Chapter 6

Termination of the TRS RR of Chapter 6 consisting of the rules

f(f(x))→ g(x) k(x, x, b1)→ k(g(x), b2, b2)

g(c(x))→ f(c(f(x))) k(x, a2, b1)→ k(a1, x, b1)

f(f(f(f(x))))→ k(x, x, x) k(a′1, x, b1)→ k(x, a′2, b1)

k(g(x), b3, b3)→ k(x, x, b4)

can be shown by a monotone matrix interpretation M over N of dimension two
that is compatible with all rules of RR:

fM(~x) =

(
1 1
1 1

)
~x+

(
0
1

)
a1M =

(
2
0

)
b1M =

(
0
2

)
gM(~x) =

(
2 0
2 0

)
~x+

(
0
1

)
a2M =

(
1
0

)
b2M =

(
0
0

)
kM(~x, ~y, ~z) =

(
1 0
0 0

)
~x+

(
1 0
0 0

)
~y +

(
3 2
1 0

)
~z a′1M =

(
2
0

)
b3M =

(
2
2

)
cM(~x) =

(
1 1
0 0

)
~x+

(
2
0

)
a′2M =

(
1
0

)
b4M =

(
0
0

)
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Likewise, the TRS RQ consisting of the rules

h(f(x))→ g(x) k2(x, x, b1)→ k2(h(x), b2, b2)

g(c(x))→ h(c(f(x))) k2(h(x), b3, b3)→ k2(x, x, b4)

h(h(x))→ k2(x, x, x) k3(x, a2, a3, b1)→ k3(a1, x, a3, b1)

h(h(x))→ k3(x, x, x, x) k3(a
′
1, x, a

′
3, b1)→ k3(x, a

′
2, a
′
3, b1)

f(f(f(x)))→ k2(x, x, x) k3(a1, x, a3, b1)→ k3(a1, a2, x, b1)

f(f(f(f(x))))→ k3(x, x, x, x) k3(a
′
1, a
′
2, x, b1)→ k3(a

′
1, x, a

′
3, b1)

k2(x, a2, b1)→ k2(a1, x, b1) k3(x, x, x, b1)→ k3(g(x), b2, b2, b2)

k2(a
′
1, x, b1)→ k2(x, a

′
2, b1) k3(g(x), b3, b3, b3)→ k3(x, x, x, b4)

can be shown terminating by a compatible, monotone matrix interpretation
over N of dimension two:

cM(~x) =

(
1 0
1 2

)
~x+

(
3
1

)
fM(~x) =

(
1 3
1 0

)
~x+

(
1
0

)
gM(~x) =

(
3 6
0 0

)
~x+

(
0
2

)
hM(~x) =

(
2 2
0 0

)
~x+

(
0
2

)
k2M(~x1, ~x2, ~x3) =

(
1 1
0 0

)
(~x1 + ~x2) +

(
1 0
0 0

)
~x3 +

(
0
2

)
k3M(~x1, ~x2, ~x3, ~x4) =

(
1 2
0 0

)
(~x1 + ~x2 + ~x3 + ~x4)

a1M =

(
1
2

)
a′1M =

(
7
4

)
a2M =

(
2
2

)
a′2M =

(
4
1

)
a3M =

(
1
7

)
a′3M =

(
1
0

)
b1M =

(
3
3

)
b2M =

(
0
0

)
b3M =

(
3
0

)
b4M =

(
5
0

)
Both interpretations were found by TTT2 [41].

A.3 Proofs of Chapter 7

In the proof of Lemma 7.42 below, we use the following notation for the division
predicate on integer numbers. We write a | b to indicate that a non-zero integer a
divides some integer b and a - b whenever a does not divide b.

Proof of Lemma 7.42. For n ∈ N, n > 1, we have

p(n) = max{min(l1 + l2, lcm(l1, l2)) | 1 6 l1, l2 6 n}
= max{min(l1 + l2, lcm(l1, l2)) | 1 6 l1 6 l2 6 n}
= max({min(l1 + l2, lcm(l1, l2)) | 1 6 l1 6 l2 6 n, l1 - l2} ∪

{min(l1 + l2, lcm(l1, l2)) | 1 6 l1 6 l2 6 n, l1 | l2})
= max({min(l1 + l2, lcm(l1, l2)) | 1 6 l1 6 l2 6 n, l1 - l2} ∪

{min(l1 + l2, l2) | 1 6 l1 6 l2 6 n, l1 | l2})
= max({min(l1 + l2, lcm(l1, l2)) | 1 6 l1 6 l2 6 n, l1 - l2} ∪ {1, . . . , n})
= max({min(l1 + l2, lcm(l1, l2)) | 2 6 l1 < l2 6 n, l1 - l2} ∪ {1, . . . , n})
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It is easily checked that p(n) = n if n = 1 or n = 2. For the remaining case
when n > 3, we use the following fact (which will be proved below):

∀n > 3 {min(l1 + l2, lcm(l1, l2)) | 2 6 l1 < l2 6 n, l1 - l2} =

{l1 + l2 | 2 6 l1 < l2 6 n, l1 - l2}
(A.2)

Thus, we obtain

p(n) = max({l1 + l2 | 2 6 l1 < l2 6 n, l1 - l2} ∪ {1, 2, . . . , n})
= max(n+ (n− 1), n)

= 2n− 1

for all n > 3. Finally, we show (A.2) by induction on n. For n = 3, the condition
2 6 l1 < l2 6 n uniquely instantiates l1 to two and l2 to three, such that

{min(l1 + l2, lcm(l1, l2)) | 2 6 l1 < l2 6 n, l1 - l2} =

min(5, 6) = 5 = {l1 + l2 | 2 6 l1 < l2 6 n, l1 - l2}

In the inductive step, we write the left-hand side of (A.2) as

{min(l1 + l2, lcm(l1, l2)) | 2 6 l1 < l2 6 n− 1, l1 - l2}∪
{min(l1 + n, lcm(l1, n)) | 2 6 l1 < n, l1 - n}

apply the induction hypothesis to the left subexpression and simplify the right
subexpression to obtain

{l1 + l2 | 2 6 l1 < l2 6 n− 1, l1 - l2} ∪ {l1 + n | 2 6 l1 < n, l1 - n}

which is equivalent to {l1 + l2 | 2 6 l1 < l2 6 n, l1 - l2}, the right-hand side
of (A.2).
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Appendix B

Alternative Base Orders for Matrix
Interpretations

As mentioned in Chapter 5, matrix interpretations are a powerful technique for
proving termination of term rewrite systems, which is based on the well-known
paradigm of interpreting terms into a domain equipped with a suitable well-
founded (order) relation. Traditionally, in the method of Endrullis et al. [20] one
uses vectors of natural numbers as domain, with two vectors being in relation if
there is a strict decrease in the respective first components and a weak decrease
in all other components. In this appendix, we re-examine the basics of the
method, especially focusing on the actual role of the well-founded (order) relation
it is based on. Obviously, there are many other such relations on vectors of
natural numbers, so why the choice of this particular instance? In [20] the
justification is as follows (in addition to the convincing fact that the resulting
termination method is very powerful):

Of course other orders on vectors could have been chosen, too,
but many of them are not suitable for our purpose. For instance,
choosing a lexicographic order fails because then multiplication by a
constant matrix is not monotone in general.

But still the question remains whether there exist other (order) relations inducing
variants of matrix interpretations that are also useful for proving termination of
TRSs. For this purpose, we study various alternative well-founded orders on
vectors of (natural) numbers based on vector norms. The underlying idea is that
every rewrite step is supposed to decrease the “length” of the associated vectors.
This leads directly to the notion of normed vector spaces, norms being a suitable
measure of the length or magnitude of a vector. Basically, we consider two
classes of orders, weakly decreasing orders, where two vectors are comparable
only if there is a weak decrease in every single component, and orders without
this property. The conclusion is that the latter kind of orders induces only weak
forms of matrix interpretations that are no more powerful than linear polynomial
interpretations. For weakly decreasing orders (like the order in [20]), however,
the situation is different. That is to say that some of them do indeed induce
matrix interpretations that are useful for proving termination. In particular,
one of these variants subsumes traditional matrix interpretations and has the
additional advantage that it gives rise to a more powerful implementation.

