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Abstract

Logically constrained term rewriting is a relatively new rewriting
formalism that naturally supports built-in data structures, such as
integers and bit vectors. In the analysis of logically constrained
term rewrite systems (LCTRSs), rewriting constrained terms plays
a crucial role. However, this combines rewrite rule applications
and equivalence transformations in a closely intertwined way.
This intertwining makes it difficult to establish useful theoreti-
cal properties for this kind of rewriting and causes problems in
implementations—namely, that impractically large search spaces
are often required. To address this issue, we propose in this paper a
novel notion of most general constrained rewriting, which operates
on existentially constrained terms, a concept recently introduced by
the authors. We define a class of left-linear, left-value-free LCTRSs
that are general enough to simulate all left-linear LCTRSs and ex-
hibit the desired key property: most general constrained rewriting
commutes with equivalence. This property ensures that equiva-
lence transformations can be deferred until after the application of
rewrite rules, which helps mitigate the issue of large search spaces
in implementations. In addition to that, we show that the original
rewriting formalism on constrained terms can be embedded into
our new rewriting formalism on existentially constrained terms.
Thus, our results are expected to have significant implications for
achieving correct and efficient implementations in tools operating
on LCTRSs.
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1 Introduction

The basic formalism of term rewriting is a purely syntactic compu-
tational model; due to its simplicity, it is one of the most extensively
studied computational models. However, precisely because of this
simplicity, it is often not suitable for applications that arise in practi-
cal areas, such as in programming languages, formal specifications,
etc. One of the main issues of term rewriting and its real-world
applications is that the basic formalism lacks painless treatment of
built-in data structures, such as integers, bit vectors, etc.

Logically constrained term rewriting [7] is a relatively new ex-
tension of term rewriting that intends to overcome such weaknesses
of the basic formalism, while keeping succinctness for theoretical
analysis as a computational model. Rewrite rules, that are used
to model computations, in logically constrained term rewrite sys-
tems (LCTRSs) are equipped with constraints over some arbitrary
theory, e.g., linear integer arithmetic. Built-in data structures are
represented via the satisfiability of constraints within a respective
theory. Implementations in LCTRS tools are then able to check
these constraints using SMT-solvers and therefore benefit from re-
cent advances in the area of checking satisfiability modulo theories.
Recent progress on the LCTRS formalism was for example made
in confluence analysis [13, 15], (non-)termination analysis [5, 10],
completion [18], rewriting induction [3, 8], algebraic semantics [1],
and complexity analysis [19].

During the analysis of LCTRSs, not only rewriting of terms but
also rewriting of constrained terms, called constrained rewriting,
is frequently used. Here, a constrained term consists of a term and
a constraint, which restricts the possibilities in which the term
is instantiated. For example, f(x) [x > 2] is a constrained term
(in LCTRS notation) which can be intuitively considered as a set
of terms {f(x) | x > 2}. Constrained rewriting is an integral
part of many different analysis techniques. For example, in finding
a specific joining sequence in confluence analysis you need to
deal with two terms under a shared constraint, which results in
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working on constrained terms. In rewriting induction, rewriting of
constrained terms is used for several of its inference steps.
Unfortunately, supporting constrained rewriting completely for
LCTRSs is far from practical, as it involves heavy non-determinism.
The situation gets even worse as it is also equipped with equivalence
transformations before (and/or after) each rewrite step.

Example 1.1. Consider the rewrite rule p: f(x) — g(y) [x >
1Ax+ 1> y| and a constrained term f(x) [x > 2]. Because,
for any x > 2, the instantiation y := 3 satisfies the constraint
x 2 1A x+ 12> y of the rewrite rule, we obtain a rewrite step

f(x) [x > 2] =, g(3) [x > 2].

It is also possible to apply the following rewrite step, because the
instantiation y := x satisfies the constraint:

f(x) [x > 2] —, glx) [x > 2]

Actually, by using equivalence transformations (denoted by ~),
different variations of rewrite steps are possible, e.g.:

f(x) [x>2] ~ f(x) [x>2A0>y]
—,8(y) [x>2A0>y]
~ g(y) [0>y]

Note that the resulting constrained terms are often not equivalent,
eg g(3) [x > 2] » g(x) [x >2].as {g(3) } # {g(x) | x > 2}.

The question may arise whether restricting to rewriting with-
out equivalence transformations is a good idea. However, it turns
out that for some natural computations, we need an equivalence
transformation prior to the actual rewrite step:

Example 1.2. Consider the rewrite rule p: h(x,y) — g(z) [ (x +
y)+1 = z] and a constrained term h(x,y) [ x < y]. Itis not possible
to take any concrete value or variable of x, y for z, and hence the
constrained term using the rule p cannot be rewritten. However,
after the equivalence transformation, the rule becomes applicable:

h(x,y) [x <y] ~ h(xy) [x <yAx+y+1=2z]
—,8(@) [x<yAx+y+1=z]

Clearly, it is not feasible to support the full strength of such an
equivalence relation in an implementation.

In this paper, we introduce a novel notion of most general con-
strained rewriting, which operates on existentially constrained
terms, a concept recently introduced by the authors [16]. As seen in
the example above, a key source of confusion is that the rewrite step
heavily relies on variables in the constraint that do not appear in
the term itself. The existentially constrained terms distinguish vari-
ables that appear solely in the constraint but not in the term itself
by using existential quantifiers. Variables appearing only within
the constraint are naturally not allowed to appear in any reduction
of a term as they are bound to the scope of the constraint. It turns
out that this novel way of rewriting covers the “most general part”
of the original rewrite relation, which in practice usually suffices
for the analysis of LCTRSs.

Additionally, it fulfills not only a form of uniqueness of reducts
but also the commutation property of rewrite steps and equivalence
transformations. These features are not supported by the original
rewrite relation. The latter property about commutation is very
important from an implementation perspective, because as a result
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one can move intermediate equivalence transformations in rewrite
sequences to the end of the sequence. This property reduces huge
search spaces for the computations of rewrite sequences. Coinci-
dentally, LCTRS tools such as Ctrl [9], Crisys [4], and crest [14, 15]
already implement similar approaches to deal with constrained
rewriting. However, this has not formally been defined so far. Our
results guarantee the correctness of the approaches in these imple-
mentations and provide the foundation for their correctness.

The remainder of the paper is organized as follows. After pre-
senting the necessary background in Section 2, we introduce most
general rewrite steps and prove its well-definedness in Section 3.
In Sections 4 and 5 we focus on the relation between our new for-
malism of constrained rewriting and the current state-of-the-art.
Then in Section 6, we show two useful properties of most general
rewriting: uniqueness of reducts and commutation between rewrite
steps and equivalence transformations on pattern-general existen-
tially constrained terms. Subsequently we introduce left-value-free
rules [6] within our setting and discuss their rewriting behavior in
Section 7. In Section 8 we show a general commutation theorem
between rewrite steps using left-value-free rules and the equiva-
lence transformation. Before we conclude in Section 10, we discuss
some related work in Section 9.

2 Preliminaries

In this section, we briefly recall the basic notions of LCTRSs [1,
7,13, 15] and fix additional notations used throughout this paper.
Familiarity with the basic notions of term rewriting is assumed (e.g.
see [2, 11]).

Logically Constrained Terms. Our signature consists of a set S
of sorts and a set ¥ of function symbols, where each f € F is
attached with its sort declaration f: 7y X - -+ X 7, = 9. As in [1],
we assume that these sets can be partitioned into two disjoint sets,
ie,S =8 WS and F = Fip W Fre, where each f: 7y X+ - - X1, —
70 € Fin satisfies 7; € Sy, for all 0 < i < n. Elements of Sy,
(Fin) and Ste (Fre) are called theory sorts (symbols) and term sorts
(symbols). The sets of variables and terms are denoted by V' and
T (F,V). We assume a special sort Bool € Sy, and call the terms
in 7 (Fh, V)8! logical constraints. We denote the set of variables
appearing in terms fy, . . ., t, by V(#1, .. ., t,). Sometimes sequences
of variables and terms are written as ¥ and . The set of variables
occurring in X is denoted by {X }. The set of sequences of elements
of a set T is denoted by T*, such that ¥ € V*.

The set of positions in a term ¢ is denoted by Pos(t). The symbol
and subterm occurring at a position p € Pos(t) is denoted by
t(p) and t|,, respectively. For U € F U V, we write Posy (1) =
{p € Pos(t) | t(p) € U} for positions with symbols in U. A term
obtained from ¢ by replacing subterms at positions py, ..., p, by
the terms i, ..., t,, having the same sort as t,,, ..., t|p,, is written
ast[ty,...,tnlp,,..p, OF just t[ty,..., t,] when no confusions arises.
Sometimes we consider an expression obtained by replacing those
subterms t|p,,...,t|, in t by holes of the same sorts, which is
called a multihole context and denoted by ¢[ |,,,...p,-

A sort-preserving function o from V to 7 (F,V) is called a
substitution, where it is identified with its homomorphic extension
o: T(F,V) = T(F,V). The domain of a substitution o is given
by Dom(o) = {x € V | x # o(x) }. A substitution o is written
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aso: U —» Tif Dom(c) CUand o(U) = {o(x) | x e U} C T.
For a set U C “V, a substitution oy is given by o|y(x) = o(x)
if x € U and o|y(x) = x otherwise. For substitutions o1, o3 such
that Dom(o1) N Dom(o;) = @, the substitution oy U o3, is given by
(01Ua3) (x) = 0i(x) if x € Dom(o;) and (01Uoz) (x) = x otherwise.
A substitution o: {x1,...,x,} = {#1,...,t, } such that o(x;) = t;
is denoted by {x; ¥ t1,...,x, > t, }; for brevity sometimes we
write just {J? — } A bijective substitution o: V — YV is called a
renaming, and its inverse is denoted by o1,

A model over a sorted signature (S, Fn) consists of the two
interpretations 7 for sorts and J for function symbols such that
I (7) is a non-empty set of values and J assigns any function
symbol f: 71 X --- X 1, = 19 € Fipp to a function J(f): I (1) X
<o+ X I (1) = I(19). We assume a fixed model M = (7, J) over
the sorted signature (S, Ftn) such that any element a € 7 (1)
appears as a constant a” in . These constants are called values
and the set of all values is denoted by Val. For a term ¢, we define
Val(t) = {t(p) | p € Posya(t)} and for a substitution y, we
define VDom(y) = {x € V | y(x) € Val}. Throughout this
paper we assume the standard interpretation for the sort Bool € Sy,
namely 7 (Bool) = B = {true, false }, and the existence of necessary
standard theory function symbols such as =, A, =, =, etc.

A valuation p on the model M = (7, J) is a mapping that
assigns any x” € V with p(x) € 7 (7). The interpretation of a term
t in the model M over the valuation p is denoted by [[¢] 5 ,. For a
logical constraint ¢ and a valuation p over the model M, we write
Emp @ if [@] g1, = true, and Fpq ¢ if Fpq ) @ for all valuations p.
For X C V, a substitution y is said to be X-valued if y(X) € Val.
We write y Fpq ¢ (and say y respects ¢) if the substitution y is
Var(¢)-valued (or equivalently, Var(¢) € VDom(y), as well as
y(Var(p)) € Val) and £ p( ¢y. If no confusion arises then we drop
the subscript M in these notations.

