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signature � fib constants s unary � nth f � binary

rewrite rules � � � � � fib � f � s � � � � s � � � �
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➀ equation � � 
 is valid in � iff � and 
 have same � -normal form

➁ � admits no infinite computations

➀ � ➁ � � � has decidable validity problem
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equation solving modulo equational theory �
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solution � � � � � � � � � � � �� � s � � � �� � s � � � �

use equations from left
to right and unification
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QUESTIONS

➜ semantics ?
equational logic

➜ are answers unique ?
confluence

➜ do all computations end in answer ?
termination

➜ how to solve validity problems by rewriting ?
completion

➜ how to compute answers ?
strategies

➜ how to solve equations ?
narrowing
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TERMS

➜ signature � function symbols with arities

➜ variables � � � � � � infinitely many

➜ � ground � terms � � � � � � � � � � � �

OPERATIONS ON TERMS

➜ � ar � � � � �

s � � � � � � � � s �� � � s � � � � �
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not linear

➜ � un � � � � s �

➜ root � � � �

➜ � � � � �

POSITIONS

➜ 
 �	 take subterm of 
 at position 


➜ 
 � � � 	 replace subterm in 
 at position 
 by �

➜ 
 os � 
 � � 
 os � � 
 �� 
 os � � 
 �
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TERM REWRITE SYSTEMS

equational system � ES � is pair � � � � �

➜ � signature

➜ � set of equations between terms in � � � � � �

rewrite rule �� � � � is equation� � � such that

➜ � �� �

➜ � ar � � �� � ar �� �

term rewrite system � TRS � is ES all of whose equations are rewrite rules

DEFINITION

binary relation � 
 on � � � � � � for every ES � � � � � :

� � 
 
 � �

� 
 � 
 os � � �

� � � � � �

� substitution �

with � �	 � � � redex


 � � � � � � 	
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DEFINITION

rewrite relation is binary relation � on terms which is
closed under contexts and closed under substitutions:

➜ � � 
 � � � � � � 	 � � � 
 � 	 � terms � and positions 
 � 
 os � � �

➜ � � 
 � � � � � 
 � � substitutions �

LEMMA

relation � 
 is smallest rewrite relation such that � � � 


DERIVED RELATIONS

� joinability � � ��� �� �

�! conversion � equivalence relation generated by � �

LEMMA

� ES � "� 
 � � 
 � validity in all models of � �
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TERMINOLOGY

➜ if � �� 
 then � rewrites to 
 and 
 is reduct of �

➜ if � �� �� � 
 then � is common reduct of � and 


➜ if � "� 
 then � and 
 are convertible

➜ normal form is term � such that � �� 
 for all 


➜ � � � 
 if � �� 
 for normal form 

DEFINITION

TRS � over signature �

➜ � is string rewrite system � SRS � if every � � � is unary

➜ defined symbols � � � � root �� � � � � � � � �
➜ constructors � � � � � � �

➜ � is constructor system � CS � if

� � �� � �� � � � � � � � � � � � � �� � � � � � � � � � � � � �
constructor terms
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PROPERTIES OF TRSS

SN strong normalization termination

no infinite rewrite sequences

UN unique normal forms

no element has more than one normal form

� � � 
 � � 
� if � � � 
 � and � � � 
� then 
 � � 
� � � � � � � �

CR confluence Church-Rosser property
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➀ CR � � UN

➁ CR � �� UN
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WCR local confluence weak Church-Rosser property
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LEMMA

➀ CR � � "� � � � � "� � �

➁ CR � � WCR

➂ CR � �� WCR a boo
''
cgg

// d

➃ SN 	 WCR � � CR Newman’s Lemma
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WN weak normalization

every element has at least one normal form

� � � 
 � � � 


LEMMA

➀ SN � � WN

➁ SN � �� WN a
%%

// b

➂ WN 	 UN � � CR

SN // WN

CR// oo

ss ,,WCR UN
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semi-completeness CR 	 WN

every element has unique normal form

completeness CR 	 SN

diamond property �
� � � 
 � � 
�

�
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LEMMA

ARS � � ��� � � � is confluent if � � � � � �� for some relation � � on

� with diamond property
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VALIDITY PROBLEM undecidable

instance: ES � � � � � terms � � 
 � � � � � � �

question: � "�� 
 
 ?