The remainder of this appendix is organized as follows. After extending the
preliminaries on matrix interpretations of Chapter 5 with additional definitions
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and terminology (irrelevant to Chapters 6 and 7) in Section B.1, we introduce
in Section B.2 the orders on vectors of natural numbers considered in the
sequel. Sections B.3 and B.4 are dedicated to matrix interpretations over
weakly decreasing orders and the comparison between them, while Section B.5
features matrix interpretations over non-weakly decreasing orders. Finally, in
Section B.6, we present a generalization of traditional matrix interpretations
before we conclude in Section B.7.

The results presented in this appendix originally appeared in [55].

B.1 Preliminaries

The remainder of this appendix builds upon the background material introduced
in Chapters 1 and 5 (some of which is repeated below) and the following
additional definitions.

For any commutative ring R, we denote the ring of all n-dimensional square
matrices over R by Rn×n. As usual, the transpose of a matrix (vector) M is
denoted by MT. For any (column) vector ~x = (x1, . . . , xn)T, (~x)i denotes its i-th
component xi. Likewise, Mij denotes the entry in the i-th row and j-th column
of a matrix M , and Mj− (M−j) refers to the j-th row (column). A zero column
is a column where all entries are zero. For M ∈ Rn×n and I ⊆ {1, . . . , n}, (M)I
denotes the submatrix of M formed by the rows and columns whose indices are
in the index set I. A permutation matrix is a square matrix whose entries are
all 0’s and 1’s, with exactly one 1 in each row and exactly one 1 in each column.
The cardinality of a (finite) set S is denoted by |S|.

B.2 Well-founded Orders on Vectors of Natural
Numbers

In this section, we introduce several well-founded orders on vectors of natural
numbers serving as foundation for alternative kinds of matrix interpretations.
We consider two classes of orders on Nn, n > 1, weakly decreasing orders and
non-weakly decreasing ones.

B.2.1 Weakly Decreasing Orders

A binary relation > on Nn is weakly decreasing if (x1, . . . , xn)T > (y1, . . . , yn)T

implies xi >N yi for all i ∈ {1, . . . , n}, i.e., > ⊆ >w, where >w denotes the
componentwise partial order on Nn induced by >N.

Definition B.1. Let I ⊆ {1, . . . , n} be a non-empty index set, and let ~x =
(x1, . . . , xn)T and ~y = (y1, . . . , yn)T be vectors in Nn. We define the binary
relations >w1 , >wI , >wΣ, >w` and >wm on Nn as follows:

• Weak decrease + strict decrease in first component:

~x >w1 ~y :⇐⇒ ~x >w ~y and x1 >N y1
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• Weak decrease + strict decrease in some component(s):

~x >wI ~y :⇐⇒ ~x >w ~y and ∃ j ∈ I : xj >N yj

• Weak decrease + strict decrease in sum of components:

~x >wΣ ~y :⇐⇒ ~x >w ~y and

n∑
i=1

xi >N

n∑
i=1

yi

• Weak decrease + strict decrease in Euclidean length:

~x >w` ~y :⇐⇒ ~x >w ~y and
n∑
i=1

x2
i >N

n∑
i=1

y2
i

• Weak decrease + strict decrease in maximum component:

~x >wm ~y :⇐⇒ ~x >w ~y and max
i
xi >N max

i
yi

It is routine to verify that all these relations are in fact well-founded orders
(i.e., transitive and irreflexive relations) on vectors of natural numbers.

Lemma B.2. The relations >w1 , >wI , >wΣ, >w` and >wm are well-founded orders
on Nn.

The relations listed above are not the only well-founded orders on Nn. Nu-
merous variations exist. Some of these (like parameterizing >wΣ or >w` by an
index set I) are implicitly covered because of the lemma below, while others
(like demanding a strict decrease in all components specified by an index set I)
proved to be impractical.

Intuitively, the order >wI is a generalization of >w1 , the order used in [20],
where the strict decrease is not necessarily fixed to one specific component; in
particular, >w1 = >wI for I = {1}. Moreover, its extension to matrices yields the
main order considered in [17]. As to the remaining three orders, two vectors
being in relation means that there is a strict decrease in the lengths of the vectors
with respect to the Manhattan, Euclidean or maximum norm, respectively [35].
The relationship between these orders is described in the following lemma.

Lemma B.3. Let I, J and K be non-empty index sets such that I = {1, . . . , n}
and J ⊆ K ⊆ I. Then the following statements hold:

1. >wJ ⊆ >wK and >w1 = >w{1},

2. >w1 and >wm are incomparable for n > 2, identical otherwise,

3. >wm ⊂ >wI = >wΣ = >w` for n > 2, all identical otherwise, and

4. >wI is the strict part of >w.
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Proof.

1. By definition of the respective orders.

2. Clearly, if n = 1, then >w1 = >wm = >N. Concerning the first claim, for
~x = (1, 1, . . . , 1)T and ~y = (0, 1, . . . , 1)T, we have ~x >w1 ~y but not ~x >wm ~y.
Similarly, for ~x = (0, 1, . . . , 1)T and ~y = 0, we have ~x >wm ~y but not ~x >w1 ~y.

3. For n = 1, >wm = >wI = >wΣ = >w` = >N is an immediate consequence
of the respective definitions. To show >wm ⊂ >wI for n > 2, let us as-
sume that (x1, . . . , xn)T >wm (y1, . . . , yn)T, meaning that there is a weak
decrease in every single component and an index j ∈ {1, . . . , n} such
that xj = maxi xi >N maxi yi. In particular, we have xj >N yj , which
shows that (x1, . . . , xn)T >wI (y1, . . . , yn)T. Further, the inclusion is strict
since (1, 1, . . . , 1)T>wI (0, 1, . . . , 1)T but not (1, 1, . . . , 1)T>wm(0, 1, . . . , 1)T.
Finally, we show >wI = >wΣ = >w` by showing

∃ j ∈ I : xj >N yj ⇐⇒
n∑
i=1

xi >N

n∑
i=1

yi ⇐⇒
n∑
i=1

x2
i >N

n∑
i=1

y2
i

under the assumption that xi >N yi for all i ∈ {1, . . . , n}. Yet this is
obvious after rewriting the latter expression to the equivalent expression

∃ j ∈ I : xj >N yj ⇐⇒
n∑
i=1

xi−yi >N 0 ⇐⇒
n∑
i=1

(xi+yi)(xi−yi) >N 0

4. Clearly, if ~x >w ~y and ~x 6= ~y, then there exists a component xj such that
xj >N yj , which shows that ~x >wI ~y. The converse is obvious.

The last item of Lemma B.3 gives rise to the following important corollary.

Corollary B.4. Let > be a binary relation on Nn that is weakly decreasing.
Then the following statements hold:

1. If > is irreflexive, then > ⊆ >wI for I = {1, . . . , n}.

2. The relation > is well-founded if and only if it is irreflexive.

Proof. The first item is a direct consequence of the last item of Lemma B.3.
As to the second item, we observe that irreflexivity is obviously necessary for
well-foundedness, and that sufficiency follows from the first item and the fact
that >wI is well-founded.

So any irreflexive and weakly decreasing binary relation on Nn, hence any
weakly decreasing order, is well-founded, and any well-founded weakly decreasing
relation > on Nn is subsumed by the order >wI for I = {1, . . . , n}, i.e., > ⊆ >wI .

