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signature 0 constant s unary + x binary
equations 0O+y ~ vy 0O+y = vy
S(z) +y = s(z+y) s(@) +y = s(z+Y) qpg
Oxy = 0 Oxy — 0
S(z) Xy = zxy+y S(z) xy = zXxy+y
rewriting $(0) +5(s(0) x s(s(0))) — s(0) + s(0 x s(s(0)) + s(s(0)))
redex — 5(0) 4 5(0 + s(s(0)))
— 5(0) 4 5(s(s(0)))
use equations from left — 8(0+5(5(s(0))))
to right and matching — 5(s(s(s(0))))
normal form
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signature 0 fib constants S unary + nth f : binary

rewrite rules 0+y — vy fio — f(s(0),s(0))
S(z) +y — s(z+y) flz,y) = z:f(y,z+y)
nth(0,y: 2) — y nth(s(z),y : z) — nth(z, 2)
rewriting nth(s(0),fio) — nth(s(0),f(s(0),s(0)))
— nth(s(0),s(0) : f(s(0),s(0) 4 s(0)))
— nth(0, f(s(0),s(0) + s(0)))
—  nth(0, f(s(0),s(0 + s(0))))
— nth(0,f(s(0),s(s(0))))
— Nnth(0,8(0) : f(s(s(0)),s(0) +5(s(0))))
— 5(0)
nth(s(0), fio) —*
nth(s(0),s(0) : (s(0) : (s*(0) : (s*(0) : (s°(0) : ---)))))
AM_
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e-r = x
& Tz ~ € group theory
(@-y)z =~z (y 2)

e x — z-€ = x

T -T — € r-r- — €

R (zy)-z— 2z (y-2) T ooz
e” — e (z-y)- =y~ -z~

7 (zy) =y z-(z7-y) >y

O equation s ~ t is valid in £ iff s and ¢t have same R-normal form
O R admits no infinite computations
0O+ 0 = £ hasdecidable validity problem
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equations 0—y

L

&

|

© o

S

R
S

-y
dzy s(s(z—y)) =~e s(z)?

equation solving modulo equational theory €

o1
narrowing  s(s(z —y)) ~ s(z) —  s(s(z1 —y1)) ~ s(s(z1))
o1z S(z1) y+>S(yr)
use equations from left >‘7_2> 5(5(0)) ~ (s(0))
to right and unification N
o2 1 +— 0

solution ooz l{z,y}: x—3S(0) yr—>S(y1)
AM_
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QUESTIONS

O semantics ?
equational logic

O are answers unique ?
confluence

O do all computations end in answer ?
termination

O how to solve validity problems by rewriting ?
completion

O how to compute answers ?
strategies

O how fo solve equations ?
narrowing

AM_
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TERMS

O signature F function symbols with arities
O variables v FNy=g infinitely many

O (ground)terms T(F,V) (T(F))
s(z) + (y + (s(z) +5(0)))

| OPERATIONS ON TERMS |

+6
O var(-) Ty 15/ \+2
O Fun(-) 0 s +
11 ‘ 21 / \ 29
g root(-) + z“y +
0l 10 2213/ \3222
[posimions | 2,
O ¢, take subterm of ¢ at position p not linear
O ts]p replace subterm in ¢ at position p by s
O Pos(t) = Poss(t) & POsy(t)
AM_
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TERM REWRITE SYSTEMS

equational system (ES) is pair (F, £)
o F signature
o & set of equations between terms in T(F, V)

rewrite rule (I — r) is equation ! ~ r such that
Oti¢vy
O var(r) Cvar(l)

term rewrite system (TRS) is ES all of whose equations are rewrite rules

\ DEFINITION |

binary relation —¢ on T(F, V) for every ES (F,&):

dp € Pos(s)
s2et <= TJlxref with slp = lo redex
t = s[rolp
3 substitution o
AM__
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DEFINITION |

rewrite relation is binary relation R on terms which is
closed under contexts and closed under substitutions:

O sRt = u[s], Rult], Vtermsu and positionsp € Pos(u)
O sRt = soRto V substitutions o

LEMMA |

relation —¢ is smallest rewrite relation such that £ C —¢

| DERIVED RELATIONS |

+ joinability =—=" "«
<*  conversion (equivalence relation generated by —)

| LEMMA |

VESE +§ = =¢ (validity in all models of &)
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TERMINOLOGY

|

O if s »* t then s rewrites to ¢t and t is reduct of s

if s =»* u *< t then v is common reduct of s and ¢
if s <>* t then s and ¢ are convertible

normal form is ferm s such that s A ¢ for all ¢

s —' tif s »* t for normal form ¢

DEFINITION |

TRS R over sighature F

O o0oogoo

O R is string rewrite system (SRS) if every f € F is unary
O definedsymbols  Fp = {root(l)|l—->reR}
0O constructors Fe = F\Fp
O R is constructor system (CS) if
Vi, ...,)ln) >17€R li,...;ln € T(Fe,V)
constructor terms

AM__
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PROPERTIES OF TRSS
SN strong normalization termination
no infinite rewrite sequences
UN  unigue normal forms
no element has more than one normal form
Vs, t1,t2 if s —' t1 and s —' to then t; = to e ! -

CR confluence Church-Rosser property
S
Vs, t1, ta / Nl
t1 to
N 7/

Ju P 7

LEMMA | s d

T‘\*
J/*
N

0CR = UN b -
0 CR «< UN ()
AM_
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WCR local confluence weak Church-Rosser property

S
Vs, t1,te / \
t1 t2
N /

cl
AN 7/
Elu * N Y *
u

OCR <= " C|l <= " =1

OCR = WCR

O CR <= WCR o%b:c‘»d

OSNAWCR = CR Newman’s Lemma
AM__
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WN  weak normalization
every element has at least one normal form
Vs3It s 't
| LEMMA |

OSN = WN

0SN <= WN C a—b

OWNAUN = CR

SN——WN
>CR~
WCR / \» UN

AN
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semi-completeness CR A WN

every element has unique normal form

completeness CRASN

diamond property <&
S
Vs, t1, L2 / \
t1 to
N 7/

AN /
Ju N

U

LEMMA |

ARS A = (A, =) is confluent if - C —, C —* for some relation —, on
A with diamond property

AM_
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VALIDITY PROBLEM | undecidable
instfance: ES (F,&) termss,t € T(F,V)
question:  s<+gt?
|-z ~
Combinatory Logic (K z) -y =~
((S-2)-y)-zr (z-2) (y-2)
| THEOREM |
validity problem for ES (F, &) is decidable if
3 finite (semi-)complete TRS (F, R) such that <37 = ¢
N——
R implements £
| DECISION PROCEDURE |
compute (unique) R-normal forms of s and ¢ and compare:
O yes ifequal
0 no if different
AM__
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DECIDABILITY

‘all” properties of TRSs are undecidable

O SN (even for one-rule TRSs) CR WN
O SN is undecidable for confluent TRSs

| THEOREM |

O CRis decidable for terminating TRSs
O CRis decidable for left-linear right-ground TRSs
O SN is decidable for right-ground TRSs

OPEN PROBLEMS

O is CR decidable for right-ground TRSs ?

O is SN decidable for one-rule SRSs ?
AM__
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TRS R is terminating iff 3 well-founded order > on terms such that

s —oHrt =—> s8>1

inconvenient to check all rewrite steps

TRS R is terminating iff 3 well-founded order > on terms such that

I>r
O > is closed under contexts
O > is closed under substitutions

Ol—-reR —

O well-founded monotone F-algebra (WFMA) (A, >) is nonempty
algebra A = (A, {fa}ser) together with well-founded order >

fA(al, .

sy Ay - -

for all ay, . .