Combinatory Logic

� � � � �

��� � � � � � � �

� �	 � � � � � � � � � � � � � � � � � � � �

THEOREM

validity problem for ES � � � � � is decidable if

� finite � semi- � complete TRS � � � � � such that "� 
 � "� 
� �
 �

� implements �

DECISION PROCEDURE

compute � unique � � -normal forms of � and 
 and compare:

➜ yes if equal

➜ no if different

TERM REWRITING CL 2000 TUTORIAL

DECIDABILITY

‘all’ properties of TRSs are undecidable

➜ SN � even for one-rule TRSs � CR WN � � �

➜ SN is undecidable for confluent TRSs

THEOREM

➜ CR is decidable for terminating TRSs

➜ CR is decidable for left-linear right-ground TRSs

➜ SN is decidable for right-ground TRSs

OPEN PROBLEMS

➜ is CR decidable for right-ground TRSs ?

➜ is SN decidable for one-rule SRSs ?
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TERMINATION

LEMMA

TRS � is terminating iff � well-founded order � on terms such that

� � 
 
 � � � � 


inconvenient to check all rewrite steps

LEMMA

TRS � is terminating iff � well-founded order � on terms such that

➀ � � � � � � � � � �

➁ � is closed under contexts

➂ � is closed under substitutions
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DEFINITION

➜ binary relation � on terms is reduction order if

➀ closed under contexts
➁ closed under substitutions
➂ proper order � irreflexive and transitive �

➃ well-founded

➜ TRS � and � are compatible if� � � for all� � � � �

LEMMA

TRS � is terminating iff compatible with reduction order

QUESTION

how to construct reduction orders ?

➀ use algebras � semantic approach �

➁ use induction � syntactic approach �
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DEFINITION

➜ well-founded monotone � -algebra � WFMA � � � � � � is nonempty
algebra � � ��� � � �� �� � � � together with well-founded order �

on� such that every � � is strictly monotone in all coordinates:

� � �� � � � � � � � � �� � � � � � � � � � �� � �� � � �� �� � � � � � �

for all� � � � � � � � � �� � � and � � � � � � � � �� � with� � � �

➜ binary relation � � on terms:

� � � 
 � � �	 �� � � �� �
 �

interpretation of � in � under assignment 	

� �	 �� � 
 � for all assignments 	

➜ TRS � and WFMA � � � � � are compatible if � and � � are
compatible

TERMINATION: SEMANTIC METHODS CL 2000 TUTORIAL

THEOREM

➜ � � is reduction order for every WFMA � � � � �

➜ TRS is terminating iff compatible with WFMA

DEFINITION

TRS � is polynomially terminating if compatible with WFMA � � � � �

such that
➀ carrier of � is 


➁ � is standard order on 


➂ �� is polynomial for every �

� interpretations

� � � � � � � � �

� � s � � � � s �� � � � s� � � � � � � �

� � � � � � � � � � � � � � � �

� � s � � � � � � � � � � � � � � � � �� � � � � � � � �
�
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LEXICOGRAPHIC PATH ORDER

DEFINITION

➜ precedence is proper order � on �

➜ binary relation � lpo on terms:

� � lpo 
 if � � � � � � �� � � � � � � and either

➀ 
 � � � 
 � �� � � � 
 � � and � �

� � � � � �
� 
 � � � � lpo 
 � � � � � � � lpo 
 �

➁ 
 �
� � 
 � �� � � � 
 � � and � � � and � � � � lpo 
 �

➂ � � � � � lpo 
 or � � � 


THEOREM

� lpo is reduction order if � is well-founded
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LEXICOGRAPHIC PATH ORDER: PROPERTIES

THEOREM

➜ if � � � then � lpo� � lpo � incrementality �

➜ if � is total then � lpo is total on ground terms

➜ following two problems are decidable:

➀ instance: terms � , 
 precedence �

question: � � lpo 
 ?