Rewriting Logically Constrained Terms. The main focus in this
paper lies on rewriting constrained terms, hence we focus solely on
introducing this concept. A constrained term is a tuple of a term s
and a logical constraint ¢ written as s [ ¢ ]. Two constrained terms
s [@], t [¥] are equivalent, written as s [@] ~ ¢ [¢], if for all
substitutions o with o k ¢ there exists a substitution y with y £ ¢
such that so = ty, and vice versa.

A constrained rewrite rule is a triple £ — r [ ¢ ] of terms ¢, r with
the same sort, and a logical constraint ¢. The set of logical variables
of the rule is given by LVar(f — r [¢]) = (Var(r) \ Var(¢)) U
Var(p). A logically constrained term rewrite system (LCTRS, for
short) consists of a signature ¥ = (Stp W Ste, Fth ¥ Fre), a model M
over X, = (Sth, Fth) (Which induces the set Val C 7y, of values)
and a set R of constrained rewrite rules over the signature X.

Consider a constrained term s [ ¢ ] with a satisfiable logical con-
straint. Let £ — r [{/] be a constrained rewrite rule. If there exists
a position p € Pos#(s), a substitution o with o = s|,, o(x) €
ValU Var(p) forall x € LVar(f — r [¢]),and Ep ¢ = Yo,
then we have the rewrite step s [¢ ] — s[ro], [ ¢]. The full rewrite
relation = on constrained terms is defined by = = ~ - — - ~.
In [15], it is shown that calculation steps defined in [7] can be in-
tegrated into this rewrite relation by using the constrained rules
Rea = {f(x1eevin) = y [y = fGreeeeaxn)] | £ € Fin \ Val),

including some additional initial ~-steps.
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Existentially Constrained Terms and Their Equivalence. We now
explain existentially constrained terms and characterization of their
equivalence based on [16].

An existential constraint is a pair (¥, ¢) of a sequence of vari-
ables X and a constraint ¢, written as 3X. ¢, such that {¥} C
“Var(¢). The sets of free and bound variables of 3X. ¢ are given
by FVar(3x. ¢) = Var(p) \ {¥} and BVar(3x. ¢) = {X}. We
write E A, 3X. ¢ if there exists ¥ € Val” such that k 5, ¢k, where
k = {X — U}. An existential constraint 3X. ¢ is said to be valid,
written as k¢ 3X. ¢, if ko, 3X. ¢ for any valuation p. An exis-
tential constraint 3X. ¢ is said to be satisfiable if £ p1, 3X. ¢ for
some valuation p. For any substitution o, we write o F 5¢ 3X. ¢ (and
say o respects 3X. ¢) if o(FVar(3x. ¢)) C Val and Epq (3X. ¢)o.
An existentially constrained term is a triple (X, s, 3X. ¢), written
as [1X. s [3X. ¢], of a set X of variables, a term s, and an exis-
tential constraint 3X. ¢ such that F#Var(3x. ¢) € X C Var(s)
and BVar(3X. ¢) N Var(s) = @. Variables in X are called logi-
cal variables (of TIX. s [3X. ¢]). An existentially constrained term
IIX. s [3X. ¢] is said to be satisfiable if 3X. ¢ is satisfiable. An
existentially constrained term I1X. s [ 3X. ¢ ] is said to be subsumed
by an existentially constrained term I1Y. t [3y. ¢/], denoted by
IX.s [3X. ] S OY. ¢t [Ty. ¢], if for all X-valued substitutions
o with o Epq 3X. ¢ there exists a Y-valued substitution y with
Y Em Jy. ¢ such that so = ty. Existentially constrained terms
X.s [3X. @], Y. ¢ [Ty. ¢] are said to be equivalent, denoted by
OX.s [3%. @] ~TOY.t [Ty ¢],if IX.s [3X. @] SOY. ¢ [Tf. ]
and I1X. s [3X. ¢] 2 IY. ¢t [Ty. ¢]. Throughout this paper, we
will use three characterizations of equivalence for existentially
constrained terms, presented in [16]. The first one covers variants
under renaming.

PROPOSITION 2.1 ([16]). Let & be a renaming. Let I1X. s [3X. ¢],
IY. t [3y. ] be satisfiable existentially constrained terms such that
s6 = t. Then, IX. s [3X. ] ~ IIY. ¢ [Ty. ¢] if 6(X) = Y and
Em (3X. 9)5 © (34. ¢).

The second one considers those that are pattern-general, where
an existentially constrained term I1X. s [ 3X. ¢] is pattern-general
if s is X-linear and Val(s) = @ [16]. Any existentially constrained
term can be translated to equivalent pattern-general existentially
constrained term by the following translation: PG(IIX. s [3X. ¢ ]) =
Y. t [3§. ] where t = s[wi,..., Wn]p,,..p, With Posxywpai(s) =

{p1,...,pn} and pairwise distinct fresh variables wy,...,w,, Y =
{wi.wn b {7} ={X}U X, and ¥ = (¢ A AL (slp; = wi)).

ProrosiTioN 2.2 ([16]). Let IIX. s [3X. ¢, 1IY. ¢t [Ty. ¢] be
satisfiable pattern-general existentially constrained terms. Then, we
have I1X. s [3X. ¢] ~ TOY. t [Ty. ] iff there exists a renaming p
such thatsp =t, p(X) =Y, andep (3X. 90)p © (Ty. ).

The last characterization does not impose any restriction on
the existentially constrained terms. In order to present this, we
need a couple of notions and results from [16]. Let I[1X. s [3X. ¢ ]
be an existentially constrained term. Then, we define a binary re-
lation ~pos, .. (s) Over the positions in Posxyyal(s) as follows:
P ~Posxuya(s) AU Ep ((3X. 9) = s|p = slg). Then, ~posy o (5)
is an equivalence relation over the positions in Posxy« 4 (s). The
equivalence class of a position p € Posxuwal(s) WLt ~Posy 4 (s)

is denoted by [p] ~Possirpal(5)° If it is clear from the context then we
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may simply denote it by [p].. We further denote the representa-
tive of [p]. by p. Let IIX. s [ 3X. ¢ ] be a satisfiable existentially
constrained term. We define Pos,i(s) = {p € Posxuyal(s) |
there exists v € Val such that £y ((3X. ¢) = (s, = v))}.
For each p € Posy,(s), there exists a unique value v such that
M e (3X. ¢) = (s|, = v) [16]; we denote such a v by Val!(p).
We then define a representative substitution yix : X — X U Val of
I1X. s [3X. ¢] as follows:

Vall(p) if s(p) =z for some p € Posq,(s),
px(z) =

s(p) otherwise,
where p is the representative of the equivalence class [p]-.

PrOPOSITION 2.3 ([16]). Let IIX. s [3xX. @], 1IY. ¢t [Ty. ¥/] be
satisfiable existentially constrained terms. Then, [1X. s [3X. ¢] ~
IY. ¢ [3y. ] iff the following statements hold:

(1) Posxuval(s) =Posyuval(t) (= {p1,....pn}),
(2) there exists a renaming p: Var(s) \ X — Var(t) \ Y such

(3) foranyi,j € {1,....n}, p (3X. @) = (slp; = slp;) iff
Em (3. 9) = (tlp; = tlp)),

(4) foranyie {1,...,n} andov € Val,kp (3X. 9) = (s]p, =0)
iffem (34. ¢) = (tlp, =0), and

(5) let ~ = ~posyipu(s) = ~Posxuya (), and pix, iy be repre-
sentative substitutions of IIX. s [3X. ¢] and I1Y. ¢ [3y. ¥'],
respectively, based on the same representative for each equiv-
alence class [p;]. (1 < i< n), 0 ={{slp;tlp;) | 1 <i<n},
X=XnX,andY = Y NY. Then, k5 (3% P)uxbl; &
(37. ¥)uy, with the renaming 0]z : X — Y.

3 Most General Constrained Rewriting

In this section, we present the definition of most general rewriting
and prove its well-definedness. Furthermore, we also show some
properties needed in later sections.

We start by devising the notion of constrained rewrite rules
tailored to our needs. Similar to constrained equations [1], we
attach the respective set of logical variables explicitly to constrained
rewrite rules. Previously to this, rewriting relied heavily on the
notion of logical variables (LVar(...)) for this.

Definition 3.1 (Constrained Rewrite Rule). A constrained rewrite
rule is a quadruple of two terms #, r, a set of variables Z and a
logical constraint 7, written as I[1Z. £ — r [ ], where £ and r are of
the same sort and Z satisfies (Var(r) \ Var(¢£)) U Var(x) C Z C
“Var(¢,r, 7). When no confusion arises, we abbreviate constrained
rewrite rules by constrained rules or just rules; sometimes we attach
alabel toit, as p: IIZ. ¢ — r [x], in order to ease referencing it.
Let p: IIZ. £ — r [ ] be a constrained rule. Then, p is left-linear
if £ is linear; the set of extra-variables of p is given by ExVar(p) =
Var(r) \ Var(£)!.

It follows naturally, that a constrained rule £ — r [ ¢ ] as defined
previously can easily be transformed into IIX. £ — r [ ¢] by taking
X =LVar(t = r[¢]) (=Var(nr)U(Var(r)\ Var(f))). We also
do not impose the constraint £|¢ € Fi. as it is done in [7], in order
to deal with calculation steps via rule steps as in [15].

Do not confuse the notation ExVar(p) with EVar(p) = Var(r) \ (Var(£) U
“Var(r)) from [13, 15].
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Example 3.2. For example, IT{x, y}. f(x) — g(y) [x > 1] and
II{x}. h(x,y) — g(y) [x > 1] are constrained rewrite rules. How-
ever, none of these are: II{x, y, z}. f(x) — g(y) [x > 1] (z does not
appear in Var(f(x),g(y),x = 1)) and I{x}. f(x) — g(y) [x > 1]
(y € Var(r) \ Var(¢) does not appear in {x }). The rewrite rule
p:f(x) = g(y) [x > 1 Ax+ 1> y] in Theorem 1.1 is written as
I{x,y}. f(x) > gly) [x = TAx+12>y].

It turns out that certain complications arise if we deal with
non-left-linear rules, hence in the following we consider only left-
linear constrained rules and leave the extension to non-left-linear rules
for future work. Before presenting the definition of most general
constrained rewrite steps, we introduce the notion of p-redex for a
rule p.

Definition 3.3 (p-Redex). Let IIX. s [3X. ¢ ] be a satisfiable ex-
istentially constrained term. Suppose that p: IIZ. ¢ — r [x] is
a left-linear constrained rule satisfying Var(p) N Var(s, ¢) = @.
We say I1X. s [3X. ¢] has a p-redex at position p € Pos(s) using
substitution y if the following is satisfied: (1.) Dom(y) = Var(¢),
(2)slp =2y, (3.) y(x) € ValUX forall x € Var(f) N Z, and (4.)
Em (3X. ¢) = (3z. my), where {Z} = Var(rn) \ Var(¢).

Example 3.4. Consider a constrained rule p: II{x’,y" }. f(x") —
g(y’) [x" = 0Ay’ > x”]. The constrained term IT{x }. f(x) [x > 0]
has a p-redex at the root position using the substitution y = {x"

x}.