Corollary B.5. For I = {1, . . . , n}, >wI is the most general of the well-founded
weakly decreasing relations on Nn (in the sense that it subsumes any other such
relation).
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B.2.2 Non-weakly Decreasing Orders

Taking a closer look at Definition B.1, one observes that weak decreasingness is
not the essential property for obtaining well-founded relations (resp. orders) on
vectors of natural numbers. In fact, the last three orders remain well-founded
orders on Nn even after dropping this property. We denote the corresponding
orders by >Σ, >` and >m, respectively. Concerning >wI , one must be careful
when dropping weak decreasingness because the resulting relation >I is well-
founded if and only if the index set I is a singleton set, in which case >I is also
an order. In the remainder of this appendix, this is implicitly assumed whenever
we refer to >I . Finally, we note that all four orders coincide if n = 1, all being
equal to >N. For n > 2, however, all these orders are pairwise incomparable (for
all singleton sets I).

B.3 Matrix Interpretations and Weakly Decreasing
Orders

In this section, we take the orders introduced in Definition B.1 and build matrix
interpretations on top of them. According to Lemma B.3 (items 1 and 3),
we only have to consider the family of orders (>wI )I parameterized by some
non-empty index set I ⊆ {1, . . . , n} and >wm, the order induced by the maximum
norm. We shall see, however, that the latter kind of matrix interpretation is
subsumed by an instance of the former.

Before we can go about formally defining matrix interpretations over >wI
and >wm, we have to have an understanding of when a linear function is monotone
(in the sense of Definition 1.2) with respect to the relations >w and >wI (>wm).

We consider linear functions of the form f(~x1, . . . , ~xk) =
∑k

i=1 Fi~xi + ~f , where
~f ∈ Nn and Fi ∈ Nn×n for all i ∈ {1, . . . , k}. Obviously, all such functions are
monotone with respect to >w. Concerning monotonicity with respect to >wI , we
give necessary and sufficient conditions in the lemma below. A similar lemma,
showing sufficiency of the conditions, appeared in [17].

Lemma B.6. Let I ⊆ {1, . . . , n} be a non-empty index set. The function
f(~x1, . . . , ~xk) =

∑k
i=1 Fi~xi + ~f is monotone with respect to >wI if and only if for

each (Fi)I , i = 1, . . . , k, all column sums are at least one.

Proof. Let ~x1, . . . , ~xk and ~y be arbitrary vectors in Nn such that ~xi >
w
I ~y for

some i ∈ {1, . . . , k}. Then there exist a vector ~d ∈ Nn and an index j ∈ I
such that ~xi = ~y + ~d and dj >N 0. Now f(. . . , ~xi, . . . ) >

w
I f(. . . , ~y, . . . ) holds if

and only if Fi ~xi >
w
I Fi ~y, which is equivalent to Fi ~d >

w
I 0. If all column sums

of (Fi)I are at least one, then we have (Fi)−j >
w
I 0, which yields Fi ~d >

w
I 0 since

Fi ~d >w (Fi)−j · dj >w (Fi)−j .

Conversely, if (Fi)I has a zero column, then let j′ ∈ I denote the index of
the column of Fi it originates from, and let ~xi be zero everywhere except for its
j′-th component, which we set to one. Then ~xi >

w
I 0 but f(. . . , 0, ~xi, 0, . . . ) =

(Fi)−j′ + ~f 6>wI ~f = f(0, . . . , 0).
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We are now ready to formally define matrix interpretations over instances
of >wI (cf. also the E-compatible matrix interpretations of [17]).

Definition B.7. Let F denote a signature and I ⊆ {1, . . . , n} a non-empty
index set. A matrix interpretation M>w

I
over >wI of dimension n ∈ N \ {0} is

an F -algebra with carrier Nn together with the orders >wI and >w on Nn, where
each k-ary function symbol f ∈ F is interpreted by a function of the shape

fM : (Nn)k → Nn, (~x1, . . . , ~xk) 7→
k∑
i=1

Fi~xi + ~f

with ~f ∈ Nn and Fi ∈ Nn×n for all i ∈ {1, . . . , k}. If all interpretation functions
are monotone with respect to >wI , then M>w

I
is said to be monotone.

One easily verifies that the triple (M>w
I
, >wI ,>

w) constitutes a weakly mono-
tone F-algebra. In case M>w

I
is monotone, all requirements of an extended

monotone F -algebra are satisfied (cf. Definition 1.4). Moreover, the traditional
notion of matrix interpretations of Endrullis et al. [20] is included in Defini-
tion B.7 by choosing the special index set I = {1}. Leveraging the results
given for monotone algebras in Section 1.3, we note that termination of a TRS
can either be shown directly by a compatible monotone matrix interpretation
(cf. Theorem 1.6 and Corollary 1.7) or incrementally by a sequence of monotone
matrix interpretations, each of which removes some rewrite rules until eventually
all rewrite rules have been removed. Alternatively, matrix interpretations can
be applied in the context of the DP framework, where the algebras induced
by them are only required to be weakly monotone. In any case, one should be
able to check (weak) compatibility of a matrix interpretation with a given set of
rewrite rules. The following well-known lemma is helpful for this purpose.

Lemma B.8. LetM be an F-algebra with carrier Nn as in Definition B.7 and t
a term with Var(t) = {x1, . . . , xm} ⊆ V. Then there exist matrices T1, . . . , Tm ∈
Nn×n and a vector ~t ∈ Nn such that [α]M(t) = T1α(x1) + · · ·+ Tmα(xm) +~t for
any variable assignment α : V → Nn.

Hence, the compatibility checks [α]M(`) >wI [α]M(r) and [α]M(`) >w [α]M(r)
associated with some rewrite rule `→ r boil down to the comparison of such
linear functions, which is decidable according to the next lemma. Here, >
denotes the componentwise partial order on Nn×n induced by >N.

Lemma B.9. Let L1, . . . , Lm, R1, . . . , Rm and ~̀, ~r correspond to a rewrite
rule ` → r as in Lemma B.8 (with Var(`) = {x1, . . . , xm} ⊇ Var(r)). Then,
for . ∈ {>wI ,>w}, [α]M(`) . [α]M(r) for all variable assignments α : V → Nn if

and only if ~̀ . ~r and Li > Ri for all i ∈ {1, . . . ,m}.

Proof. We prove the lemma for . = >wI . The proof for >w is similar. First, we
note that [α]M(`) >wI [α]M(r) holds for all α : V → Nn if and only if

m∑
i=1

(Li −Ri)~xi + (~̀− ~r) >wI 0 for all ~x1, . . . , ~xm ∈ Nn (B.1)
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If ~̀ >wI ~r and Li > Ri for all i ∈ {1, . . . ,m}, then (B.1) obviously holds because

all entries of Li−Ri are non-negative and ~̀− ~r >wI 0. Conversely, (B.1) implies
~̀ >wI ~r for ~x1 = · · · = ~xm = 0 as well as Li > Ri for all i ∈ {1, . . . ,m}
because if there were some s ∈ {1, . . . ,m} with a negative entry in Ls − Rs,
say (Ls − Rs)jk < 0, then choosing ~xi = 0 whenever i 6= s and ~xs to be
zero everywhere except for its k-th component (~xs)k would cause a negative
entry in

∑m
i=1(Li −Ri)~xi + (~̀− ~r) for (~xs)k chosen large enough, which would

contradict (B.1).

We close this section with the treatment of matrix interpretations over >wm.
In particular, we show that they are subsumed by the instance of matrix
interpretations over >wI one obtains by choosing I = {1, . . . , n}, which is
assumed to be the case in the rest of this section. According to Lemma B.3, we
have >wm ⊆ >wI for all dimensions n > 1. This directly implies that the same
inclusion also holds for non-monotone matrix interpretations based on these
two orders. For monotone matrix interpretations, the following issue has to be
taken into account. If the monotonicity conditions with respect to >wI are more
strict than the ones for >wm, then the set of potential interpretation functions is
smaller, and it is therefore very well conceivable that the inclusion on the base
orders does not propagate to the notions of matrix interpretations built on top
of them. However, this is not the case for the two orders considered here.

Lemma B.10. Let f(~x1, . . . , ~xk) =
∑k

i=1 Fi~xi + ~f with F1, . . . , Fk ∈ Nn×n and
~f ∈ Nn. Then monotonicity of f with respect to >wm implies monotonicity with
respect to >wI .