O binary relation > 4 on terms:

s>At

.,an) > fA(al,...,b,...

on A such that every f 4 is strictly monotone in all coordinates:

)

San,be Aandi€ {1,...,n} witha; > b

[a]a(s) > [a]a(t) for all assignments o
N——

interpretation of s in A under assignment «

O TRS R and WFMA (A, >) are compatible if R and > 4 are

ERMINATION

O binary relation > on terms is reduction order if

O closed under contexts

O closed under substitutions

O proper order (irreflexive and transitive)
0 well-founded

0 TRSR and > are compatibleifil >rforalll - r e R

TRS R is terminating iff compatible with reduction order

how to construct reduction orders ?

O use algebras
O use induction

(semantic approach)
(syntactic approach)

ERMINATION

compatible
AM__ AM__
CL 2000 TuTORIAL TERMINATION: SEMANTIC METHODS CL 2000 TuTORIAL
O > .4 isreduction order for every WFMA (A, >)
O TRSis terminating iff compatible with WFMA
TRS R is polynomially terminating if compatible with WFMA (A4, >)
such that
O carrierof Ais N
O > is standard order on N
O fais polynomial for every f
R interpretations
z+0 — x 04 =1
z+5(y) — s(z+y) sS4 = Ar.z+1
zx0 — 0 +a4 = Azy.x+ 2y
zxs(y) = zxy+x x4 = Azy.(z+1)(y+1)*
CL 2000 TuTORIAL TERMINATION: SEMANTIC METHODS CL 2000 TuTORIAL



LEXICOGRAPHIC PATH ORDER

DEFINITION

0 precedence is proper order > on F
O binary relation >, on terms:
8 >ipo tif s = f(s1,...,8,) and either
O t=f(t1,...,tn) ONA T 4

V_]<z S]:t] Si >|poti V]>Z S>|potj

O t=g(,....;tm)and f >gandV j s >po t;
O 3¢ s; >potors; =t

>p0 IS reduction order if > is well-founded

ERMINATION: SYNTACTIC METHODS

LEXICOGRAPHIC PATH ORDER: PROPERTIES

THEOREM

0O if > C Jthen >po € dipo (incrementality)
0O if > is total then >y, is fotal on ground terms

0 following two problems are decidable:

O instance: termss,t precedence >
question: s >t ?

O instance: termss,t
question: 3 precedence > such that s > ¢ ?

AM_
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EXAMPLES
TRS precedence
O+y — vy
S(z)+y — S(z+y) X >4 >s
Oxy — O
S(z) xy = zXy+ty
ack(0,0) — 0
ack(0,5(y)) — s(s(ack(0,y))) Bk S s
ack(s(z),0) — s(0)
ack(s(z),s(y)) — ack(z,ack(s(z),y))
e.x > x r-€ — x
T -x — € -~ — €
(z-y) 2z =z (y-2) T =z T >->e
e~ — e (z-y)~ =y -z~
7 (xy) =y z-(z7 -y =y
AM__
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COMPARISON

f(f(z)) — f(9(f(z)))

polynomial
interpretations

simple termination

termination

AM_
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SIMPLE TERMINATION

[ossump’rion: signatures are fini’re] OVERVIEW
O binary relation > on terms is simplification order if 0 term rewriting
0 closed under confexts 0 termination
O closed under substitutions O confluence
O proper order [0 completion
O subterm property: 00 strategies
s[t]p > t for all terms s, t and non-root positions in s [ narrowing
O TRSis simply terminating if compatible with simplification order 0 modularity

O TRS Emib consists of all rewrite rules

O

further reading
f(z1,...,2n) = z;