Definition 3.5 (Most General Rewrite Steps for Constrained Terms).
Let I1X. s [3X. ¢] be a satisfiable existentially constrained term.
Suppose that p: I1Z. ¢ — r [ ] is a left-linear constrained rule satis-
fying Var(p)NVar(s, ¢) = @. Suppose I1X. s [ 3X. ¢ ] has a p-redex
at position p € Pos(s) using substitution y. Then we have a rewrite
step IIX. s [3X. ] —, TIY. ¢ [3Y. ¢] (or IX. s [3X. ¢] —>1p”),
Y. ¢ [3y. ¢] with explicit p and y) where (1.) t = s[ry], (2.)
V=9 Ary,3){y} =Var(y)\ Var(t),and (4.) Y = ExVar(p) U
(X N Var(t)). We call this notion most general rewrite steps; the
reason behind this naming will become clear in the remainder of
the paper.

Example 3.6 (Cont’d of Theorem 3.4). Observe that y(x’) =x €
{x}andFp x> 0= (Fy'.x > 0 Ay’ > x). Therefore, we obtain
a rewrite step

I{x}. f(x) [x > 0]
=y I{y' }.g(y) [Tx.x >0Ax > 0AY > x]

Note that (x" > 0AY’ > x")y =(x = 0AY > x), Var(x > 0Ay’ >
x) \ Var(g(y')) = {x}, and ExVar(p) U ({x} N Var(g(y'))) =
{y'}.

In a constrained rewrite step ILX. s [3X. 9] — IIY. ¢ [3y. ¥/],
variables of X will sometimes either be moved to Y or {3}, or
even be eliminated such that they do not appear in ITY. ¢ [3y. /]
anymore. The latter behavior may happen in rewrite rules with
eliminating variables, i.e., where Var(¢) \ Var(r) # @. The follow-
ing example illustrates such situations.
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Example3.7. Letp: II{v",w',x",y/, 2" }.f(v',w',x",y',z2") — ¢’ [y > Then we obtain by y(x) = x that x ¢ Var(f) = Dom(y). Hence,

0](=I1Z. ¢ — r [ ]) be a constrained rule. Consider a rewrite step

IX.s [3X. ¢] = OD{o,w,xyz} g(f(o,w,x,y,2),w) [x > 0]
—)ll,,y I{o,w}. glo,w) [Ix,y. x > TAy > 0]

= Y.t [35.¢]

where and y = {0’ > v,...,2" — z}. We trace now where the
variables in X move during this rewrite step:
e We have v € Y because v’ € Var(r), y(¢v) =vandv €
Var(t).
e We have w € Y because s|, = t|; = w, hence w € Var(t).
e We have x € {ij}. Note x € Var(s), but x ¢ Var(ry) and
x ¢ Var(t); however, since x € Var(¢), we have x € {7}
e We have y € {§}; note that y € Var(s), buty ¢ Var(ry),
y & Var(t) and y ¢ Var(¢); however, y € Var(ry) and
hence y € Var(y).
e We have z ¢ Y U {3 }; although z € Var(s), we have that
z ¢ Var(t),z ¢ Var(r) and z ¢ Var(y).

In the following we show that rewriting existentially constrained
terms is well-defined, in the sense that each rewrite step results
in an existentially constrained term. Before that we give certain
characterizations which are used in later proofs; proofs of these
lemmas are presented in the full version of this paper [17].

LEMMA 3.8 (CHARACTERIZATION OF FREE VARIABLES IN REDUCTS).
LetTIX. s [3X. @] be a satisfiable existentially constrained term. Sup-
posethat p: IIZ. ¢ — r [ ] is a left-linear constrained rule satisfying
Var(p) N Var(s,9) =@. IflIX.s [IX. 9] —, TIY. ¢ [3§. /] then
FVar(Jy. ¥) € ExVar(p) U (X N Var(t)).

LEMMA 3.9 (CHARACTERIZATION OF BOUND VARIABLES). Suppose
the satisfiable existentially constrained term I1X. s [ 3X. ¢ such that
OX.s[3x. @] =,y Y.t [3§.¢], wherep: TIZ. £ — r [ 7] isaleft-
linear constrained rewrite rule satisfying Var(p) N Var(s, ¢) = @.
Then the following statements hold:

(1) BVar(3x. ¢) € BVar(Jy. ¥).

(2) BVar(3x. ) N Var(ly,ry, ny) = @.

(3) YU B«Var(Jy. ¢) = ExVar(p) U (X N Var(t)) U Var(y).

We are ready to show that our rewrite steps are well-defined.

THEOREM 3.10 (WELL-DEFINEDNESS OF REWRITE STEPS). Let p be
a left-linear constrained rewrite rule and 1X. s [3X. ¢] a satisfiable
existentially constrained term such that Var(p) N Var(s,¢) = @. If
OX.s[3x.¢] -, Y.t [3y. ¢] thenI1Y. t [3y. ¢] is a satisfiable
existentially constrained term.

Proo¥. Suppose IIX. s [3X. ¢] —F, TIY. t [37. y], where
p:1Z. ¢ — r [x]. Then we have (1) Dom(y) = Var(¢), (2) s|, =
ty, (3) y(x) € ValU X for any x € Var(£) N Z, (4) ks (3X. ¢) =
(3z. my), where {Z} = Var(x) \Var(¢),and t = s[ry], ¢ = ¢ Amy,
{7} = Var(y) \ Var(t), and Y = ExVar(p) U (X N Var(t)).
Clearly, 3. ¢ is an existential quantified constraint.

We show FVar(3y. ¢) € Y € Var(t) and BVar(3g. ¢) N
Var(t) = @. From Theorem 3.8, F Var(3y. ) < ExVar(p) U
(X N Var(t)) = Y follows. Since {7} = Var(y) \ Var(¢), {g} N
Var(t) = @ clearly holds. It remains to show Y = ExVar(p) U (XN
Var(t)) C Var(t). However, as XNVar(t) C Var(¢), it suffices to
show ExVar(p) € Var(t). Let x € ExVar(p) = Var(r) \ Var(f).

from x € Var(r), it follows that x € Var(ry) € Var(t).

Finally, we show that ITY. ¢ [3y. ¢/] is satisfiable. By the sat-
isfiability of ILX. s [3X. ¢], there exists a valuation ¢ such that
Em JX. ¢. Hence by (4), Ep¢ 3Z. my. Since {X} C Var(p) and
{Z} € Var(p), we have {X¥} N {Z} = @. Thus, one can extend the
valuation & to & such that k 5z ¢ A my. This also gives F yq 33. ¢
Hence it follows that ITY. ¢ [ 3. ¢/] is satisfiable. O

Remark 3.11. In our new notion an instance of the constraint of
the used rewrite rule is attached to the constraint of the constrained
term. Previously, the constraint remained unchanged [7]. This im-
plies that in each rewrite step a fresh variant of a constrained rewrite
rule is needed in order to prevent variable clashes. Therefore, the
constraint part of a constrained term may grow along rewriting se-
quences. However, we expect that this does not cause any troubles
in actual implementations as rewrite steps can be combined with
simplification of constraints. For example, in Theorem 3.6 one may
perform simplifications after the rewrite step:

M{x}.f(x) [x > 0]
=, I{y' }.g(y) [Fx.x>0Ax>0AY >x]
~ Iy} () [y > 1]
In the following, as we focus on the theoretical aspects of rewrite
steps, we do not consider simplifications of constraints.

4 Simulating the State-of-the-Art of
Non-Quantified Constrained Rewriting

Our new formalism for constrained rewriting is closely related to
the original definition which was introduced in [7]. In this and the
following sections, we formally describe this relation. To reflect the
idea behind the original constrained terms of [7] and to prepare it
for a suitable comparison to our existentially constrained terms, we
introduce the concept of non-quantified constrained terms extended
with the II-notation as follows:

Definition 4.1 (Non-Quantified Terms Extended with I1-notation).
A non-quantified term (extended with I1-notation) is a triple (X, s, ¢),
written as IIX. s [ ¢ ], of a set X of theory variables, a term s, and a
logical constraint ¢ such that Var(¢) € X € Var(g,s).

Example 4.2. For example, II{x,y}. f(x) [x < 2A 0> y] and
II{x,y,z}. h(x,y) [x < y Ax+y+ 1 = z] are non-quantified
constrained terms.

For non-quantified constrained terms, satisfiability and equiv-
alence are defined in the usual way. A constrained term s [¢]
without IT-notation can be easily lifted to one with II-notation
as IIVar(¢). s [¢]. Throughout this paper, we disambiguate the
two notions of constrained terms by explicitly naming them non-
quantified constrained terms and existentially constrained terms.

We focus now on rewrite steps of non-quantified constrained
terms (extended with IT-notation), which reflects the original notion
of rewriting constrained terms [7]. For equational theories, Aoto et
al. in [1] introduced special II-notations in order to have explicit
sets of logical variables which the ones that need to be instantiated
by values. The definition of constrained equation I1Z. £ ~ r [ ] is
very similar to I[1Z. £ — r [ x], albeit a slight difference is added
to the definition of constrained equations in [1]. In particular, we
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request that Z C Var(¢, r, ) for a constrained rule I[1Z. ¢ — r [ 7]
in order to avoid redundant variables in Z. The variables in Z
of IZ. ¢ — r [n] and [1Z.¢ =~ r [ x] are the ones that need to
be instantiated by values in rewrite steps. Rewrite steps using a
constrained rewrite rule p: I[1Z. £ — r [x] on a non-quantified
constrained term are performed as follows:

Definition 4.3 (Constrained Rewriting of Non-Quantified Terms).
Let IIX. s [¢] be a satisfiable non-quantified constrained term
and suppose Var(p) N (X U Var(s,¢)) = @. Then we obtain the
rewrite step IIX. s [¢] _’fw ITY. t [ ¢] if there exists a position p €
Pos#(s), a substitution ¢ with Dom(c) = Var(¢,r, 7), {o = s,
o(x) € ValuX forall x € Z, and k 5y ¢ = 7o, where t = s[ro],
and Y = X N Var(t, ¢).

It is easy to check that non-quantified constrained rules in [7] are
covered by taking X =Y = Var(p) and Z := LVar(f — r [n]).

Example 4.4. We revisit Theorems 1.1 and 1.2. Consider the con-
strained rewrite rule p: II{x",y’ }. f(x") — g(y’) [’ > 1Ax"+1 >
y"]. Then the rewrite steps in Theorem 1.1 are encoded as follows.

e Take p = cand 0 = {x’ + x,y’ + 3}. We obtain the rewrite
step II{x}. f(x) [x > 2] _’fw II{x}. g(3) [x > 2]. Note
here that o(x”) = x € ValUX and o(y’) = 3 € ValUX.
Also,wehave (x' > 1AX' +12 ¢ )o=(x21Ax+1>3)
andkpy (x>2= (x> 1TAx+ 12> 3).

e Take p = eand 0 = {x’ — x,y’ — x}. We obtain the
rewrite step IT{x }. f(x) [x > 2] —>£,0 I{x}. g(x) [x > 2].
Note here that o(x’) = o(y’) = x € Val U X. Also, we
have (x’ 2 1AxX +12¢y)o=(x>21Ax+12> x) and
EM(x>2= (x21Ax+12x).

e We have a rewrite step IT{x,y }. f(x) [x > 2A 0> y] —>JZ)6
I{x,y}.g(y) [x >2A0>y], wherep=cand o = {x’
x,y" > y}. Note here that 0(x”") =x € ValUX and o(y’) =
y € ValUX. Also, we have (x" 2 1TAX +12 ¢y )o=(x >
IAx+12y)andEpy (x >2A0>y = (x> TAx+12 y).