Proof. This can be shown using contraposition. Assume that f is not monotone
with respect to >wI . According to Lemma B.6 this means that (at least) one of
its matrices has a zero column. Without loss of generality, let the j-th column
of some Fi, i ∈ {1, . . . , k}, be a zero column and let ~xi be zero everywhere
except for its j-th component. Then ~xi >

w
m 0 but f(. . . , 0, ~xi, 0, . . . ) = ~f 6>wm

~f = f(0, . . . , 0), i.e., f is not monotone with respect to >wm.

Hence, if M>w
m

is a matrix interpretation over >wm, consisting of a set of
interpretation functions that are monotone with respect to >w, then the same
functions together with >wI constitute a matrix interpretationM>w

I
over >wI that

is monotone wheneverM>w
m

is monotone according to Lemma B.10, and that is
(weakly) compatible with all rules which are (weakly) compatible withM>w

m
due

the inclusion >wm ⊆ >wI . Thus, matrix interpretations over >wm are subsumed by
matrix interpretations over >wI for I = {1, . . . , n}.

B.4 Comparison

After the discussion in Section B.3 the family of orders (>wI )I parameterized by
some non-empty index set I ⊆ {1, . . . , n} remains as a potentially interesting
foundation for matrix interpretations. It includes the traditional order >w1 as
well as >wΣ = >w` , the most general of the weakly decreasing orders on Nn
(cf. Lemma B.3 and Corollary B.5). Now the purpose of this section is to
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compare the resulting variants of matrix interpretations to each other and thus
also to the traditional approach.

First, we remark that we do not have to consider all possible index sets since
matrix interpretations are invariant under permutations. For example, matrix
interpretations over >w{1} are equivalent (with respect to termination proving

power) to matrix interpretations over >w{j}, where j ∈ {2, . . . , n}. The relevant
property is that there is a strict decrease in a single fixed vector component,
it is not important which component. All that matters is the cardinality of
the index set I. Hence, for n-dimensional matrix interpretations, we are left
with n different index sets, and, without loss of generality, we can restrict to the
sets Id = {1, . . . , d} for d = 1, 2, . . . , n. By definition, the following inclusions
hold: >wI1 ⊂ >

w
I2 ⊂ · · · ⊂ >

w
In . This implies that the same inclusions also hold

for non-monotone matrix interpretations based on these orders because if M>w
I

is a matrix interpretation over >wI , then the same interpretation functions
also form a matrix interpretation M>w

J
over >wJ , for I ⊂ J , that is (weakly)

compatible with all rules which are (weakly) compatible with M>w
I

due the
inclusion >wI ⊆ >wJ . However, as explained at the end of the previous section, we
cannot immediately extend this conclusion to monotone matrix interpretations
based on these orders because monotonicity of a function with respect to >wI
does not imply monotonicity with respect to >wJ according to Lemma B.6.
Moreover, taking the matrix dimension into account, the situation turns out to
be a bit more intricate.

Example B.11. Consider the TRS S1 = { f(a) → f(g(a)), g(b) → g(f(b)) }.
Termination of this system can be established with the following compatible
and monotone 2-dimensional matrix interpretation over >w{1,2}:

fM(~x) =

(
0 1
1 1

)
~x gM(~x) =

(
1 1
1 0

)
~x aM =

(
0
1

)
bM =

(
1
0

)
However, one can show that there is no compatible monotone matrix interpreta-
tion over >w{1} of dimension two. Similarly, termination of the TRS S2

f(g(x))→ f(a(g(g(f(x))), g(g(f(x))))) a(x, x)→ h(x) f(x)→ x

h(h(x))→ c(h(x)) c(x)→ x g(x)→ x

can be established via the following compatible and monotone 2-dimensional
matrix interpretation over >w{1}

aM(~x, ~y) =

(
1 0
0 0

)
~x+

(
1 0
0 0

)
~y +

(
3
0

)
cM(~x) =

(
1 0
0 2

)
~x+

(
1
0

)
fM(~x) =

(
1 3
0 1

)
~x+

(
1
0

)
gM(~x) =

(
1 0
1 2

)
~x+

(
1
3

)
hM(~x) =

(
2 0
0 0

)
~x+

(
1
0

)
but there is no compatible monotone matrix interpretation over >w{1,2} of dimen-
sion two.

150



B.4 Comparison

The bottom line of this example is that if we fix the dimension, then matrix
interpretations over >w{1} are incomparable to matrix interpretations over >w{1,2}.

(We are not aware of a general construction that works for any dimension.)
However, without this restriction the situation is different. That is to say
that for dimension three, for example, there is a compatible monotone matrix
interpretation over >w{1} for the TRS S1:

fM(~x) =

1 0 1
0 0 1
0 1 1

 ~x gM(~x) =

1 1 0
0 1 1
0 1 0

 ~x aM =

1
0
1

 bM =

1
1
0


Likewise, there is a compatible monotone matrix interpretation over >w{1,2} of
dimension three for the TRS S2:

aM(~x, ~y) =

0 0 0
1 1 0
0 0 0

 ~x+

0 0 0
1 1 0
0 0 0

 ~y +

0
2
0


cM(~x) =

2 0 1
0 1 2
0 0 2

 ~x+

0
1
0

 fM(~x) =

1 0 0
1 1 3
0 0 1

 ~x+

0
1
0


gM(~x) =

1 0 0
0 1 0
1 1 2

 ~x+

1
0
3

 hM(~x) =

0 0 0
2 2 0
0 0 0

 ~x+

0
1
0


Indeed, that is no coincidence, as will be shown in the remainder of this section.
In particular, we shall see that, when considering monotone interpretations, for
any index set I there exists a larger index set J such that matrix interpretations
over >wJ are at least as powerful (with respect to proving termination) as matrix
interpretations over >wI if one does not impose a restriction on the dimension
of the matrices. Moreover, under some conditions (e.g. for string rewriting),
the various instances of matrix interpretations over >wI are all equivalent with
respect to termination proving power. For this purpose, we introduce a couple
of transformations on matrix interpretations.

As to the first transformation, let P ∈ Nn×n be a non-singular matrix andM
some matrix interpretation consisting of a collection of interpretation func-
tions {fM}f∈F such that each k-ary function symbol f in the signature is

interpreted by a function fM(~x1, . . . , ~xk) =
∑k

i=1 Fi~xi + ~f , where ~f ∈ Nn and
Fi ∈ Nn×n for all i ∈ {1, . . . , k}. Then we associate with M a matrix interpre-
tation ΦP (M), where each k-ary function symbol f is interpreted by a function
fΦP (M)(~x1, . . . , ~xk) =

∑k
i=1 PFiP

−1~xi + P ~f .

Remark B.12. Note that in general PFiP
−1 is not a non-negative matrix,

even if P and Fi are non-negative. As we need this property in our context, we
must be careful when applying this transformation, unless P happens to be a
(generalized) permutation matrix (for which P−1 is always non-negative).

According to Lemma B.8, the interpretation of a term t with respect toM and
a variable assignment α can be written as [α]M(t) = T1α(x1)+ · · ·+Tmα(xm)+~t.
By construction of ΦP (M), we obtain the following lemma.
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Lemma B.13. Let T1, . . . , Tm and ~t correspond to a term t as described in
Lemma B.8. Then [α]ΦP (M)(t) = PT1P

−1α(x1) + · · ·+PTmP
−1α(xm) +P~t for

any assignment α.

Proof. By induction on the structure of t.

Corollary B.14. For every ground term t, [α]ΦP (M)(t) = P · [α]M(t).