➁ instance: terms � , 


question: � precedence � such that � � lpo 
 ?
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EXAMPLES

TRS precedence

� � �

s � � � � �

� � �

s � � � � �
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�
�

�

�
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�
� � � � �

� � � � s

ack � � � � �

ack � � � s � � � �

ack � s � � � � � �

ack � s �� � � s � � � �
�

�
�

�

�

s � s � ack � � � � � � �

s � � �

ack � � � ack � s � � � � � � �

ack � s

e � � � � � � e � �

� 	 � � � e � � � 	 � e

�� � � � � � � � � � � � � � � 	 	 � �

e 	 � e �� � � �
	 � �
	 � � 	

� 	 � � � � � � � � � � ��
	 � � � � �

	
� � � e
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COMPARISON

termination

simple termination

f � f �� � � � f � g � f �� � � �

polynomial
interpretations

LPO
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SIMPLE TERMINATION

�
�

�
�

assumption: signatures are finite

DEFINITION

➜ binary relation � on terms is simplification order if

➀ closed under contexts
➁ closed under substitutions
➂ proper order
➃ subterm property:

� � 
 � 	 � 
 for all terms � , 
 and non-root positions in �

➜ TRS is simply terminating if compatible with simplification order

➜ TRS � mb consists of all rewrite rules

f �� � �� � � � � � � � � �

➜ � emb � ��� 
 mb � embedding �
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THEOREM

simplification orders are well-founded

proof is based on Kruskal’s Tree Theorem:

� infinite sequence of ground terms 
 � , 
� , 
� ,� � �

� � � � such that 
 � � emb 
 �

COROLLARY

simply terminating TRSs are terminating

LEMMA

TRS � is simply terminating iff � � � mb is terminating

EXAMPLE

TRS f � f �� � � � f � g � f �� � � � is not simply terminating:

f � f �� � � � f � g � f �� � � � � 
 mb f � f �� � �
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CONFLUENCE

Newman’s Lemma: SN 	 WCR � CR

how to prove WCR ?

� � � 
 � � 
�

�

~~~~
~~
~~

  
@@

@@
@@

peak


 �
�

  
@

@
@ 
�

�

~~~
~
~

� �

�f � a � g �� � � � f �� � � �

g � b � � c

f � g � b � � g � b � �

�

����
��
� �

��
66

66
6

non-critical

f � c � g � b � � f � g � b � � c �

f � a � g � g � b � � �

� �

����
��
� �

��
<<

<<
<

non-critical

f � a � g � c � � f � g � b � � g � b � �

f � a � g � b � �

�

��








�

��
44
44
4

critical

f � a � c � f � b � b �
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DEFINITION

➜ overlap is triple �� � � � � � 
 � � � � � � � such that

➀ � � � � � and� � � � � are rewrite rules without common
variables

➁ 
 � 
 os � �� � �

➂ � � � 	 and� � are unifiable

➃ if 
 � � then� � � � � and� � � � � are different

➜ � � � �� � � � 	 � � � �

	

����
��
�� �

��
99

99
99

� most general unifier of� � � 	 and� �

� � � � � � � � 	 � � � � critical pair

➜ critical pair � � 
 is convergent if � � 
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CRITICAL PAIR LEMMA

TRS is locally confluent iff all critical pairs are convergent

COROLLARY

terminating TRS is confluent iff all critical pairs are convergent

LEMMA

finite TRSs have finitely many critical pairs

COROLLARY

confluence is decidable for finite terminating TRSs
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special case: no critical pairs

WCR � by Critical Pair Lemma � but in general not CR

f �� � � � � a f �� � � � � a
f �� � g �� � � � b g �� � � f �� � g �� � �

c � g � c � c � g � c �

f � c � c �

����
��
� �

��
66

66
6 c

�

��

// g � c �
� // g � a �

a b a

THEOREM

left-linear TRSs without critical pairs

� �
 �

orthogonal

are confluent

PROOF

parallel rewriting � �
� � has diamond property
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COMPLETION

completion � � compute critical pairs, add new rewrite rules �
�

�

� � � � � ➀ � � s � � � � p �� � � � ➃

� � � � � ➁ p � s �� � � � � ➄

� � s � � � � s �� � � � ➂ s � p �� � � � � ➅

➜ SN LPO with precedence � � s,� � p

➜ WCR ? 4 critical pairs

� � s � p �� � �

➅
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�� ➂
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::
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� � � s � � � p �� � �BC@A
➆
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� � s � p �� � �
➅
����
�� ➃

��
::

::

� � � p � � � p �� � �BC@A
➇
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p � s � p � � � � �

➅
����
� ➄

��
22
2

p � � � � p � � �

s � p � s � � � � �

➄
����
� ➅

��
00
0

s � � � � s � � �

new rewrite rules

s �� � p � � � � � � � � ➆ p �� � p � � � � � � � � ➇

do not change "�� 
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new critical pairs

p � s � � � p � � � � �

➆
����
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::