Similarly, let p: II{x", ¢/, 2" }. h(x",y") = g(z) [(x"+y")+1=2]
from which we obtain II{x,y,z}. h(x,y) [x < yAx+y+1=
z] —>f,),, I{x,y,z}. g(z) [x <yAx+y+1=z] asin Theorem 1.2.

Below, we show the relation between the current state-of-the-art
of constrained rewrite steps and our new definition. We begin by
defining translations between them.

Definition 4.5 (Existential Extension and Existential Removing
Translations).
(1) An existential extension ext of a non-quantified constrained
term is defined as ext(IIX. s [¢]) = IIY. s [3X. ¢ ] where
{x} =Var(p) \ Var(s) and Y = X \ {xX}.
(2) An existential removing rmv of an existentially constrained
term is defined as rmv(IIX. s [3X. ¢]) =X U {X}. s [¢].

Example 4.6 (Cont’d of Theorem 4.2). The two non-quantified
constrained terms in Theorem 4.2 are translated to existentially
constrained terms as follows: ext(II{x,y}. f(x) [x <2A0 > y]) =
I{x}.f(x) [F{y}.x <2A0> y] and ext(II{x,y,z}. h(x,y) [x <
yAx+y+1=z]) =I{x,y}. h(x,y) [F{z}. x <yAx+y+1=2z].
Similarly, we have rmv(II{x}. f(x) [I{y}. x < 2A0 > y]) =
I{x,y}.f(x) [x <2A0 > y]andrmv(II{x,y }. h(x,y) [I{z}.x <
yAx+y+1=z])=I{xyz}. h(xy [x<yAx+y+1=z].

Takahata et al.

The next lemmata straightforwardly follow from Theorem 4.5.

LEMMA 4.7. For any non-quantified constrained term ILX. s [¢],
ext(IIX. s [¢]) is an existentially constrained term; for any exis-
tentially constrained term IIX. s [3X. ] rmv(IIX. s [3X. ¢]) isa
non-quantified constrained term.

LEMMA 4.8. The translation rmv o ext is the identity translation
on non-quantified constrained terms; the translation ext o rmv is the
identity translation on existentially constrained terms.

We show that any rewrite step on existentially constrained terms
results in a —-rewrite step on non-quantified constrained terms
obtained by existential removing. We need the following lemma.

LEMMA 4.9. LetIIX. s [ @] be a non-quantified constrained term.
Suppose Epr ¢ = Fz. w with {Z} = Var(x) \ (X U Var(p)) and
Var(s) N{z} =@. ThenTIX.s [¢] ~TIX U Var(n).s [¢ A x].

Proor. (<) Let o be an X-valued substitution such that o £ ¢.
Then we have X U Var(¢) € VDom(o) and F( ¢o. Let y be a
valuation such that y(x) = o(x) for any x € X U Var(¢). From the
latter, we have F () ¢ and hence k (, 3Z. 7 by our assumption.
Thus, there exists a sequence o € Val” of values so that F r(, 7k,
where k = {Z > 0}. As {Z} = Var(n) \ (X U Var(¢p)), we
have Var(nko) = @ and Fpq nko. Take a substitution § = o o k.
Then, it follows ¢ is Var(r)-valued and F p¢ ¢d. For any x € X, if
x € Dom(k), then 6(x) = o(k(x)) = k(x) € Val.If x ¢ Dom(x),
then §(x) = o(k(x)) = o(x) € Val, because o is X-valued. Thus,
§ is also X-valued. By our assumption Var(s) N {Z} = @, and
thus s§ = sko = so. Also, as {Z} = Var(r) \ (X U Var(p)), we
have {Z} N Var(¢) = @, and therefore, 5 = pxo = @po. Hence,
Var(pd) = @and kg ¢8. Allinall, § is XUV ar(r)-valued, so = s6,
and § Epq ¢ A 7. The (2)-part is trivial. a

THEOREM 4.10 (SIMULATION OF REWRITE STEPS BY EXISTENTIAL
REMOVING). Let p be a left-linear constrained rewrite rule. If we have
IX. s [3x. ¢] —, OY. ¢t [3y. ] then rmv(IIX. s [3X. ¢]) =
rmv(ITY. ¢t [37. ¢]).

PrRoOF. Letp: IIZ. ¢ — r [ 7] be aleft-linear constrained rewrite
rule and suppose that IIX. s [3X. ¢ | —>f,)y ITY. ¢t [3y. ¢] such that
Var(s, ¢) N Var(p) = @. Then we have (1) Dom(y) = Var(¢), (2)
slp = ¢y, (3) y(x) € ValUX for any x € Var(¢) N Z, and (4)
Em (3X. ¢) = (3FZ. my), where {Z} = Var(x) \ Var(?), t =s[ry],
V=9 Any, {y} =Var(y) \ Var(t),and Y = ExVar(p) U (X N
Var(t)).

Note that we have rmv(IIX. s [3X. ¢]) =IIX U {X}. s [¢]. We
begin by showing the following equivalence: (5) [IX U {X}. s [¢]
~TIXU{X}UVar(ry) UExVar(p). s [p Ay A Nzeexvar(p) (2 =
z) ]. For this, we use Theorem 4.9. By (4), we have that Fp ¢ =
3Z. my holds. Since we have k1 A zcgxvar(p) (2 = 2), also Epr ¢ =
FZ. 1y A Nzegxvar(p) (2 = 2) holds. Now, we have

(Var(ﬂ)/ A /\zESX‘Var(p)(Z = Z)) \ (X U {-7_5} U (Var(ﬁo))
= ((Var(m) \ Var()) U (U yevar(e)nvar(r) Var(y(y)))
U é&xVar(p)) \ (XU {X}UVar(p))
= ((Var(n) \ Var(f)) U ExVar(p)) \ (X U {X} UVar(¢p))
=Var(r, ) \ Var(?).
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Take {Z'} = Var(r,m) \ Var(¢) = Var(zy A Azegxvar(p)(z =
2)) \ (X U {X} U Var(p)). By Var(p) N Var(s) = @, we have
{Z’} N Var(s) = @. Furthermore, since {Z'} 2 ExVar(p) =
{Z}, we have Ep @ = FZ'. 7y A Asegxvar(p) (2 = 2). Thus, by
Theorem 4.9, we conclude the equivalence (5).

We proceed to show the rewrite step I[IX U {X} U Var(ry) U
8X(V3r(/?)~ S [(P Ay A /\zeSxVar(p)(z = Z)] _rZ/ Iy v {!7} U
ExVar(p). t [¢ Ay A N\zegxvar(p) (7 = 2)] over non-quantified
constrained terms, by a variant p’: I1Z’. ¢/ — r’ [x"] of the con-
strained rewrite rule p such that Var(p) N Var(p’) = @. Accord-
ingly, we have a variable renaming ¢ such that Z = £(Z), ¢ = t'¢,
r =r'¢, and m = 7’ €. We also suppose that Var(p’) N Var(s, ¢ A
Ty A /\ZESX(Var(p)(Z = Z)) =02.

Take & = y o & Then, by (1) and our assumption on ¢, we have
Dom(6) = Var(l',r',n"). Also, £'5 = £'Ey = £y = s|, holds by (2)
and the definition of 8.

We now show §(x) € ValUX U {X} U Var(ry) U ExVar(p)
for all x € Z’. To this end assume that x € Z’. If x € Var({'),
then §(x) = x&y = y(y) for some y € Var(f) N Z. Hence, 6(x) €
“Val U X by (3). Thus, suppose x € Z" \ Var(¢’). Then, because
of Z/ C Var(t',r',n’), we know x € Var(r’',n’) \ Var({’). Thus,
d(x) = x¢y = y(y) for some y € Var(r, ) \ Var(f). Hence, if
y € Var(n) \ Var(¢) then 6(x) = y(y) € Var(ny), andify €
Var(r) \ Var(?) then 6(x) =y(y) =y € ExVar(p).

Furthermore, we have F p1 (9 ATY A\ zegxvar(p) (2 = 2)) = 7’6,
because 7’6 = n'éy = my. We also have t = s[ry], = s[r'éy], =
s[#’8],. Thus, it remains to show that Y U {j} U&xVar(p) = (XU
{3_5}U(V?ir(ﬂ')’)USX(VN(P))”(VN(L PATYA /\ZESX‘Var(p) (Z = Z))
We denote the right-hand side of the equation by rhs, and obtain:
(rhs) = (XU{X}UVar(ny)UExVar(p))NVar(t))U((XU{X}U
(Var(”Y)USX(VaI’(P))ﬂvar(‘ﬂ/\ﬁ)’/\/\zeax(\/ar(p) (Z = Z))) = (Xﬂ
Var(t))U(Var(zy)NVar(t))UVar(p Ary) UExVar(p) = (XN
(Var(t)) U (’Var((p ATy A /\zeé}xq/ar(p) (Z = Z))) U SX(V?”(P) =YU
{7 }UEXxVar(p) (by Theorem 3.9). Putting all of this together gives
the claimed rewrite step. To complete the proof, we need to show
the equivalence ITY U{F}UEXVar(p). t [ ATy AN egxvar(p) (2 =
2)] ~OY U {y}. t [3Y. ¢ A ny]) = rmv(ITY. ¢ [Ty. ¥]) which
should be trivial to see. O

Example 4.11. Let us consider the most general rewrite step
I{x}. f(x) [x > 0] =, I{y" }.g(y") [x.x > 0Ax > OAY > x]
of Theorem 3.6 where p: II{x’, ¢’ }. f(x") = g(y/) [x’ > 0A Yy >
x"]. We obtain the rewrite step over the non-quantified constrained
terms rmv(II{x}. f(x) [x > 0]) = rmv(II{y'}. g(v') [Tx. x >
0Ax>0AYy >x]) as follows:

rmv(II{x}. f(x) [x > 0])
= I{x}.f(x) [x > 0]
~ I{x, ¢ }.f(x) [x >0Ax>0AY > x]
=, I{x,y"}.g(y) [x>0Ax>0AY >x]
= mv(I{y }.g(y) [Tx.x>0Ax = 0AY > x])

5 Embedding Non-Quantified Constrained
Rewriting into the Most General Form

In this section, we concern ourselves with the problem of charac-
terizing the opposite direction. That is, whether any rewrite step
on non-quantified constrained terms results in a rewrite step on
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existentially constrained terms that are obtained by the existential
extension. Naively this is not the case as depicted by the following
example.