Our next transformation associates with an n-dimensional matrix interpreta-
tion M (as above) an (n+ 1)-dimensional matrix interpretation Ψ(M), where
each k-ary function symbol f is interpreted by a function fΨ(M)(~x1, . . . , ~xk) =∑k

i=1 F
′
i~xi + ~f ′ such that for all i ∈ {1, . . . , k},

~f ′ =

(
0
~f

)
and F ′i =

(
fi 0
0 Fi

)
for some fi ∈ N \ {0}

(Here, the numbers fi are fresh, that is, not related to the components of ~f .)
Moreover, we associate with the matrix interpretation M (resp. Ψ(M)) a
linear polynomial interpretation P(M), where each k-ary function symbol f is
interpreted by a linear polynomial fP(M)(x1, . . . , xk) =

∑k
i=1 fixi (with the fi’s

of Ψ(M)).

Lemma B.15. Let t be an arbitrary term. Then for all variable assignments
α : V → Nn and β : V → N,

[γ]Ψ(M)(t) =

(
[β]P(M)(t)

[α]M(t)

)

for the assignment γ : V → Nn+1, x 7→
(
β(x)
α(x)

)
.

Proof. By induction on the structure of t.

Corollary B.16. For every ground term t, [γ]Ψ(M)(t) =

(
0

[α]M(t)

)
.

Again, by Lemma B.8, we can write [α]M(t) = T1α(x1) + · · ·+ Tmα(xm) + ~t.
Likewise, the interpretation of t with respect to P(M) and some variable
assignment β can be written as [β]P(M)(t) = t1β(x1) + · · · + tmβ(xm), where
t1, . . . , tm ∈ N. Plugging these expressions into Lemma B.15, we obtain the
following lemma.

Lemma B.17. Let T1, . . . , Tm, t1, . . . , tm and ~t correspond to a term t as
described above. Then, in the situation of Lemma B.15,

[γ]Ψ(M)(t) =
m∑
i=1

(
ti 0
0 Ti

)
γ(xi) +

(
0
~t

)
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Proof.

m∑
i=1

(
ti 0
0 Ti

)
γ(xi) +

(
0
~t

)
=

m∑
i=1

(
ti 0
0 Ti

)(
β(xi)
α(xi)

)
+

(
0
~t

)
=

m∑
i=1

(
tiβ(xi)
Tiα(xi)

)
+

(
0
~t

)
=

( ∑m
i=1 tiβ(xi)∑m

i=1 Tiα(xi) + ~t

)
=

(
[β]P(M)(t)

[α]M(t)

)
= [γ]Ψ(M)(t)

If all the fi’s introduced by Ψ(M) are one, then each ti in [β]P(M)(t) corre-
sponds to the number of occurrences of the associated variable xi.

Lemma B.18. Let t be an arbitrary term with Var(t) = {x1, . . . , xm}, and let all
interpretation functions in P(M) have the shape fP(M)(x1, . . . , xk) =

∑k
i=1 xi

(for each k-ary function symbol f). Then [β]P(M)(t) =
∑m

i=1 |t|xiβ(xi) for any
variable assignment β.

Proof. By induction on the structure of t.

We are now ready to present the main results of this section comparing
monotone matrix interpretations over various instances of >wI . In what follows,
for a given TRS R, R ⊆ >P(M) abbreviates [β]P(M)(`) >N [β]P(M)(r) for all
variable assignments β : V → N and all rewrite rules `→ r ∈ R.

Lemma B.19. Let M be a monotone n-dimensional matrix interpretation
over >wI , where I ⊆ {1, . . . , n}, and let R be a TRS satisfying R ⊆ >P(M).
Then (weak) compatibility of R with M implies (weak) compatibility with a
monotone (n+1)-dimensional matrix interpretation over >wJ , where |J | = |I|+1,
J ⊆ {1, . . . , n+ 1}.

Proof. Assuming that M is (weakly) compatible with R, we show that Ψ(M)
is (weakly) compatible as well. To this end, we let J = {1} ∪ {x+ 1 | x ∈ I }
and reason as follows. By assumption, all interpretation functions of M are
monotone with respect to >wI , that is, for each matrix M ∈M, all column sums
of (M)I are at least one according to Lemma B.6. By construction of Ψ(M),
this implies that for each matrix M ′ ∈ Ψ(M), all column sums of (M ′)J are
also at least one. Hence, all interpretation functions of Ψ(M) are monotone
with respect to >wJ . As to compatibility of Ψ(M) with R, for any rule `→ r,
[γ]Ψ(M)(`) >

w
J [γ]Ψ(M)(r) holds for all variable assignments γ if and only if(

[β]P(M)(`)

[α]M(`)

)
>wJ

(
[β]P(M)(r)

[α]M(r)

)
holds for all variable assignments α and β (cf. Lemma B.15). By definition of >wJ ,
it remains to show that there is a weak decrease in every single component and
a strict decrease in some component with index j ∈ J . By compatibility of M
with R, we have [α]M(`) >wI [α]M(r) for all assignments α, which immediately
establishes the latter requirement and, together with the assumptionR ⊆ >P(M),
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also the former. Similarly, weak compatibility of M with `→ r, asserting that
[α]M(`) >w [α]M(r) for all assignments α, and the fact that R ⊆ >P(M) imply(

[β]P(M)(`)

[α]M(`)

)
>w

(
[β]P(M)(r)

[α]M(r)

)
for all variable assignments α and β, which shows that Ψ(M) is weakly compat-
ible with `→ r.

Using Lemma B.18 we can replace the semantic condition R ⊆ >P(M) by a
(more familiar) syntactic condition.

Corollary B.20. Let R be a non-duplicating TRS. Then (weak) compatibility
of R with a monotone n-dimensional matrix interpretation over >wI , where
I ⊆ {1, . . . , n}, implies (weak) compatibility with a monotone (n+1)-dimensional
matrix interpretation over >wJ , where |J | = |I|+ 1, J ⊆ {1, . . . , n+ 1}.

Proof. Setting all the fi’s introduced by Ψ(M) to one, the condition R ⊆ >P(M)

becomes equivalent to R being non-duplicating according to Lemma B.18.

Example B.21. Consider the TRS R = { f(x) → g(h(x, x)), g(a) → f(a) }.
Termination can be established via the following compatible and monotone
2-dimensional matrix interpretation over >w{1}:

fM(~x) =

(
3 0
2 0

)
~x+

(
2
0

)
gM(~x) =

(
1 1
0 0

)
~x+

(
1
0

)
hM(~x, ~y) =

(
2 0
0 0

)
~x+

(
1 0
0 0

)
~y aM =

(
0
3

)
Moreover, the following linear polynomial interpretation orients all rules weakly:

fP(M)(x) = 2x gP(M)(x) = x hP(M)(x, y) = x+ y aP(M) = 0

Hence, by (the proof of) Lemma B.19, there exists a compatible monotone
matrix interpretation over >w{1,2} of dimension three.

Next we show that one can get rid of the precondition R ⊆ >P(M) in
Lemma B.19 by doubling the dimension of M.

Lemma B.22. Let R be a TRS. Then (weak) compatibility of R with a monotone
n-dimensional matrix interpretation over >wI , I ⊆ {1, . . . , n}, implies (weak)
compatibility with a monotone 2n-dimensional matrix interpretation over >wJ ,
where |J | = 2 · |I|, J ⊆ {1, . . . , 2n}.

In order to prove Lemma B.22, we introduce a construction that combines
two matrix interpretations M and N (not necessarily of the same dimension)
to a matrix interpretation Π(M,N ) as follows. Assuming M consists of inter-
pretation functions fM(~x1, . . . , ~xk) =

∑k
i=1 Fi~xi + ~f and N of interpretation

functions fN (~x1, . . . , ~xk) =
∑k

i=1 F̃i~xi + f̃ , the Π(M,N )-interpretation of each
k-ary function symbol f is

fΠ(M,N )(~x1, . . . , ~xk) =
k∑
i=1

(
Fi 0

0 F̃i

)
~xi +

(
~f

f̃

)
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Lemma B.23. Let t be an arbitrary term. Then for all variable assignments α
and β,

[γ]Π(M,N )(t) =

(
[α]M(t)
[β]N (t)

)
for the variable assignment γ(x) =

(
α(x)
β(x)

)
.

Proof. By induction on the structure of t.