O emb = < 2mp (embedding)
AM_ AM_
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THEOREM | CONFLUENCE

simplification orders are well-founded

proof is based on Kruskal’s Tree Theorem: Newman’s Lemma: SN A WCR = CR

v infinite sequence of ground terms ¢4, ta, t3, . .. how to prove WCR ? 8

34 < j such that ¢; <emp t; Vs, t1,t2 / \ peak
— t1 t2

COROLLARY | . N p
U * *
simply terminating TRSs are terminating f(a,9(z)) — f(z,z) Mut
gb) —» ¢
TRS R is simply terminating iff R U £€mb is terminating - - _
f(g(b),9(b)) f(a,9(9(b))) f(a,g(o))
| EXAMPLE | / \ / \ 2/ )
TRS f(f(z)) — f(g(f(z))) is not simply terminating: f(c, g(b),c) f(a,g(c)) f(g(b),g(b)) f(a,c) (b,b)
f(f(z)) — f(9(f(z))) —emo f(f(z)) non—crl’ncol non-critical critical
AM__ AN
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\ DEFINITION |

O overlapis triple (11 — r1,p, l2 — r2) such that

O l; — r1 and Iz — ro are rewrite rules without common

variables
O p € Posx(l1)
O U], and I, are unifiable
0 ifp=ethenly — r1 andly — ro are different

O lla[lga]p =l10’
7N

lio[rao]l, = mo  critical pair

O critical pair s & t is convergentifs | ¢

o most general unifier of 11|, and I,

special case: no critical pairs

WCR (by Critical Pair Lemma) but in general not CR

f(z,z) —» a f(z,z) —» a
f(z,g(z)) — b 9g(z) — f(z,9(x))
c — g(c) c — g(¢)

f(c,c)
/ N\
a b

THEOREM

i

¢ —g(c) — g(a)

*

(O

left-linear TRSs without critical pairs are confluent

orthogonal

| PROOF |

parallel rewriting ({f) has diamond property

i
AM_ AM__
“ONFLUENCE CL 2000 TUTORIAL CONFLUENCE CL 2000 TUTORIAL
| CRITICAL PAIR LEMMA |
) ) N _ OVERVIEW

TRS is locally confluent iff all critical pairs are convergent

0 examples

COROLLARY | 0 term rewriting

terminating TRS is confluent iff all critical pairs are convergent 0 termination

0 confluence
——— 0 completion
| LEMMA | .

0 strategies
finite TRSs have finitely many critical pairs 7 narrowing

0 modularity
| COROLLARY | '

00 further reading
confluence is decidable for finite ferminating TRSs

AM__ AM_
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COMPLETION

completion = (compute critical pairs, add new rewrite rules)*

z+0 = O a:—S(y)%p(a:— y) O
R z—0 = =z 0 p(s(z)) — 0
z+S(y) = s(zx+y) O s(p(z)) — |
0 SN LPO with precedence + >s, — > p
0 WCR? 4 critical pairs
z +s(P(y)) z —s(P(y)) pGMP(=)  s(pG(=)

o N\T N o/ \B 0/ \D

z+y S(z+py) -y plE-ply) pe) =p) sz) = s)
a8 J g J
new rewrite rules
s(z+py) - z+y O plE-pE) - z-—y O
do not change <%
AM__

“OMPLETION CL 2000 TUTORIAL

new critical pairs

p(s(z +p(y))) s(z +p(s(y)))
[I/ \[I D/ \D
plz+y) z+py) sx+y)  z+5y)
o o
0 0
Pz — pP(s(y))) s(p(z —p(y)))
N N
ple—y) «—sy) s(z+y)  z—py)

. .
0 0

new rewrite rules
r+p(y) = pPlz+y) O =z-py) — s(z—y) O
termination is preserved (extend precedence with + > p, — > s)

AM__
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new critical pairs

z+ S(y + D(z))
D/ \EI
z+(y+z) S+ (y+p(2))

o\ T

s(z + p(y + 2))

s(z +p(y — p(2)))

D/ \D
s(e+(y—2) 2+ (@y—p()

D\ /D

z+5(y — 2)

z—3(y +P(2))

EI/ \IZI

z—(y+2) pPl@-(y+p())

o\ T

Pz — p(y + 2))