::

p � � � � � � � p � � �BC@A
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s � � � p � s �� � � �

➄
����
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99
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s � � � � � � � s �� �BC@A
➂

OO

p � � � p � s � � � � �

➄
����
�� ➇

��
::

::

p � � � � � � � s �� �BC@A
➃

OO

s � p � � � p �� � � �

➇
����
�� ➅

��
::

::

s � � � � � � � p �� �BC@A
➉

OO

new rewrite rules

� � p � � � � p �� � � � ➈ � � p � � � � s �� � � � ➉

termination is preserved � extend precedence with � � p,� � s �
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new critical pairs

� � s �� � p �� � �
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➆

bbEEEEE
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� � �� � � � p � � � �� � p �� � � �
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p � � � p �� � � � �

➇

bbEEEEE

s � � � p �� � p �� � � �

➇
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{ ➆
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s � � � �� � � � � � � �� � p �� � �
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� � s � � � � �

➂

bbEEEEE

p � � � p �� � p � � � � �

➇
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{ ➇
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p � � � � � � � � � � � �� � p �� � �
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� � s �� � � �

➃
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new critical pairs

� � p � s � � � �

➄
����
� ➈

��
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:

� � � p � � � s � � � �
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� ➀ ➁ ➂ ➃ ➄ ➅
� � � � � ➀ � � s � � � � p �� � � � ➃

� � � � � ➁ p � s �� � � � � ➄

� � s � � � � s �� � � � ➂ s � p �� � � � � ➅

s �� � p � � � � � � � � ➆ � � p � � � � p �� � � � ➈

p �� � p � � � � � � � � ➇ � � p � � � � s �� � � � ➉

� � ➀ ➁ ➂ ➃ ➄ ➅ ➆ ➇ ➈ ➉

➜ all critical pairs of � � convergent � � WCR � � �
�

➜ SN � � �
� 	 WCR � � �
� � � � � is complete

➜ "� 
 � "� 
 �
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REDUNDANCY

rewrite rules ➈ and ➉ make ➆ and ➇ redundant

s � � � p � � � �

➆ //

➈   
AA

AA
A

� � �

s � p �� � � � �

➅

>>}}}}}

p �� � p � � � �

➇ //

➉   
AA

AA
A

� � �

p � s �� � � � �

➄

>>}}}}}

➜ less rewrite rules � � less critical pairs

➜ TRS without redundancy � reduced TRS

DEFINITION

TRS � is reduced if for all� � � � �

➀ � is normal form with respect to �

➁ � is normal form with respect to � � � � � � �
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➜ simplification can be performed after completion

THEOREM

� complete TRS � � complete reduced TRS � �

such that "� 
 � "� 
 �

➜ better idea: perform simplification during completion

THEOREM

if TRSs � � and � � satisfy

➀ "� 
 �

� "� 
 �

➁ � � and � � are reduced and complete

➂ � � and � � compatible with same reduction order

then

� � � � � � modulo variable renaming �
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OVERVIEW

➜ examples

➜ term rewriting

➜ termination

➜ confluence

➜ completion

➜ strategies

➜ narrowing

➜ modularity

➜ further reading
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STRATEGIES

DEFINITION

➜ strategy selects redexes

➜ leftmost outermost

➜ parallel outermost

➜ strategy is normalizing if it computes normal forms for all terms
that admit normal forms

LEMMA

for terminating TRSs every strategy is normalizing

STRATEGIES CL 2000 TUTORIAL

term � � s � � � � � � � � s � � � � �

tree representation

� �

�

�

s

�

� �

��

�

�

s

innermost

outermost

innermost

outermost

� � � � �

s � � � � � � s �� � � �

� � � � �

s � � � � � � � � � � �

leftmost outermost
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term � � s � � � � � � � � s � � � � �

tree representation

� �

�

�

s

�

� �

��

�

�

s

innermost

outermost

innermost

outermost

� � � � �

s � � � � � � s �� � � �

� � � � �

s � � � � � � � � � � �

leftmost outermost
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term � � s � � � � � � � � s � � � � �

tree representation

� �

�

�

s

�

� �

��

�

�

s

innermost

outermost

innermost

outermost
� � � � �

s � � � � � � s �� � � �

� � � � �

s � � � � � � � � � � �

leftmost innermost
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term � � s � � � � � � � � s � � � � �

tree representation

� �

�

�

s
�

� �

��

�

�

s

innermost

outermost

innermost

outermost

� � � � �

s � � � � � � s �� � � �

� � � � �

s � � � � � � � � � � �

parallel outermost
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term � � s � � � � � � � � s � � � � �

tree representation

� �

�

�

s

�

� �

��

�

�

s

innermost

outermost

innermost

outermost

� � � � �

s � � � � � � s �� � � �

� � � � �

s � � � � � � � � � � �

parallel innermost
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� � � s � � � � � � � � � � � s � � � � � � � � s � � � � � � s � � � � � � s � � �

leftmost outermost 3 redexes

� � � � s � � � � � � � � � � s � � � � � � � � � s � � � � � � � s � � � � �

� � � � s � � � � � � � s � � � � � � � � s � � � � s � � � � � � � � s � � � � �

� � � s � � � � s � � �

leftmost innermost 6 redexes

� � � s � � � � � � � � � � � s � � � � � � � � s � � � � s � � �

parallel outermost 3 redexes

� � � � s � � � � � � � � � � s � � � � � � � � � s � � � � � � � s � � �

� � � � s � � � � � � � s � � � � � � s � � � � s � � � � � � s � � � � s � � �

parallel innermost 6 redexes
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THEOREM

for orthogonal TRSs
➜ parallel outermost strategy is normalizing

➜ innermost strategies are bad

➜ leftmost outermost strategy is not normalizing

a � b
c � c

f �� � b � � b

f � c � a � � f � c � a � � � � � leftmost outermost

f � c � a � ��� f � c � b � � b parallel outermost
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THEOREM

leftmost outermost strategy is normalizing for left-normal orthogonal
TRSs

no function symbols “after” variables in left-hand sides
of rewrite rules

� � s � � � � s �� � � � �

s �� � � � � s �� � � � �

easy but important result: Combinatory Logic is left-normal

� � � �

� � � � �

	 � � � � � � � � � �
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OPTIMALITY

OBSERVATION

parallel outermost is not optimal because it performs useless steps

� � � � �

s � � � � � � s �� � � �

� � � � �

s � � � � � � � � � � �

� � � s � � � � � � � � s � � � � �� � � s � � � � �

redex � � s � � � is not needed

DEFINITION

redex � in term 
 is needed if descendant of � is contracted in
every rewrite sequence from 
 to normal form
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THEOREM

for orthogonal TRSs
➜ every reducible term has needed redex

➜ needed reduction is normalizing

UNFORTUNATELY

for orthogonal TRSs it is undecidable whether redex is needed

decidable approximations based on powerful
tree automata techniques exist

LEMMA

for left-normal orthogonal TRSs leftmost outermost redex is needed
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OVERVIEW

➜ examples

➜ term rewriting

➜ termination

➜ confluence

➜ completion

➜ strategies

➜ narrowing

➜ modularity

➜ further reading
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NARROWING

DEFINITION

binary relation � 
 on � � � � � � for every TRS � � � � � :

� �� 
 
 � �

� 
 � 
 os � � � �

� � � � � �

� substitution �
mgu

with � � 	 � � � �

 � � � � � � � 	

LEMMA

narrowing is sound for arbitrary TRSs:

� � 
 �� � 
 � true � � � is solution of � � 
 � � � " � 
 
 � �
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COMPLETENESS

THEOREM

narrowing is complete for complete TRSs:

� solution � of � � 
 � narrowing sequence � � 
 �� � 
 � true

such that � � 
� �
 �

subsumption � modulo � �

� � � ar � � � 
 � �

➜ confluence and termination are essential

TRS equation solution

CR a � b b � c � � empty substitution �

a � c

SN a � f � a � � � f �� � �� � a

➜ termination can be dropped if only normalized� �
 �

� � � � is normal form for every variable �

solutions � are
considered
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EXAMPLE

� � � � ��

s �� � � � � s � � � � �

� � � � true � �

� � � � s �� �

�	 
 � � 
 �	 
 s �� �

� � s � � � s � � � s � � � � � s � s � � � �

failure � 	 
 � � 
 � 	 
 s �� �

s � s � � � � � s � s � � � � s � s � � � s � s � � � � � � � s � s � s � � � � �

� � 


true � � � � � �

solution

�� � s � � �

no solutions

challenge: reduce search space without losing completeness
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COMPLETENESS