Example 5.1. In Theorem 4.4, we encoded the rewrite steps of
Theorem 1.1 by rewriting of non-quantified constrained terms with
the constrained rewrite rule p: II{x",y’ }. f(x") — g(y’) [x" > 1A
x'+12y]. Wehad II{x }. f(x) [x > 2] —, II{x}. g(3) [x > 2]
and II{x}. f(x) [x > 2] —, O{x}. g(x) [x > 2]. Applying
the following most general rewrite steps to ext(II{x}. f(x) [x >
2]) = IO{x}. f(x) [x > 2]) yields II{x}. f(x) [x > 2] —,
I{x,y'}. g¥') [x > 2Ax > 1 Ax+ 1 > y']. Unfortunately,
neither ext(Il{x}. g(3) [x > 2]) = II{x}. g(3) [x > 2]) nor
ext(IT{x}. f(x) [x > 2]) =II{x}. f(x) [x > 2]) is obtained. How-
ever, note that IT{x,y'}. g(y’) [x > 2Ax 2 1Ax+12¢y] 2
II{x}. g(3) [x > 2], as well as II{x, ¢’ }. g(¢') [x > 2 A x >
TAx+12y ] 21{x}. g(x) [x > 2] holds.

In fact, as the example above demonstrates, we can give the
following characterization of non-quantified constrained rewriting
in our formalism of most general rewriting. Namely most general
rewrite steps subsume any reduct of non-quantified rewrite steps—
this relation serves as the main motivation for us to call our new
definition most general rewrite steps.

THEOREM 5.2 (SIMULATION OF REWRITE STEPS BY EXISTENTIAL
EXTENSION). Let p be a left-linear constrained rewrite rule. If we
have TIX. s [@] —, TIY. t [¢], then ext(IIX. s [¢]) — - 2
ext(IlY. ¢t [¢]).

ProoF. Assume I1X. s [¢] —>’,;,y IY.t [@] where p: I1Z. ¢ —
r [ ] is a left-linear constrained rewrite rule with Var(p) N (X U
Var(s,¢)) = @. Note that this is a rewrite step for non-quantified
constrained terms. Thus, we have (1) Dom(y) = Var({,r, n), (2)
slp = €y, 3) y(x) € ValuX forallx € Z,and (4) kpr ¢ =
mry. Furthermore, ¢t = s[ry], and Y = X N Var(t,¢). Wlo.g. we
assume Var(p) N (YUVar(t,¢)) = @. Letext(IIX. s [¢]) =TIX \
{x}.s [3x. ¢] with {X} = Var(¢) \ Var(s) and ext(IIY. ¢ [¢]) =
oY\ {§}. ¢t [T§. ¢], with § = Var(¢) \ Var(1).

We first show that ITX \ {X}. s [3X. ¢] has a p-redex at position
p using a substitution o = y|q,(¢). For this, we need to show (5)
Dom(o) = Var(£), (6) sl, = to, (7) o(x) € ValU (X \ {X}) for
any x € Var({)NZ,and (8) F o (3X. ¢) = (3Z. 7o), where {Z} =
Var(x) \ Var(£). (5) is obvious by definition of . Similarly, (6)
follows as s|, = ¢y = fo by (2). We have o(x) € Val U X for
any x € Var(f) N Z, because o(x) = y(x) for all x € Var(¢) and
y(x) € Val U X by (3); moreover, if o(x) € X, then, as o(x) €
Var(to) C Var(s) by x € Var(f), we have o(x) € X N Var(s),
which implies that a(x) ¢ {xX} = Var(p) \ Var(s). Hence (7)
o(x) € Valu (X \ {X}) for any x € Var(¢) N Z.

It remains to show (8) Fy( (3X. @) = (3Z. 7o). First of all, note
that by definition of o and Var(p) NVar(s) = @,wehavey =y’ oo
where y’ = {z + y(2) | z € Var(r,n) \ Var(f) }. Suppose k¢
3¥. ¢ for a valuation £. Then, for some x = {X > 9} withd € Val”
we have F (o ¢. Hence, from (4) it follows F pq g0 7y. Then, by
y =y’ o0, we have E p( goic IZ. 10 where {Z} = Var(n) \ Var(?).
Also, FVar(3Z. no) € Var(ty) € Var(s). Since Dom(k) =
{x} = Var(p) \ Var(s), we know Dom(x) N FVar(3z. no) = @,
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and thus (3Z. 7o)k = 3Z. wo. Hence, k(s 3Z. 7o follows and
therefore we have shown that (8) k5 (3X. ¢) = (3Z. 7o) holds.
We conclude that TIX \ {X}. s [3X. ¢ ] has a p-redex at position p
using the substitution 0. Consequently, we obtain the rewrite step
X\ {X}. s [3X. o] _>£,0 oy’. ' [3y’. ¢'] where t’ = s[ro],,
vV = Aro, {y’'} = Var(y/) \ Var(t'), and Y/ = ExVar(p) U
((X\{x}) nVar(t)).
It remains to show ITY’. ¢’ [3y’. '] 2TY \ {y}. ¢t [Ty. ¢ ].
Prior to that, let us show {7} C {3’ }. Let w € {§} = Var(¢) \
Var(t). Since {3’} = Var(¢ A my) \ Var(t'), it suffices to show
that for any w € Var(¢), it holds that w € Var(t’) implies w €
Var(t). Since t' = s[ro] and t = s[ry], the case w € Var(s[ ]) is
trivial. Thus, suppose w € Var(ro). Then either w € ExVar(p)
or w € Var(xo) for some x € Var(f) N “Var(r). The former case
contradicts with w € Var(¢) because Var(¢)NVar(p) = @.In the
latter case, w € Var(ry) follows, as o(x) = y(x) for x € Var(¢).
We proceed to show that IY”. +/ [3y’. ¢/ ] 2 OY\{y}.t [Ty. ¢ ].
Let 0 be a (Y \ {y})-valued substitution such that 6 £y Jy. ¢,
ie. (Var(@) UY)\{g}) € VDom(6) and Fpr (Ty. ¥)0. We
will prove there exists a substitution 8’ such that it is Y’-valued
and 0’ £ 3y’. ¢/, ie. (Y U (Var(y’)\ {7’})) € VDom(0') and
Em (3y’. )0, which satisfies t0 = t’¢’. For this purpose, we
assume w.l.o.g.

e Dom(0) N Var(p) =2,
e Dom(f) N{j} =2, and
e Var(0(z)) N {y} = @ for any z € FVar(3y. ).

Note here also {3} N Var(t) = @, as {7} = Var(p) \ Var(t). Let
us define 8 = 0 U {z > zyf | z € Var(r,n) \ Var(f)}. As a
first step, we show that 0(y(x)) = 6’ (o(x)) for any x € Var(p).
Suppose that x € Var(¢). Then y(x) = o(x) and since xy is a sub-
term of £y, we have that Var(y(x)) N Var(p) = @. In particular,
Var(y(x))N(Var(r,7)\Var(f)) = @, thus, by definition of 6, we
have 0/ (y(x)) = 0(y(x)). Hence 6(y(x)) = 0 (y(x)) = 0’ ((x)).
Otherwise, suppose that x € (Var(r, ) \ Var(¢)). Then, by def-
inition of §’, we have ¢’ (x) = 8(y(x)). Since Dom(c) = Var(f),
we have o(x) = x and thus 0(y(x)) = 0'(x) = 6’ (o(x)).

We conclude that 6(y(x)) = 6’(o(x)) for any x € Var(p).
From this, it follows that 7yf = 706’ and ryf = rof’. We fur-
ther have 6’ (x) = 0(x) for any x € Var(s) by definition of 6" as
Var(s)NVar(p) = @. Therefore, we have t0 = s[ry]0 = s0[ry0] =
s0'[ra0’] =s[rol0’ =t'0".

Let us claim that 8’(Y’) € Val. Assume y € Y’'. We are now
going to show that 6’ (y) € Val by distinguishing two cases.

o Assume y € ExVar(p). Then, y € Var(r) \ Var(f) and
hence 0'(y) = 0(y(y)). Since Var(r, ) \ Var({) € Z by
the definition of p, we have that y(y) € Val U X by our
condition (3). In case y(y) € Val, clearly, 6’ (y) = 0(y(y)) =
y(y) € Val. Otherwise, we have y(y) € X. Asy € ExVar(p)
and Dom(y) = Var(¢,r, ), y(y) appears in ¢ = s[ry]. Thus,
we have y(y) € Var(t). Moreover, by {y} = Var(¢) \
“Var(t), we know that y(y) ¢ {y}. Thus, y(y) € (X N
Var(t,p)) \ {y} = Y\ {§}. As 0 is (Y \ {§})-valued, we
conclude 0’ (y) = 0(y(y)) € Val.

e Assume y ¢ ExVar(p). As Y’ = ExVar(p) U (X \ {X}) N
Var(t')),wehavey € (X\{X})NVar(t")).Ify ¢ Var(t) =
Var(s[rylp), then, as y € Var(t') = Var(s[ro],) and

Takahata et al.

0 = Ylvar(r), we have y € ExVar(p). This contradicts
our assumption and therefore y € Var(t). Then, since
y € X, we have y € (X N Var(t,p)) = Y. Also, by {§} =
Var(g) \ Var(t), we know that y ¢ {7}. Thus, it follows
that y € Y \ {4}, and moreover, that (y) € Val as 0 is
(Y \ {g})-valued. As y ¢ ExVar(p), we have 0’ (y) = 0(y)
and we obtain 0’ (y) € Val.

It remains to show that 6’ k¢ 3y’ ¢. First, FVar(3y’. ¢’) C
VDom(0') follows from FVar(3y’. ¥’') C Y’ and the fact that
0’ is Y’-valued as shown above. We are now going to show F
(3y’. ¢')0’. From E pq (Y. )0, there exists a valuation = {§ +—
0} with 7 € Val* such that £ ¢né. Using the second and third
assumption on 6 which we have assumed above w.l.o.g., it follows
that Exq @0n. Thus, from (4), we have that £ 7y0n, and hence
Em mo0'n. Again, using the second and third assumptions on 6,
it follows that £y 7on@’. Also, from Var(p) N Var(¢) = @, we
have that 90 = ¢0’, and using our assumptions on 8 it also follows
that pn0 = pne’. Therefore, £ 5 ¢y’ holds and we conclude that
Em (9Amo)n6’. We obtain that k p( 34j. (pA7o)0’,and {7} C {7’}
implies that F 5q 3y’. (p A )6’ We ultimately have 6 £ 3y’ ¢’
which concludes the proof. O

6 Uniqueness of Reducts and Partial
Commutation of Rewriting and Equivalence

The aim of this section is to show two useful properties of most gen-
eral rewriting. First, we show that applying the same constrained
rewrite rule at the same position yields a unique term. Second, we
show that our new notion of rewriting commutes with the equiva-
lence transformation for pattern-general constrained terms.

THEOREM 6.1 (UNIQUENESS OF REDUCTS). LetI1X. s [3X. ¢] be
an existentially constrained term and p € Pos(s). Suppose that
p, p’ are renamed variants of the same left-linear constrained rule
satisfying Var(p) N Var(s,¢) = @ and Var(p’) N Var(s,¢) =
@. IfTIX. s [3%. ¢] —h NY. ¢ [3§. ¥] and IIX. s [I%. 9] —{;,
Y. ¢ [3y’.¢'] thenTY. t [Ty. ¢ ] ~TIY'. ¢’ [Ty’ ¢'].