Pz — ply — pP(2)))
D/ \IZI
plz—(y—2) z—(y—p(2)

o\ O

z—5(y —z)

AN
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new critical pairs

z +pP(s(y)) T —P(s(y)) z + Py — P(2)

0,/ \0 0,/ \0 0,/ N0

ety pPlz+sly) z-y S(z—s(y)) =+(@y—2 pPl+@ly-p)

o\ /o o\ /o D']‘ lD
p(s(z +y)) s(p(z —y)) P(s(z + (y — 2))) P(z +5(y — 2))
N
O
S(z + p(y)) Pz —pP(y) z— Py —p(2)

VN VN N

s(p(z +v)) z+y ps(z—y)) z—y z-pPBy—=2) z—(y—2)
S , X

O O O

AN
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z+0 — z 0 z—S(y) = plz—y) O
z—0 — =z O p(s(z)) — = O
z+s(y) = s(z+y) O s(p(z)) — =z O
sS(z+p(y) - z+y O  =z4+p(y) = ple+y) O
Plz—pPy) - z-y 0O z-p(y) - s@-y) O

O all critical pairs of R’ convergent — WCR(R')
O SN(R') A WCR(R') = R'iscomplete

O &k = &k

AM__
“OMPLETION CL 2000 TUTORIAL
REDUNDANCY
rewrite rules 0 and O make [0 and O redundant
s(z+p(y)) Tty Pz —p(y)) T—y
o\ 0 N 0
s(P(z +v)) P(s(z —y))
O less rewrite rules = less critical pairs
O TRS without redundancy =  reduced TRS
DEFINITION |
TRS R isreducedifforalll —reR
O r is normal form with respect to R
O [ is normal form with respectto R \ {l — r}
AM__

“OMPLETION CL 2000 TUTORIAL

O simplification can be performed after completion

| THEOREM |

VY complete TRS R 3 complete reduced TRS R’
such that <% = <%

O betteridea: perform simplification during completion

| THEOREM |

if TRSs R1 and R satisfy
0 <k, = ©kr,
0 R1 and R. are reduced and complete
0 R1 and R2 compadatible with same reduction order

then

R1i =Rz (modulo variable renaming)

AN
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STRATEGIES

DEFINITION |

O strategy selects redexes
O leftmost outermost

0 parallel outermost

O strategy is normalizing if it computes normal forms for all terms
that admit normal forms

LEMMA |

for terminating TRSs every strategy is normalizing

AM__
TRATEGIES CL 2000 TuTORIAL
term ‘Ox S(O)+|Ox0|‘+s(|0+0|)
free representation +
outermost S
outermost
innermost
O+y > y innermost
s(z) +y — s(z+y)
Oxy — 0
S(z) Xy = zXy+y
AM__
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term 0 x{s(0) +[0 x 0]||+s(0+0)

free representation +

outermost

outermost
innermost
0+y — vy innermost
s(z) +y — S(z+v)
Oxy =0 leftmost outermost
S(z) xy - zxy+y
AM__
STRATEGIES CL 2000 TuTORIAL
term ‘Ox S(O)+|Ox0|‘+s(|0+0|)
free representation +
outermost S
outermost
innermost
O+y — vy innermost
sS(z) +y — S(z+y)
Oxy =0 leftmost innermost
S(z) Xy = zxy+y
AN
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term 0 x|s(0) +[0 x 0]|[+s(0+0)

free representation +

outermost

outermost
innermost
O+y — y innermost
s(z) +y — s(z+y)
Oxy =0 parallel outermost
S(x) xy - zxy+y
AM_
TRATEGIES CL 2000 TUTORIAL
term ‘Ox S(O)+|Ox0|‘+s(|0+0|)
free representation +
outermost S
outermost
innermost
O+y > y innermost
s(z) +y — s(z+y)
Oxy — 0 parallel innermost
S(z) Xy = zXy+y
AM_
TRATEGIES CL 2000 TuTORIAL