Proof of Lemma B.22. Assuming that M is an n-dimensional matrix interpre-
tation over >wI (weakly) compatible with R, we show that Π(M,M) is (weakly)
compatible as well. To this end, we let J = I ∪ {x+ n | x ∈ I } and reason as
follows. By assumption, all interpretation functions of M are monotone with
respect to >wI , that is, for each matrix M ∈M, all column sums of (M)I are at
least one according to Lemma B.6. By construction of Π(M,M), this implies
that for each matrix M ′ ∈ Π(M,M), all column sums of (M ′)J are also at least
one. Hence, all interpretation functions of Π(M,M) are monotone with respect
to >wJ . As to compatibility of Π(M,M) with R, for any rewrite rule ` → r,
[γ]Π(M,M)(`) >

w
J [γ]Π(M,M)(r) holds for all variable assignments γ if and only if(

[α]M(`)
[β]M(`)

)
>wJ

(
[α]M(r)
[β]M(r)

)
holds for all variable assignments α and β (cf. Lemma B.23). But this follows
directly from compatibility ofM with R since [α]M(`) >wI [α]M(r) for all assign-
ments α. Similarly, weak compatibility ofM with R implies weak compatibility
of Π(M,M) with R.

Summarizing the above results, every TRS that can be proved terminating
(directly or incrementally) using matrix interpretations over >wI , for some index
set I, can also be proved terminating using matrix interpretations over >wJ , for
a larger index set J , at the expense of an increased dimension.

Next we elaborate on the converse of this statement. To this end, let us consider
some TRS R and a (weakly) compatible monotone matrix interpretation M
over >wI of dimension n, where |I| > 1, consisting of interpretation functions

fM(~x1, . . . , ~xk) =
∑k

i=1 Fi~xi+
~f for each k-ary function symbol f in the signature.

Our aim is to show that R is also (weakly) compatible with a monotone matrix
interpretation over >w{1} (or more generally, >wI for a singleton index set I),
albeit with a higher dimension.

First, we transform M into M′ := Ψ(M), which is in turn transformed into
M′′ := ΦP (M′) for P = I + U , where I is the identity matrix and U is all
zero except for the entries U1,i+1 = 1, for all i ∈ I. As P−1 = I − U is not
non-negative, we have to ensure well-definedness of M′′, that is, make sure that
all its matrices are non-negative. Now for any matrix (vector) M , PM is equal
to M except for the first row, which is the sum of the rows of M with indices in
{1} ∪ { i+ 1 | i ∈ I }. Hence,

P

(
fi 0
0 Fi

)
=

(
fi

∑
c∈I(Fi)c1 · · ·

∑
c∈I(Fi)cn

0 (Fi)−1 · · · (Fi)−n

)
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Multiplying this matrix by P−1 from the right has the effect of subtracting its
first column from the columns with indices in { i + 1 | i ∈ I }, thus replacing∑

c∈I(Fi)cj by
∑

c∈I(Fi)cj − fi for all indices j ∈ I in the above representation.
As these are the only entries that may eventually be negative,

∑
c∈I(Fi)cj−fi > 0

for all j ∈ I implies well-definedness of M′′. Note, however, that if all the fi’s
introduced by the transformation Ψ are one, then the latter condition is satisfied
without further ado because, by assumption, all interpretation functions of M
are monotone with respect to >wI ; hence, for all j ∈ I,

∑
c∈I(Fi)cj is at least

one according to Lemma B.6. Moreover, note that the top-left entry of each
matrix occurring inM′′ is positive since fi > 0. Consequently, all interpretation
functions of M′′ are monotone with respect to >w{1}.

As to (weak) compatibility of M′′ with R, let `→ r ∈ R be an arbitrary rule
in the variables x1, . . . , xm, let α be some variable assignment, and let [α]M(`) =
L1α(x1) + · · · + Lmα(xm) + ~̀ and [α]M(r) = R1α(x1) + · · · + Rmα(xm) + ~r.
Likewise, let [β]P(M)(`) = l1β(x1) + · · ·+ lmβ(xm), where l1, . . . , lm ∈ N, and

similarly for [β]P(M)(r). By (weak) compatibility ofM, we have ~̀ >wI ~r (~̀>w ~r)
and Li > Ri for i = 1, . . . ,m (cf. Lemma B.9). Moreover, by Lemmata B.13
and B.17,

[γ]M′′(`) =

m∑
i=1

P

(
li 0
0 Li

)
P−1γ(xi) + P

(
0
~̀

)
for γ : V → Nn+1, x 7→

(
β(x)
α(x)

)
Therefore, for . ∈ {>w{1},>

w}, [γ]M′′(`) . [γ]M′′(r) holds for all assignments γ if
and only if

P

(
0
~̀

)
. P

(
0
~r

)
and P

(
li − ri 0

0 Li −Ri

)
P−1 > 0

for i = 1, . . . ,m. The first condition follows directly from ~̀ >wI ~r (~̀ >w ~r)
and the shape of P . Concerning the second condition, we first rewrite the
corresponding matrix to(

li − ri
∑

c∈I(Li −Ri)c1 · · ·
∑

c∈I(Li −Ri)cn
0 (Li −Ri)−1 · · · (Li −Ri)−n

)
P−1

Using the fact that Li > Ri, the entire matrix is non-negative if and only if for
all i ∈ {1, . . . ,m}, li > ri and

∑
c∈I(Li −Ri)cj > li − ri for all j ∈ I.

Based on these observations, we establish the following lemma.

Lemma B.24. Let M be a monotone n-dimensional matrix interpretation
over >wI , where |I| > 1 for I ⊆ {1, . . . , n}, and let R be a TRS satisfying
R ⊆ >P(M). Moreover, assume that for each k-ary function symbol f , all
column sums of each (Fi)I are greater than or equal to fi for all i ∈ {1, . . . , k},
and that for each rule ` → r ∈ R, all column sums of each (Li −Ri)I are
greater than or equal to li − ri for all i ∈ {1, . . . ,m}. Then (weak) compatibility
of R with M implies (weak) compatibility with a monotone (n+ 1)-dimensional
matrix interpretation over >wJ , where |J | = 1 for J ⊆ {1, . . . , n+ 1}.
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Proof. By the reasoning presented above and by the fact that R ⊆ >P(M) holds
if and only if for each rule `→ r ∈ R, li > ri for all i ∈ {1, . . . ,m}, together with
the observation that the constraint ∀ j ∈ I :

∑
c∈I(Fi)cj − fi > 0 is equivalent

to all column sums of (Fi)I being greater than or equal to fi, and likewise for
the constraint ∀ j ∈ I :

∑
c∈I(Li −Ri)cj > li − ri.

Corollary B.25. Let M be a monotone n-dimensional matrix interpretation
over >wI , where |I| > 1 for I ⊆ {1, . . . , n}, and let R be a non-duplicating TRS.
Moreover, assume that for each `→ r ∈ R, all column sums of each (Li −Ri)I
are greater than or equal to li−ri for all i ∈ {1, . . . ,m}. Then (weak) compatibil-
ity of R withM implies (weak) compatibility with a monotone (n+1)-dimensional
matrix interpretation over >wJ , where |J | = 1 for J ⊆ {1, . . . , n+ 1}.

Proof. Setting all the fi’s introduced by Ψ(M) to one, the condition R ⊆ >P(M)

becomes equivalent to R being non-duplicating according to Lemma B.18.
Moreover, all column sums of each (Fi)I are greater than or equal to fi = 1
because all interpretation functions ofM are monotone with respect to >wI .

By restricting the class of non-duplicating TRSs further, we can get rid of the
condition that all column sums of (Li −Ri)I are greater than or equal to li− ri.

Corollary B.26. Let R be a TRS such that for all `→ r ∈ R, |`|x = |r|x for
all variables x. Then (weak) compatibility of R with a monotone n-dimensional
matrix interpretation over >wI , where |I| > 1 for I ⊆ {1, . . . , n}, implies (weak)
compatibility with a monotone (n+1)-dimensional matrix interpretation over >wJ ,
where |J | = 1 for J ⊆ {1, . . . , n+ 1}.