THEOREM

narrowing is complete for complete TRSs:

� solution � of � � 
 � narrowing sequence � � 
 �� � 
 � true

such that � � 
� �
 �

subsumption � modulo � �

� � � ar � � � 
 � �

PROOF � LIFTING LEMMA �

➀ � � � 
 � ��� true with � normalized

� �
➁ � � 
 �� � true with � � � � � ar � � � 
 � �

➀ and ➁ employ same rewrite rules at same positions
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EXAMPLE

� � � � � � � � �

s �� � � � � s �� � � � s �� �
� � � � � � s �� � � � �

� � � � � s � � �

� � �� s �� �

�� � � � s �� � � � � � � s �� � � s � s �� � �

� �� 	 � 


� 	 � �� � 	 � � � � � � �� � � s �� � � � � � s �� � � s � s �� � �


 
 � �� 	 � 
 � �� 	

�� � 	 � � � � � � 	 � s � 	 � 	 � � � � � � � 	 � � � � � � � �


 
 
 


s � 	 � 	 � � � � � � 	 � � � � � � �


 
 


s � � 	 � 	 � � � � � � � � � � �


 


s � 	 � � � � � � � � � � true

9 different narrowing sequences compute � unique � solution�� � s � � �
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NARROWING IS INEFFICIENT

according to Lifting Lemma each rewrite sequence

� � � 
 � �� true

corresponds to unique narrowing sequence

� � 
 � � true
that computes � generalization of � �

SOLUTION

➜ strategy
compute only narrowing sequences that corresponds to
specific � e.g. leftmost innermost � rewrite sequence

➜ rewriting
rewrite steps can be executed without backtracking
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BASIC NARROWING

DEFINITION

in basic narrowing narrowing steps are not allowed at subterms
introduced by previous narrowing substitutions

� �� � � �
� �

� � �

� 
 � 
 os � � � �

� � � � � �

� mgu � of � � � 	 and�

with

� � � � � � � 	

� � � � �

THEOREM

basic narrowing is complete for complete TRSs
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EXAMPLE

� � � � � � � � �

s �� � � � � s �� � � � s �� �
� � � � � � s �� � � � �

� � � � � s � � �

� � �� s �� �

�� � � � s �� � � � � � � s �� � � s � s �� � �

� �� 	 � 


� 	 � �� � 	 � � � � � � �� � � s �� � � � � � s �� � � s � s �� � �


 
 � �� 	 � 
 � �� 	

�� � 	 � � � � � � 	 � s � 	 � 	 � � � � � � � 	 � � � � � � � �

nonbasic 
 
 


s � 	 � 	 � � � � � � 	 � � � � � � �


 nonbasic 


s � � 	 � 	 � � � � � � � � � � �

nonbasic 


s � 	 � � � � � � � � � � true

3 different basic narrowing sequences compute solution�� � s � � �
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REMARK

termination is essential for the completeness of basic narrowing

f � � � � g �� � � � g � a � b � � c
a � b g � b � b � � f � a �

semi-complete

f � � �� c

� �	 
 b
g � � � � �� c � f � a �� c � g � a � a �� c


 
 


f � b �� c ��� g � b � a �� c g � a � b �� c


 
 �

g � b � b �� c
��

c� c

�

true

basic narrowing cannot compute solution�� � b
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REMARK

termination is essential for the completeness of basic narrowing

f � � � � g �� � � � g � a � b � � c
a � b g � b � b � � f � a �

semi-complete

f � � �� c

� �	 
 b
g � � � � �� c � f � a �� c � g � a � a �� c


 nonbasic nonbasic
f � b �� c ��� g � b � a �� c g � a � b �� c


 
 �

g � b � b �� c

��

c� c

�

true

basic narrowing cannot compute solution�� � b
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DETERMINISTIC REWRITING

THEOREM

for arbitrary � confluent � TRSs

if rewrite step is applicable all other narrowing steps can be
ignored without losing completeness

DEFINITION

in normal narrowing equations are rewritten to normal form before
narrowing steps are computed

COROLLARY

normal narrowing is complete for complete TRSs
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EXAMPLE