Proor. Suppose that IIX. s [3X. ¢] —>f)3y IMY. t [3y. ] and
X.s [3X. ¢] _>Z',y' mY’. ¢ [3y’. ¢'], where p: IZ. ¢ — r [ ]
and p’: I1Z’. ¢ — r’ [n"]. Then we have (1) Dom(y) = Var(¢),
(2) slp = ¢y, (3) y(x) € ValUX for any x € Var(¢f) N Z, and
@) Epm (3X. 9) = (FZ. ny), where {Z} = Var(x) \ Var({), t =
slryl, v =@ Ay, {§} = Var(y) \ Var(t), and Y = ExVar(p) U
(X N Var(t)). Similarly, we have (1’) Dom(y’) = Var({'), (2°)
slp =y, (3) y'(x) € Valu X for any x € Var(¢') N Z’, and
@) epm (3X. @) = (32’ ©'y’), where {2’} = Var(x') \ Var(t'),
t=s[r'y, v =oary,{y§’'} = Var(y') \ Var(t'),and Y’ =
ExVar(p) U (X N Var(t)).

Since p, p’ are renamed variants of the same rule, we have re-
naming o: Var(p) — Var(p’) such that 0(2) = Z’, o(¢) = ¢,
o(r)=r',and o(x) = ’.

For each x € Var(r,n) \ Var(¢), we have by x ¢ Var(¢) =
Dom(y) that y(x) = x, and by o(x) ¢ Var(¢’) = Dom(y’) that
v (o(x)) = o(x). Therefore, o(y(x)) = o(x) = y’(o(x)) for all
x € Var(r,m) \ Var({£). Suppose x € Var(f). Then from y(x) €
Var(s) and Var(s) N Var(p) = @, we know y(x) ¢ Var(p), and
hence y(x) ¢ Dom(o). Thus, o(y(x)) = y(x). Moreover, since
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ty =s|, =t'y’ = toy’, by fixing x = |4 for a position g, we obtain
Y(x) = slpg = v/ (o(x)). Thus, o(y(x)) = y(x) = y'(o(x)) for all
x € Var(?).

Putting all of this together gives a(y(x)) = y’(o(x)) for all
x € Var(p). Hence, we have ryoc =roy’ =r'y’ and nyo = noy’ =
7'y’. Therefore, we have to = s[ryl,o = s[rycl, =s[r'y’], =t
and Yo = (¢ Any)o = ¢ Anyo = ¢ A 'y’ = /. In partic-
ular, it also follows that o(Var(t)) = Var(to) = Var(t') and
o(Var(y)) = Var(yo) = Var(y’). Thus, as o is bijective on
Var(p), we obtain o({g}) = o(Var(y) \ Var(t)) = o({x €
Var(p) | x € Var(yy) Ax ¢ Var(t)} = {o(x) € Var(p) |
x € Var(y) Ax ¢ Var(t)} = {o(x) € Var(p) | o(x) €
Var(y') A o(x) ¢ Var(')} = Var(y') \ Var(¢') = {g’}. From
XNVar(p) = @, we know that X N Dom(o) = @. Thus, 0(X) = X.
Therefore, o(Y) = a(ExVar(p) U (X N Var(t))) = o((Var(r) \
YVar(£))U(XNVar(t))) = (Var(ro)\Var(fo))U(XNVar(to)) =
ExVar(p’) U (X NnVar(t')) =Y'. Since o is a bijective renaming
by Theorem 2.1 we have Y. t [3y. ] ~TIY’. ¢’ [Jy’.¥']. O

Uniqueness of reducts implies that for LCTRSs with a finite num-
ber of constrained rewrite rules, there exists only a finite number of
reducts for any existentially constrained term (modulo equivalence).
This stands in sharp contrast to the original notion of rewriting
non-quantified terms and represents a useful property to check
convergence of constrained terms.

THEOREM 6.2 (COMMUTATION OF REWRITE STEPS AND EQUIVA-
LENCE FOR PATTERN-GENERAL TERMS). Let p be a left-linear con-
strained rewrite rule and 1IX. s [3X. ¢ |,1IY. ¢ [3y. ¥] be exis-
tentially constrained terms that are satisfiable and pattern-general.
IFOX'. s [3%. ¢'] pe— IX. s [3X. @] ~ TIY. t [3Y. ¢/] then
OX'.s" [3X7. " | ~TY'. ' [Ty '] p«—TIY. t [ Iy ] for some
IY’. ¢ [3y’. ¢¥'] (see below).

Y.t [Fy. ¢ ] " TIX. s [3X. @]

l

Y. ¢ [35. ']~ X s [377. ¢']

Proor. From Theorem 2.2 it follows that there is a renaming
o: Var(s,¢) = Var(t, ) such that (1) so =t, (2) Y = 0(X), and
(3) Eat (FF. )0 © (37 ).

Suppose that I1X. s [3X. ¢] —>’;,y IX’. s’ [3x’. ¢’], where
p:IZ. £ — r [ 7] such that Var(p) N Var(s, ¢) = @. Wlo.g. we
assume Var(p) N Var(s, ¢, t,1) = @. By definition, we have (4)
Dom(y) = Var(¢), (5) sl = £y, (6) y(x) € ValUX for any x €
Var(£)NZ,and (7) o (3X. ¢) = (3Z. y), where {Z} = Var(r)\
Var(t), s’ =s[ryl, ¢’ =@ Any, {x'} = Var(¢’) \ Var(s'), and
X' =&ExVar(p) U (X NVar(s)).

We show a rewrite step I1Y. ¢t [3y. /] —>£’5 my’. ¢ [3y’. ¢'],
where § = {x — o(y(x)) | x € Var(¢)}. First we show that
IIY. t [3y. ¢ ] has a p-redex at p by §, that is, (4") Dom(5) = Var(?),
(5°) tlp, = €5, (6") 6(x) € ValUY for any x € Var(¢£) N Z, and (7°)
Em (Fy. ¥) = (3Z. 76), where {Z} = Var(r) \ Var(¢).

(4’) is satisfied by definition of §. (5°) follows as £§ = fyc =
(slp)o = (so)|, = t|p, using (1) and (5). To show (6°), assume
x € Val(f)NZ. Then y(x) € ValUX by (6),and §(x) = o(y(x)) €
Val U o(X) = Val UY, by using (2). It remains to show (7).
From (7) we have ky( (3X. ¢) = (3Z. nry), thus Ep (3X. @)o =
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(3z. my)o. From (3) follows that ky (3y. ¥) = (3Z. ny)o. By
o: Var(s,p) = Var(t,¢) and {Z} € Var(p), we conclude from
Var(p) N Var(s,p) = @ that {Z} N Var(s,¢) = @, and further
from Var(p) N Var(t, ) = @ that {Z} N Var(t,¢¥) = @. Hence,
by definition of §, (3Z. ny)o = 3Z. nyc = 3Z. b, and therefore
Em (39. ) = (3Z. 76) is satisfied. Let t’ = s[r8],, ' = ¢ A 76,
{y’} =Var(y/) \ Var(t'),and Y’ = ExVar(p) U (Y N Var(t')),
we obtain the rewrite step ITY. ¢ [3y. /] —>£’6 ay’.¢ [3y’.¢'].

It remains to show that TIX’. s’ [3x’. '] ~TIY'. ¢’ [Ty’. ¥’ ].
To that end we use Theorem 2.3. We show (8) Posxryyal(s’) =
Posyuyal(t)) (= {pis- s pu D)y O) p(5' Ulpyop) = £ [y fO
some renaming p: Var(s’) \ X’ — Var(t') \ Y’, (10) for any
Lje{l....n}epm (X @) = (Sp; =5 |p,) iff Ep (TG ¥) =
(t'lp; = t'lp;), (1) for any i € {1,...,n} and v € Val Fy
(3X. 9) = (5']p; =0) iffepr (3. 9) = (¥']p; =v),and (12) let ~ =
~Posxruyal(s)) = ~Posxriya(t) a0d pxr, pyr be representative sub-
stitutions of I1X’. s’ [3X’. ¢’ ] and IIY’. ¢’ [3y’. ¢’ ], respectively,
based on the same representative for each equivalence class [p;]~
(1 < i < n),and we have kp¢ (3X'. ¢ )ux'0ly © (3§ ¥ )py
with a renaming 6|y, : X’ — Y, where 6 = {5 pn ' lp) 11<i<
n},)f’ =X'NnX,and Y =Y NY".

We start by showing (8). Consequently observe that

s'o =s[rylpo =solryol, =t[rél, =t (13)

Hence, 0(X") = a(ExVar(p) Ua(X NVar(s’')) = o(ExVar(p)) U
o(XNVar(s")) = ExVar(p) U (a(X) NVar(s'o)) = ExVar(p) U
(Y N Var(t")) = Y’ follows. This implies that Posx yya(s’) =
Posq(x')uval(s'0) = Posyryqal(t’), which shows (8). In the fol-
lowing let Posx/uyal(s’) = {p1,---,Pn}

We proceed to show (9). We let s = s'[s],...
t=tt,..

+Snlpr,...pn and
> bl py....pn» Using the fact (8). Then, from (13), it follows
,,,,, pn and sio =t/ foreach1 < i < n.
Note here that s; € Val U X’ and t; € Val U Y’. Thus, since o is
arenaming, we have s] € X" iff t{ € Y', s] € Valiff t{ € Val, and
5] = s;. iff t] = t} fori,j € {1,...,n}. Hence {s],...,s;,} N X' =
{t],....tp}NY’.Since o(X’) =Y, it implies that = {x — o(x) |
x € Var(s") \ X’} is a bijection from Var(s") \ X’ to Var(t') \ Y’

Before we proceed to the remainder of the proof, let us intro-
duce a useful temporary notation and show some related prop-
erties. For 3X. ¢ and 3x’. ¢’ = 3X’. ¢ A 7y, we have, by Theo-
rem 3.9, that {X} C {X’}. Let {x”} = {X¥’} \ {¥} and let us write
@ = @(X,X""). Also, for my, because {X} N Var(rny) = @ by Theo-
rem 3.9, we have Var(ry) N {X’} = {x’”} € {X”"}. Thus, using
the subsequence X"” of X", we write 7y = my(X¥'””). Similarly, for
Jy. y and y’. ¥’ = 3y’. ¥ A 75, let us write ¥ = ¥(§,y"’) and
n6 = n8(y"") where {§" } = {§"}\{yj} and {7} € {§" }. Note
that (Var(”}/) = (Uxe‘Var([)ﬁ’Var(n:) (Var(xy))U((Var(n)\(Var(t’)).
Moreover, we obtain that o({X"’}) = o(Var(ny) N {X'}) =
o ((Uxevar(eynvar(x) Var(xy))U(Var(m)\Var(6)))\Var(s')) =
((Uxevar(eynvar(r) Var(x8)) U (Var(x) \ Var(£))) \ Var(t') =
Var(xé) n{y} ={y""}

From (3) Epr ((3X. p)o & (Fy. ¥)), we have that, for any
valuation &, F o ¢ 9o (d, X" o) for some @ € [M|* iff Fpq ¢ ¢(E,§”)
for some b € |M|*. Thus, for any valuation &, ks ¢o(d, X" 0) A
wyo (X"’ o) for some @ € [M|* iff Fpqg tﬁ(l?,ﬁ”) A n8(y"") for
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some b € IM|*, as we know nyo = n§ and c({X"'}) = {3 }.In
particular, we have

Em (3% ¢")o = (3. 9Y)) (14)

Using (14) and our assumption, Fy 3x". ¢” = (s|p; =5"|;) iff
Em Ix'.@'c = (0(s'ly,) = o(s'lp,) it epm Iy ¥ = (s'0lp, =
s'olp;) it Ep Y'Y = (H']p,) = tlp;) for i j € {1,...,n}. Simi-
larly, Epq Ax’. " = (s'|p; =0) iff Epq X', @'0 = (a(s']p;) = vo)
iff ey Y. Y = (Solp, =0) iff by Y. Y = (¥']p; = 0) for
i,j € {1,...,n}. This shows (10) and (11).