Proof. For each rewrite rule `→ r ∈ R, li − ri = 0 as li = |`|xi = |r|xi = ri.

Together with Corollary B.20, Corollary B.26 shows that for string rewriting
the various instances of matrix interpretations over >wI are all equivalent with
respect to termination proving power if there is no restriction on the dimension
of the matrices.

B.5 Matrix Interpretations and Non-weakly Decreasing
Orders

In this section, we investigate the usefulness of the orders >Σ, >`, >m and >I
(where I is a singleton set) introduced in Subsection B.2.2 for building monotone
matrix interpretations on top of them. As these orders originated from the orders
introduced in Definition B.1 by dropping the property of weak decreasingness,
each of them obviously subsumes its ancestor, e.g., >wΣ ⊂ >Σ, so that one is
tempted to believe that these more general base orders would induce more
powerful kinds of matrix interpretations. However, as already mentioned at the
end of Section B.3, an inclusion like >wΣ ⊂ >Σ does not necessarily propagate to
the corresponding notions of matrix interpretations because of the monotonicity
requirement all interpretation functions have to satisfy. Indeed, it turns out
that the monotonicity conditions with respect to >Σ, >`, >m and >I are
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much stronger than the ones associated with their respective weakly decreasing
counterparts, ultimately resulting in weaker notions of matrix interpretations.
In particular, we will see that monotone matrix interpretations over >I and >Σ

are equivalent to linear polynomial interpretations.

As already mentioned in Subsection B.2.2, all four orders are equal to >N
when the dimension n is one. Hence, matrix interpretations based on them are at
least as powerful as linear polynomial interpretations. Next we show that matrix
interpretations over >I and >Σ are no more powerful than linear polynomial
interpretations if monotonicity with respect to >I and >Σ is required. Since
matrix interpretations are invariant under permutations, we consider the index
set I = {1} without loss of any generality.

Lemma B.27. Let f(~x1, . . . , ~xk) =
∑k

i=1 Fi~xi + ~f with F1, . . . , Fk ∈ Nn×n and
~f ∈ Nn. Then f(~x1, . . . , ~xk) is monotone with respect to >{1} if and only if for
each Fi, i = 1, . . . , k, (Fi)11 > 1 and (Fi)12 = · · · = (Fi)1n = 0.

Proof. Let ~x1, . . . , ~xk and ~y be arbitrary vectors in Nn such that ~xi >{1} ~y for
some argument position i ∈ {1, . . . , k}. Then f(. . . , ~xi, . . . ) >{1} f(. . . , ~y, . . . )
holds if and only if Fi ~xi >{1} Fi ~y, which is equivalent to Fi (~xi − ~y) >{1} 0. By
definition of >{1}, this holds if and only if the first component of Fi (~xi − ~y) is
positive, that is,

∑n
j=1 (Fi)1j (~xi − ~y)j >N 0 (for all ~xi and ~y ∈ Nn). Obviously,

the conditions (Fi)11 > 1 and (Fi)12 = · · · = (Fi)1n = 0 are sufficient for this.
However, they are also necessary because if (Fi)11 = 0, then we have ~xi >{1} ~y

for ~xi = (1, 0, . . . , 0)T and ~y = 0 but
∑n

j=1(Fi)1j (~xi − ~y)j = 0 6>N 0. Similarly,

if (Fi)1j′ > 0 for some j′ ∈ {2, . . . , n}, then let ~xi = (1, 0, . . . , 0)T and let ~y be
zero everywhere except for its j′-th component, which we set to (Fi)11. Again,
we have ~xi >{1} ~y but

∑n
j=1(Fi)1j (~xi − ~y)j = (Fi)11(1− (Fi)1j′) 6>N 0.

Intuitively, this means that the first component of a function application
f(~x1, . . . , ~xk) only depends on the respective first components of its arguments,
not on the other components. Based on this observation and the fact that for
comparisons with >{1} only the first components matter, we associate the fol-
lowing linear polynomial interpretation P with a given matrix interpretationM
over >{1}. For each k-ary function symbol f , if fM(~x1, . . . , ~xk) =

∑k
i=1 Fi~xi+

~f is
its interpretation inM, with all matrices satisfying the conditions of Lemma B.27,
then we define its P-interpretation as fP(x1, . . . , xk) =

∑k
i=1(Fi)11 xi + (~f)1,

which is monotone with respect to >N and >N since (Fi)11 > 1. (So (P, >N,>N)
is an extended monotone algebra.) By construction, the P-interpretation of an
arbitrary term coincides with the first component of its M-interpretation. The
straightforward induction proof is omitted.

Lemma B.28. Let M be a monotone matrix interpretation over >{1} of
dimension n, P the associated linear polynomial interpretation as described
above and t an arbitrary term. Then for any variable assignment α : V → Nn,
π1([α]M(t)) = [π1 ◦α]P(t), where π1 projects a vector to its first component.

Therefore, any rewrite rule ` → r that is (weakly) compatible with M, is
also (weakly) compatible with P (since π1 ◦ α covers all assignments V → N),
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which shows that monotone matrix interpretations over >{1} (>I) are no more
powerful than linear polynomial interpretations. The following lemma states
that this is also the case for monotone matrix interpretations over >Σ.

Lemma B.29. Let f(~x1, . . . , ~xk) =
∑k

i=1 Fi~xi + ~f with F1, . . . , Fk ∈ Nn×n and
~f ∈ Nn. Then f(~x1, . . . , ~xk) is monotone with respect to >Σ if and only if for
each Fi, i = 1, . . . , k, all column sums are equal and at least one.

Proof. According to Lemma B.3, we have >wΣ = >wI for I = {1, . . . , n}. Due
to >wΣ ⊆ >Σ and the monotonicity of f with respect to >w, monotonicity
of f with respect to >Σ implies monotonicity with respect to >wΣ. Hence, the
condition that all column sums are at least one is a necessary condition according
to Lemma B.6. Next we show that equality of all column sums is necessary,
too. Assume to the contrary that some matrix Fi, i ∈ {1, . . . , k}, has two
columns with a differing column sum. Without loss of generality, let j and j′

be the corresponding column indices such that the sum sj of (Fi)−j is greater
than the sum sj′ of (Fi)−j′ . Then let ~xi be zero everywhere except for its j′-th
component, which we set to sj , and let ~y be zero everywhere except for its
j-th component, which we set to sj′ . As a consequence, we have ~xi >Σ ~y but
f(. . . , 0, ~xi, 0, . . . ) 6>Σ f(. . . , 0, ~y, 0, . . . ).

Sufficiency of the conditions follows by the following chain of reasoning.
Assuming that the column sums of each matrix are equal and at least one,
~xi >Σ ~y implies Fi ~xi >Σ Fi ~y because for any vector ~v = (v1, . . . , vn)T ∈ Nn,

n∑
j=1

(Fi ~v)j = v1

n∑
j=1

(Fi)j1 + · · ·+ vn

n∑
j=1

(Fi)jn =

 n∑
j=1

vj

 ·
 n∑
j=1

(Fi)j1


Finally, f(. . . , ~xi, . . . ) >Σ f(. . . , ~y, . . . ) follows from Fi ~xi >Σ Fi ~y by adding
equal vectors to both sides of the inequality.

In analogy to the treatment of matrix interpretations over >{1}, given an
n-dimensional matrix interpretation M over >Σ, we again associate a linear
polynomial interpretation P withM as follows. For each k-ary function symbol f ,
if fM(~x1, . . . , ~xk) =

∑k
i=1 Fi~xi + ~f is its interpretation in M, with all matrices

satisfying the conditions of Lemma B.29, then its P-interpretation is defined
as fP(x1, . . . , xk) =

∑k
i=1 F

Σ
i xi +

∑n
j=1(~f)j , where FΣ

i denotes the column sum
of Fi, which is equal for all columns of Fi and at least one. (So (P, >N,>N) is
an extended monotone algebra.) By construction, the P-interpretation of an
arbitrary term coincides with the sum of the components of itsM-interpretation.
(Again, the straightforward induction proof is omitted.)