� � � � � � � � �

s �� � � � � s �� � � � s �� �
� � � � � � s �� � � � �

� � � � � s � � �

� � �� s �� �

�� � � � s �� � � � � � � s �� � � s � s �� � �


 rewrite step

�� � � s �� � � � � � s �� � � s � s �� � �

� �� 	 � 
 � �� 	

� 	 � s � 	 � 	 � � � � � � � 	 � � � � � � � �


 
 


s � 	 � 	 � � � � � � 	 � � � � � � �


 
 


s � � 	 � 	 � � � � � � � � � � �


 


s � 	 � � � � � � � � � � true

narrowing with deterministic rewriting
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EXAMPLE

� � � � � � � � �

s �� � � � � s �� � � � s �� �
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� � � � � s � � �

� � �� s �� �

�� � � � s �� � � � � � � s �� � � s � s �� � �


 rewrite step
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DETERMINISTIC REWRITING

THEOREM

for arbitrary � confluent � TRSs

if rewrite step is applicable all other narrowing steps can be
ignored without losing completeness

DEFINITION

in normal narrowing equations are rewritten to normal form before
narrowing steps are computed

COROLLARY

normal narrowing is complete for complete TRSs
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OVERVIEW

➜ examples

➜ term rewriting

➜ termination

➜ confluence

➜ completion

➜ strategies

➜ narrowing

➜ modularity

➜ further reading
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MODULARITY

DEFINITION

property of TRSs is modular if it is preserved under union

REMARK

without further restrictions ‘no’ property of TRSs is modular

termination a � b b � a

confluence a � b a � c

two TRSs

� � � � �

�� �� �

� � � �

� � � �
disjoint

� � � �

� � � �

constructor-sharing

� � � �

� �
� �

hierarchical
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EXAMPLE

➀

� � �
s �� � � �

�
�

�

s �� � � �

� � �

s �� � � �
�

�

�
� � � � �

➁

➂

�� �

� � �

s � � �� s � � �
�

�
�

�
�

� � �

fib � � �

fib � s � � � �

fib � s � s � � � � �
�

�
�

s � � �

s � � �

fib � s �� � � � fib �� �

➃

➄
nil � � �

�� � � � � � �
�

�
�

� � � � � � � �

� � s � � �

s �� � � s � � �
�

�

�

s � �� � � � � s � � � �

➅

➆

true 	 false
false 	 true

� 	 �

�
�

�

false
false

�

� � �

� � s � � �

s �� � � s � � �
�

�
�

false
true

� � �

➇

➈
sum � nil �

sum �� � � �
�

�

�
� � sum � � �

length � nil �

length � � � � �
�

�

�
s � length � � � �

➉

➀ ✛
h

➁ ✛
cs

➂ ✛
h

➃ ✛
d

➄ ✛
h

➅ ✛
d

➆ ✛
cs

➇ ✛
h

➈ ✛
cs

➉
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THEOREM

➜ confluence is modular for disjoint TRSs
➜ termination is not modular for disjoint TRSs

f � a � b � � � � f �� � � � � �

g �� � � � � �

g �� � � � � �

duplicating collapsing

f � a � b � g � a � b � � � f � g � a � b � � g � a � b � � g � a � b � �

� f � a � g � a � b � � g � a � b � �

� f � a � b � g � a � b � �

THEOREM

disjoint union of terminating TRSs � and� is terminating if

➜ � and� lack collapsing rules
➜ � and� lack duplicating rules
➜ � or� lacks both collapsing and duplicating rules
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REMARK

termination is not modular for disjoint confluent TRSs

f � a � b � � � � f � � � � � � �

a � c
b � c

f � � � � � � � � c

g �� � � � � � � �

g � � � � � � � � �

f � a � b � g � a � b � b � � � f � g � a � b � b � � g � a � b � b � � g � a � b � b � �

� f � a � g � a � b � b � � g � a � b � b � �

� � f � a � g � c � c � b � � g � a � b � b � �

� f � a � b � g � a � b � b � �

THEOREM

➜ termination is modular for disjoint left-linear confluent TRSs

➜ termination is modular for constructor-sharing confluent CSs

MODULARITY CL 2000 TUTORIAL

THEOREM

➜ simple termination is modular for constructor-sharing TRSs

➜ weak normalization is modular for constructor-sharing TRSs

➜ local confluence is modular for constructor-sharing TRSs

REMARK

confluence is not modular for constructor-sharing TRSs

f �� � � � � a
f �� � g �� � � � b

c � g � c �

a � f � c � c � � f � c � g � c � � � b

THEOREM

semi-completeness is modular for constructor-sharing TRSs
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