Finally, take 6 = {(s'|p,,t'|p;) | 1 < i < n}. As 0|3, C o,
from (10), (11) and s’c = t’, it follows that 0|y, o ux = py’ o 0.
From (14), we have Ep (3X'. ¢’)opyr © (3y’. /')y, and thus,
Em (3x". @ )px: 0\, < (Y’ ¢ )y . As pxs, iy are based on the
same representative for each equivalence class [p;]~ (1 < i < n),
0|y is a variable renaming from X’ to Y’. This shows (12) and
completes the proof. O

In general, the commutation property allows us to postpone all
equivalence translations, depicted by the following diagram:

IX.s [3xX. @] A"

“-

X", s [3R7. 9] oo ANTIY. ¢ [3. )

Here, the rewrite steps [1X. s [3X. ¢ ] =" Y. t [ 3. /] can be ob-
tained via the rewrite steps IIX. s [3X. 9] — IIX'. &' [3X’. ¢'] —
X7, s” [3Ax". "] - TIX". s [3X". "] ~TIY. ¢t [Ty. ¥]
if repeated applications of commutation are possible. However,
Theorem 6.2 does not allow repeated applications, because, in gen-
eral, reducts of most general rewrite steps do not necessarily lead
again to pattern-general constrained terms. Hence, its restriction
to pattern-general terms prevents the possibility of repeated appli-
cations.

7 Simulation via Left-Value-Free Rules

In Theorem 6.2, we assume that the equivalent existentially con-
strained terms are pattern-general. A natural question is, what
happens if we drop this condition?

Example 7.1. Let p: II@. f(0) — 0 [true] be a constrained rule.
Consider the equivalence I1@. f(0) ~ II@. f(x) [x = 0] and a
rewrite step I1@. f(0) —, II@. 0. However, II@. f(x) [x = 0]
cannot be rewritten by p, because there does not exist a y such that
f(x) = f(0)y. Thus constrained terms that are not pattern-general,
may not commute with rewrite steps in general.

However, we can recover commutation using a reasonable trans-
formation on constrained rewrite rules. In this section, we introduce
this transformation and show that any constrained rewrite rule can
be simulated by using it.

The counterexample of commutation in Theorem 7.1 uses the
rule p: II@. f(0) — 0 [true], which is not able to reduce the con-
strained term I1@. f(x) [ x = 0]. However, therule p’: II{x }.f(x) —
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0 [x = 0] has the same effect as p, but can reduce the term as fol-
lows: I1@. f(x) [x = 0] —, [1@.0 [3x. x = 0] ~ [I@. 0. In the
following, we show how this can be achieved for arbitrary con-
strained rewrite rules. We define left-value-free rewrite rules [6] in
our setting as follows.

Definition 7.2 (Left-Value-Free Rewrite Rule). A left-linear con-
strained rewrite rule I1Z. ¢ — r [ ] is left-value-free if Val(f) = @.

Definition 7.3 (Left-Value-Free Transformation). Let p: I1Z. £ —
r [ ] be a left-linear constrained rule, Posq,(£) = {p1,...,pn},
and ¢|;, = v; for 1 < i < n. Taking the fresh variables x1, .. ., x,, we
define the left-value-free transformation of p as vf(p) =T1Z. { —
r [#] where Z=ZuU {x1,...,xp}, ¢ = C[x1, ..., Xulps,...pn> and
A =mANL (% =0;).

We demonstrate that restricting rewrite rules to left-value-free
ones preserves generality.

THEOREM 7.4. Let p: I1Z. ¢ — r [ ] be a left-linear constrained
rewrite rule, Ivf(p) = p: Z. ¢ - r [#], and IIX. s [3X. @] an
existentially constrained term such that Var(p) N Var(s, ¢) = @. If
X.s [3X. ¢] —>‘Z ITY. t [3y. /] then there exists a constrained term
Y. ¢ [3y’. '] such thatTIX. s [3X. ¢] —>§ oy.¢ [3y'.¢'] ~
oy.: [3y. ¢].

PRrROOF. Suppose £ = {[vy,..

Posa (). Let yy, . .
ZUY,f =ty .., ynlpp..
YVar(H)NZ = (Var(t) u¥) N (ZUY) = (Var(f) N Z) UY and
Var(#)\Var(f) = (Var(r)u)\(Var(£)UY) = Var(x)\Var(¢).
Suppose I1X. s [3X. ¢] _>l’;=Y IY. ¢t [3§. ¢]. Then we have (1)
Dom(y) = Var(¢), (2) sl, = y, (3) y(x) € Val U X for any
x € Var(f) N Z, and (4) Ep (3X. ¢) = (3Z. my), where {Z} =
Var(n) \ Var(f), t =s[ryl, ¢ = ¢ Amy, {7} = Var(y) \ Var(d),
and Y = ExVar(p) U (X N Var(t)).

Let 6 = yU{y; » v; | 1 < i < n}. We first show that the
term I1X. s [3X. ¢] has a p-redex at p € Pos(s) using 5. By (1),
we have Dom(d) = Dom(y) U Y = Var(¢) U Y. From (2), we have
slp = by = Llon,.,oaly = tylor, .. o] = 65[6(y1), -, 6(yn)] =
tly1,...,yn]d = £5. We proceed to show that §(x) € Val U X
for any x € Var() N Z. Let x € Var(f) N Z = (Var() N Z) U
{y1,.. ., yn}. f x € Var(¢) N Z, then §(x) = y(x) € ValU X.
Otherwise, x € Y, and thus 6(x) = 8(y;) =v; € Val € Valu
X for some 1 < i < n. Using the fact that Var(#) \ Var({) =
Var(n) \ Var(f), we show that ky (3X. ¢) = (3Z. £6). Here
we have iy = (m A AL (yi = )y = 7y A ANL (0 = 05) =
78 A Ny (v; =v;). Clearly £ pq 7y & 7#8. Hence, from (4), we have
Em (3X. ¢) = (3z. £5). We conclude that TIX. s [3X. ¢] has a
p-redex at p € Pos(s) using J.

Hence, we obtain I1X. s [ 3%. ¢] —>§’6 IY’. ¢ [3y’. ¢’ ], where
' =s[rél, ¥ = o AR5, {y'} = Var(y/) \ Var(¢'), and Y/ =
ExVar(p)U(XNVar(t')). From ExVar(p)N Y = @, wehavers =
ry and 78 = my. Thus, (5)t’ = s[rd] = s[ry] = t. It also follows from
V=9 Amy,y =¢ A%, and Ep 1y & 76 (shown above), that (6)
Em ¥ & . Using (5) and Var(#5) = Var(nd A AL (v; =0;)) =
Var(my), we obtain that, (7) {y’} = Var(y’)\Var(t') = Var(pA
#8) \ Var(t') = Var(p A ny) \ Var(t) = Var(y) \ Var(t) = {y}.

> Onlpr,.pn> Where {p1,...,pn} =

., Yn are fresh variables, Y= {y1,--syn }s 7=
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By ExVar(p) N ¥ = @, we have ExVar(p) = ExVar(p). 8) Y =
ExVar(p) U (X N Var(t')) = ExVar(p) U (X N Var(t)) =Y.
Having (5)-(8), it is easy to check from the definition of equivalence
that TIY’. ¢ [3y. ¢’ ] ~ IIY. t [37. ¢/] holds. o

Example 7.5. Let us revisit Theorem 7.1. There we consider
the constrained rewrite rule p: I[1@. f(0) — 0 [true] and the
equivalence I1@. f(0) ~ II@. f(x) [x = 0]. Let p = lvf(p) =
II{y}. f(y) — 0 [true Ay = 0]. Using the rule p, instead of p,
yields I1@. f(0) —; I1@. 0 [true A 0 = 0] and I1@. f(x) [x =
0] =4 2. 0 [3x. true A (x = 0) A (x = 0)]. In this case, clearly,
3.0 [true AO=0] ~T1@. 0 [3x. true A (x =0) A (x =0)].

In the next section we show that, if we only consider left-value-
free constrained rewrite rules, then the commutation property
holds for all existentially constrained terms that are not necessarily
pattern-general. Considering left-value-free rewrite rules does not
weaken the applicability of the commutation property, because
every constrained rewrite rule can be translated to a left-value-free
rule, while preserving its effect, using Theorem 7.4.

8 General Commutation for Rewrite Steps with
Left-Value-Free Rules and Equivalence

By focusing on pattern-general terms, we have shown in Theo-
rem 6.2 that rewrite steps commute with the equivalence transfor-
mation. However, this commutation property inhabits issues w.r.t.
to repeated applications as explained at the end of Section 6.

In the following we show that commutation holds without that
restriction if the employed rule is left-value-free. Since any rule
has an equivalent left-value-free rule, by Theorem 7.4, one can
repeatedly apply the commutation property. This guarantees that
the equivalence transformations can be postponed till the end of
the rewrite sequence. We first introduce a useful notation that is
used in the following proofs.

Definition 8.1. Let X be a set of variables and s a term. Suppose
{p1,.-..Pn} = Posxuval(s). We define s°X = s[x1,....xn]p,....pp
for some pairwise distinct fresh variables xy, . . ., x,,. We denote by
u®*X = s°X|, each subterm u = s|, of s. Consider a linear term ¢
together with a substitution y such that s = ¢y with Dom(y) =
“Var(¢). We define a substitution y*X by y*X (x) = y(x)*X. When
no confusion arises, the superscript ex will be abbreviated by e.

We now develop several properties of e-translation; all proofs
are given in the full version of this paper [17].

LEMMA 8.2. Let X be a set of variables and s a term. Let s*X =
slxt, .., Xalpy,.pn and o = {x; > s|p, | 1 < i < n}. Then, u*Xo =
u holds for any subterm u of s.

LEMMA 8.3. Let X be a set of variables, s a term, and ¢ a linear
term such that s|, = £y with Dom(y) = Var(¢) for a substitution y.
If t is value-free then s*X |, = £y*X.

LEMMA 8.4. Let X be a set of variables and s a term. Suppose that
Posxuval(s) = {p1,....pn} and s°X = s[xy,...,Xplp,,...p,- Then,

for any subterm u of s, we have Epr (A1=; (s(pi) = xi)) = u =u®X.

Below we use yet another specific characterization of equiva-
lence given as follows, whose proof is given in the full version of
this paper [17].

11

PPDP ’25, September 10-11, 2025, Rende, Italy

LemMa 8.5. Let TIX. s [3xX. ¢, ITY. ¢t [3y. ¢] be satisfiable ex-
istentially constrained terms. Suppose (1) o: V. — V U Val with
V C X and (2)so =t,(3) forany x,y € V, o(x) = o(y) implies
Em (3. p) = x=y. (HX\V=Y\o(V)and (5)c(V)NV CY,
(6)FVar((3X. p)o) = FVar(3y. ) andkep (3X. )0 & (. ).
ThenTIX.s [3X. o] ~TIY. ¢t [Ty. ¥].