Lemma B.30. Let M be a monotone matrix interpretation over >Σ of dimen-
sion n, P the associated linear polynomial interpretation as described above,
and t an arbitrary term. Then for any variable assignment α : V → Nn,∑n

j=1 ([α]M(t))j = [α′]P(t), where α′(x) =
∑n

j=1(α(x))j for all x ∈ V.

As a consequence, if a rewrite rule `→ r is (weakly) compatible withM, then
it is also (weakly) compatible with P (since α′ covers all assignments V → N),
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which shows that monotone matrix interpretations over >Σ are no more powerful
than linear polynomial interpretations.

Finally, concerning monotone matrix interpretations over >m and >`, the
situation is similar as for >Σ and >I . That is to say that the respective
monotonicity conditions are too strong, thus reducing the set of potential
interpretation functions down to a size that renders matrix interpretations
over >m and >` useless. For example, one can show that for monotonicity of a
function A~x+~b with respect to >m, it is necessary that the matrix A satisfies
the conditions of Lemma B.29, that is, all column sums of A must be equal
and at least one; e.g. by considering vectors ~x and ~y such that all components
of ~y are equal to some y ∈ N and ~x is zero everywhere except for its j-th
component, j ∈ {1, . . . , n}, which contains the value y + 1. Similarly, one can
show that for monotonicity of A~x+~b with respect to >`, it is necessary that all
column vectors of A are non-zero and have the same (Euclidean) length; e.g.,
for dimension two and higher, by considering vectors ~x = (y∓ 1, y± 1, 0, . . . , 0)T

and ~y = (y, y, 0, . . . , 0)T, where y ∈ N \ {0}. However, these conditions are not
sufficient. Even if A is the identity matrix, A~x+~b is not necessarily monotone
with respect to >`.

B.6 Improved Matrix Interpretations

According to the results presented in Section B.4, when considering monotone
matrix interpretations over>wI , then for any index set I there exists a larger index
set J such that matrix interpretations over >wJ subsume matrix interpretations
over >wI if one does not impose a restriction on the dimension of the matrices. In
practice, however, due to computational restrictions the dimension is limited. But
then the various instances of matrix interpretations over >wI are incomparable as
witnessed by Example B.11 and by the experiments we performed. Therefore, an
implementation should try all instances (cf. also [17]). Apart from parallelization,
one could try to combine the constraints associated with each instance into
a single disjunctive constraint and let the constraint solver figure out which
instance to pursue. This approach was chosen in [17]. However, according to our
experiments, it does not yield an efficient implementation (cf. the experimental
results below). Therefore, we propose a different approach, which generalizes
traditional matrix interpretations.

Given some signature F , we define an F-algebra M with carrier Nn, where
each k-ary function symbol f ∈ F is interpreted by a linear function as in
Definition B.7. Concerning monotonicity, we demand that

• all functions are monotone with respect to >wI1 , or

• all functions are monotone with respect to >wI2 , or
...

• all functions are monotone with respect to >wIn .

(This is meant to be a single disjunctive constraint involving the conditions
given in Lemma B.6.) Compatibility with a given TRS R is established by
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Table B.1: Experimental results for various matrix interpretations.

dimension 2 # bits SCORE

>wI1 3 242

>wI2 3 247

>ext
{1} 3 254

[17] 3 250

dimension 3 # bits SCORE

>wI1 2|3 266|285

>wI2 2|3 252|264

>wI3 2|3 249|269

>ext
{1} 2|3 276|287

[17] 2|3 267|270

demanding that for each rewrite rule ` → r ∈ R, [α]M(`) >wI1 [α]M(r) for all
variable assignments α, i.e., every rewrite rule gives rise to a strict decrease in
the first components of the vectors associated with it. Weak compatibility is
established in the usual way (using the order >w).

Clearly, if all interpretation functions ofM are monotone with respect to >wI1 ,
then M corresponds to a traditional matrix interpretation [20]. More generally,
M always is a monotone matrix interpretation over >wId , d ∈ {1, . . . , n}, in the
sense of Definition B.7 because of the inclusions >wI1 ⊂ >

w
I2 ⊂ · · · ⊂ >

w
In .

Next we provide some experimental data. We implemented the variants of
matrix interpretations considered in this appendix in the termination prover
TTT2 [41] and analyzed their performance on TPDB [72] version 7.0.2. All tests
have been performed on a laptop equipped with 2 GB of main memory and
one dual-core INTEL R© Core 2 Duo T7500 processor running at a clock rate
of 2.2 GHz with a time limit of 60 seconds per system.1

Table B.1 summarizes our results for establishing direct termination (using
monotone matrix interpretations that are (strictly) compatible with all rules of
a given TRS). We searched for matrix interpretations of dimensions two and
three by encoding the constraints as an SMT problem (quantifier-free non-linear
arithmetic), which is solved by bit-blasting. The table lists the number of bits
used to represent matrix/vector coefficients, the number of bits for intermediate
results is one higher than that. The entry >ext

{1} in the first column refers to

the notion of matrix interpretations presented above, whereas the entry [17]
refers to the approach proposed in [17]. For the experiments presented in the
table the time limit was hardly ever consumed. Typically, a termination proof
is obtained in about 2 (5) seconds for dimension 2 (3). For dimensions 4 and
higher, however, there are many more timeouts, resulting in inferior performance
scores; e.g., for matrix interpretations over >wI1 of dimension 4 (with 3 bits) one
loses more than 40 of the 285 systems for dimension 3.

B.7 Conclusion and Future Work

In this appendix, we studied various alternative well-founded orders on vectors of
natural numbers based on vector norms. Most of them turned out to be equivalent

1For full details see http://colo6-c703.uibk.ac.at/ttt2/fn/matrix/.
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to or subsumed by an instance of >wI , an order which already appeared in [17].
In this respect, our main contribution are the theoretical comparisons presented
in Section B.4, as well as the variant of matrix interpretations introduced in
Section B.6. We do note, however, that the situation is quite different when
switching from the natural numbers to the rationals and reals. Then it is not
the case anymore that almost all of the orders of Section B.2 (suitably adapted)
are equivalent. In particular, one could imagine interpretation functions, all of
whose matrices have entries less than one, but which are still monotone. We
leave this issue for the near future.

We also plan to investigate the ramifications of the kinds of matrix interpreta-
tions proposed in this appendix with respect to recent results on the derivational
complexity of TRSs [59] (cf. also Chapter 7). For example, if a matrix has a
diagonal of all zeros, then its trace, the sum of the diagonal entries, is also zero.
As the trace of a matrix is the sum of its eigenvalues, which have been shown to
be the determining factor for the derivational complexity of TRSs, a lower trace
might be beneficial in this context.

In the near future work we will address alternative matrix interpretations in
the context of the DP framework, where it suffices to consider weakly monotone
algebras (cf. Definition 1.4). Based on the results of the previous sections, the
following instances of a weakly monotone algebra (Nn, >,&), where & = >w and
(1) > = >wI for I = {1, . . . , n}, (2) > = >Σ, (3) > = >m, or (4) > = >` need
to be considered. As to the first instance, we note that > is the strict part of &
according to Lemma B.3. Yet this case was already considered in [20], apart from
a refinement that reduces the search space in an implementation. Moreover,
by Corollary B.5, no other weakly decreasing orders need to be considered
for >. However, observing that weak decreasingness is not really needed to
obtain a weakly monotone algebra, one might as well drop it, thus obtaining
a weakly monotone algebra, where > = >Σ (instance (2) above), which is a
proper generalization of the first one since >wI = >wΣ ⊂ >Σ (cf. Lemma B.3).
Similarly, one can use the non-weakly decreasing orders >m and >` to obtain
other instances of weakly monotone algebras. They are all incomparable since
the orders >Σ, >m and >` are incomparable.
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