We show a key lemma for the theorem that follows.

LEMMA 8.6. Let p be a left-value-free constrained rewrite rule. If
OX.s [3x. 9] —, NY. ¢ [T§. ¢] then PG(IIX. s [3X. ¢]) —
oy’.¢ [3y’.¢'] ~TY. ¢ [Ty. ] for someIlY’. t' [Ty’ ¢'].

Proor. Let p € Pos(s) and p: [1Z. ¢ — r [ ] be a left-linear
constrained rewrite rule such that Val(¢) = @ and Var(p) N
Var(p,s) = @. Suppose IX. s [3X. ¢] —>fw IY. t [3y. ]. Then
we have (1) Dom(y) = Var(¢), (2) s|, = ¢y, 3) y(x) € ValUX for
any x € Var(f) N Z, and (4) Epq (3X. ¢) = (3Z. ny), where {Z} =
Var(r) \ Var(6), t =s[ryl.y = ¢ Any, {§} = Var(y) \ Var(1),
and Y = ExVar(p) U (X N Var(t)).

Using the notation of Theorem 8.1, define PG(IIX. s [3X. ¢]) =
X', s*X [3x7. ¢'], ie. s°X = s[xy,..
tions {p1,....,pn} = Posxuval(s), some pairwise distinct fresh
variables x1,...,%,, X’ = {x,..., x5} and {¥'} = {¥} U X and
0 = (0 A AL Gslp, = x0)).

We first show ILX’. s* [3X’. ¢’ ] has a p-redex at p by y*. Clearly,
(1) Dom(y®) = Dom(y) = Var(f). By Theorem 8.3, we have (2°)
s*|p = ty*. Suppose x € Var(£) N Z. Then y(x) € Val U X, which
implies y(x) = s|,, for some 1 < i < n. Then, y*(x) = y(x)* =
(slps)® = s°lp; = (s[xt, .., xnlprpn)lps = xi € X' € ValUX'.
Thus, (3°) y*(x) € Val U X’ for any x € Var(f) N Z follows. It
remains to show (4°) Ep¢ (3X'. ¢') = (3Z. ny°).

For this, let EM,E 3x’. ¢’ for a valuation £. This means, EM,E
3X,%". 9 A NL (slp; = xi)), where {X”"} = X. By Theorem 8.4,
Em Al (s(pi) = x:)) = (y(x) =y(x)*) holds for any x € V. For,
it trivially follows if x ¢ Dom(y), and otherwise, y(x) is a subterm
of s, and thus Theorem 8.4 applies. Note that s(p;) = s|p, for all
1 < i < n. This implies that Fpqe 3X,X7. ¢ A (AL (s]p; = i) A
(Axevarn) (y(x) = y(x)*)). Hence, we obtain ks 3X,X". ¢ A
(AL (5lp; = x:)) A (my & my*). Now, by definition, there exists
a sequence 7 € Val" such that kpe (3X. ¢ A (AL (slp; = %)) A
(ry © ny*))k, where k = {X” — o}. By Dom(x) = {X¥""} = X,
it follows that F g 3X. ok A (AL (slp,k = X)) A (myx = 7y®).
In particular, k o ¢ 3X. gk holds and then by Dom(x) N {¥} = 2,
we have Er¢ (3X. @)k, ie., Epgoe 3X. @. Then, by (4), it follows
EMtox 3Z. y, ie., Epe (3Z. my)k. As {Z} N X = @, this implies
Em JZ. myk. Moreover, by {X} N Var(xyk, 7y*) = @, from E p¢
3X. (myx & my®) it follows that Fpqs (7yk & 7y*). Thus, we
obtain k p( ¢ 3Z. 7y* and have proven (4’).

Hence, we obtain the rewrite step IIX’. s* [3X’. ¢'] — v
ny’. ¢ [3y’. ¢'], where t' = s*[ry*l, ¢ = ¢’ A xy*, {§’} =
Var(y') \ Var(t'),and Y’ = ExVar(p) U (X' N Var(t')).

It remains to show Y. ¢ [3§’. ¥'] ~ IY. ¢t [3y. ¥]. For
this, we use Theorem 8.5 by taking ¢ = {x; = s|p, | 1 < i <
nx; € YiandV = {x; | 1 < i < nx; € Y'}. We refer to
the conditions (1)-(6) of Theorem 8.5 by (C1)-(C6). Clearly, (C1)
0:V > VU<ValwithV C Y. (C2) holds as t'o = s*[ry*]o =
s*o[ry®c] = s[ry] = t, using Theorem 8.2. Let x;,x; € Y and

o
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o(x;) = o(x;). Then, s|,, = slpj and hence Fpq ¢/ = (slp; = s|pj),
By x;,x; € Y', we know that x;,x; ¢ {3’ }, and hence it follows
Em 3y’. ¥ = (x; = x;). From this we have (C3). Note that Y’ =
ExVar(p)U(X'NVar(t')) = ExVar(p)U({x1,...,xp}NVar(t'))
and hence V = {x1,...,x,} N Var(t') and that Y = ExVar(p) U
({slp1s - - -5 Slpp INXNVar(t)). Since Y\ V = ExVar(p) = Y\a(V),
we have (C4). For (C5), let x € Y’ such that o(x) € V.If x € V then
o(x) € Y. Otherwise o(x) = x, and by so = t, we know x € Var(t).
Hence x € ExVar(p) C Y. Thus, (C5) holds. In order to show
(C6), note first that FVar(Iy'. ') = Var(y’) N Var(t') and
FVar(Fy. ¢) = Var(y) N Var(t). Note that ' o = (¢’ Any*)o =
(p A Ailsl = x) Amy")o = (9 A Ai(sly, = slp) A my) and
¥ = (¢ Amy), and hence Var(y'o) = Var(¢). By t'o = t it follows
FVar((Fy'. ¥')o) = o(FVar(Iy'.¢¥')) = FVar(3y. ¢). Finally,

em (3. Yo

= m (TG’ (@ A (AL lp; =x:))) A my*)o
&= Epm TG (¢ A (AL Gl = x10))) Ao
= Epm 37" (0 A (AL Glp =slp)) Ay
&= Epm 37" (U A (N Glp; =51p:))

= Epq .Y

Thus, we have Exq (35’ ¥')o © (Fy’. ¥). Since we can eliminate
bound variables which do not appear in the constraint, we conclude
Ex (35 o © (3. ). :

Finally, we are able to prove the main result.

THEOREM 8.7 (COMMUTATION OF REWRITE STEPS AND EQUIVA-
LENCE BY LEFT-VALUE-FREE RULES). Let p be a left-value-free con-
strained rewrite rule, and I1X. s [3xX. ¢, 1IY. ¢t [3Y. ¢] be sat-
isfiable existentially constrained terms. IfTIX’. s’ [3%'. ¢'] «,
X.s [3X. ] ~TOY. t [Ty. ¢], then we haveTIX'.s" [IX'. ¢'] ~
Y. ¢ [3Y'. '] <, IIY. t [3y. ¢] for someIIY'. ' [Iy’. ¢'].

PrROOF. Suppose that IIX". s’ [3x’. ¢’] <, IIX. s [3X. 9] ~
ITY. ¢ [3y. ¢]. By Theorem 8.6, there exists an existentially con-
strained term I1LX"”. s” [3X”. ¢”’] such that IX". s’ [3X’. ¢’] ~
OX"7.s” [3X”. ¢"] <, PG(IIX.s [3X. ¢]). By IIX. s [IX. @] ~
Y. t [3g. ¢], IX". s” [3X". 9] <, PG(IIX. s [3X. ¢]) ~
PG(ITY. ¢t [3y. ¥]). Hence, by Theorem 6.2, IIX". s” [3X". ¢”'] ~
Oy’ ¢ [3y'. ¢'] <, PG(IIY. t [3y. y]) for some existentially
constrained term ITY’. ¢’ [3j’. ¢’ ]. Hence, [IX’. s’ [3X’. ¢'] ~
MY, ¢ (35" §'] —, PG(IY. t [37. y']). O

Theorem 8.7 enables us to defer the equivalence transformations
until after the application of rewrite rules.

COROLLARY 8.8. Let R be an LCTRS consisting of left-value-free
constrained rewrite rules. IfTIX. s [3X. ¢ g Y. t [3y. ¢/], then
IX.s [3x. ] =% OX'.s" [3x’. ¢"] ~ Y. ¢ [Ty. ¢] for some
IIX’.s' [3X7. ¢

Proor SKETCH. The claim can be proved by induction on n to
show that if we have IIX. s [3X. ¢ ](~ - -g)" ~ IIY. ¢t [Ty. ¥],
then there exists TIX". s" [3xX’. ¢’ ] such that TIX. s [3x. 9] —§
IOX’.s [3x’. '] ~T0Y. ¢t [Ty. ¥]. m]
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9 Related Work

As mentioned earlier, tools working with LCTRSs, like Ctrl or crest,
do already implement (mitigated) versions of the results in this
paper. Implementation details w.r.t. crest are discussed in [13, 14].
This includes transformations like [13, Definition 12] that produces
left-value-free rules, or to check joinability of s ~ ¢ [¢] crest does
not compute any intermediate equivalences but checks triviality
by using [13, Lemma 3] at the end of the rewrite sequence. Ctrl [9]
makes constrained rewrite rules left-value-free in advance [3, 6],
and thus, equivalence transformations are not used in applying
constrained rewrite rules to constrained terms. Crisys [4] does not
modify the given LCTRSs but uses an extension of matching during
rewriting constrained terms, which can be seen as an alternative to
equivalence transformations before rewrite steps: When matching
a term ¢ with s in a constrained term s [ ¢ ], a value v can match a
logical variable x if x = v is guaranteed by ¢, i.e., Fpr ¢ = (x =0).
However, the results of this paper do show promising evidence that
tools incorporating these approximations do not loose much power.

Regarding rewriting of constrained terms, the symbolic rewriting
module SMT has been proposed in [12]. The rewriting formalism
there is different from constrained rewriting in this paper. We use
the original definition of LCTRSs and constrained rewriting on them
with the only difference on the presentation to ease its analysis.
In particular, constrained rewriting reduces a constrained term to
another one such that every instance in the former has its reduct in
the latter. On the other hand, symbolic rewriting in [12] does not
guarantee this, hence this is similar to narrowing of constrained
terms.

10 Conclusion

In this paper, we have revisited the formalism of constrained rewrit-
ing in LCTRSs. We have introduced the new notion of most general
rewriting on existentially constrained terms for left-linear LCTRSs.
It was discussed in which way our new formalism of most general
rewriting extracts the so called “most general” part of the corre-
sponding original formalism. We have shown the uniqueness of
reducts for our formalism of constrained rewriting, and commu-
tation between rewrite steps and equivalence for pattern-general
constrained terms. Then, by using the notion of non-left-value-
free rewrite rules we showed that left-value-free rewrite rules can
simulate non-left-value-free rules. Finally, we did recover general
commutation between rewrite steps with left-value-free rules and
equivalent transformations.

Because of the expected complications, our focus in this pa-
per was on rewriting with left-linear rules. To deal with non-left-
linear rules, we need to extend the matching mechanism underlying
rewrite steps. However, this complicates the definition of rewrite
steps drastically. This extension remains as future work.
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