(0% (5(0) + (0x 0)]+500+0) = [0+5(0+0)] = s(0+0) — 5(0)

leffmost outermost 3 redexes

(0 x (5(0) +[0x 0])) +5(0+0) — (0x][s(0)+0]) +5(0+0)
— (0x5s(0+0))+s(0+0) — [0x5(0)]+50+0) — 0+s(0+0)
— [045(0)] — s(0)

leffmost innermost 6 redexes

10 x (s(0) + (0 x 0))|+5(0+0) — [0+5(0)] — s(0)

parallel outermost 3 redexes

(0 x (5(0) +[0 x 0])) +s(0+0) — (0x[s(0) +0)) +5(0)
= (0xs(0+0))+5(0) — [0x5(0)]+50) — [0+5(0)] = s(0)

parallel innermost 6 redexes

AM__
STRATEGIES CL 2000 TUTORIAL
THEOREM |
for orthogonal TRSs
O parallel outermost strategy is normalizing
O innermost strategies are bad
O leftmost outermost strategy is not normalizing
a—b
cC > C
f(xz,b) — b
flc,a) —» f(c,a) — - leffmost outermost
flc,a) =" f(c,b) —» b parallel outermost
AM_
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THEOREM |

leftrnost outermost strategy is normalizing for left-normal orthogonal
TRSs

no function symbols “after” variables in left-hand sides
of rewrite rules

z+5s(y) — s(x+y) X
S(x) +y — s(zx+y) vV

easy but important result: Combinatory Logic is left-normal

lz — x
Key —
Szyz = z2(yz)

AM_
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OPTIMALITY

\ OBSERVATION |

parallel outermost is not optimal because it performs useless steps

O+y — vy

s(z) +y — s(z+y)
Oxy — 0

S(z) Xy = zXy+y

(0 x 5(0)) x (0+5(0)) —* 0xs(0) — 0

redex 0 + s(0) is not needed

DEFINITION |

redex A in term t is needed if descendant of A is contracted in
every rewrite sequence from t to normal form
AM__
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| THEOREM |

for orthogonal TRSs
O every reducible term has needed redex
O needed reduction is normalizing

UNFORTUNATELY

for orthogonal TRSs it is undecidable whether redex is needed

decidable approximations based on powerful
tree automata techniques exist

LEMMA |

for left-normal orthogonal TRSs leffmost outermost redex is needed

AM_
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NARROWING

DEFINITION

binary relation ——x on T(F, V) for every TRS (F, R):

dp € Posx(s)

siort < dJlosreR R
t = solrolp
Jsubstitatien o
mgu

LEMMA |

narrowing is sound for arbitrary TRSs:

o N .
st o—g, ftTue = oissolutionof s~ t (so g to)

AM_
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COMPLETENESS

| THEOREM |

narrowing is complete for complete TRSs:
V solution o of s = ¢t 3 narrowing sequence s ~ t >:>’7ka+ frue
such that = <z o [Var(s = ¢)]
~~

subsumption (modulo R)

O confluence and termination are essential

TRS equation solution
CR a-—b b ~c e (empty substitution)
a— C
SN a — f(a) z = f(z) x> a

O termination can be dropped if only normalized solutions o are
. _/_/
considered a(z) is normal form for every variable z
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EXAMPLE

O+y — y

r~zx — frue R
s(@) +y — S(z+y) i

T+ ~ S(z)
z—0 Nz S(y)
0~ s(0) s(y +s(y)) ~ s(s(y))
failure y—0 Ny s(2)
$(s(0)) ~ s(s(0)) s(8(z 4 5(s(2)))) =~ s(s(s(2)))
4 N N
true
solution no solutions
z + 5(0)

challenge: reduce search space without losing completeness
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COMPLETENESS

THEOREM |

narrowing is complete for complete TRSs:
V solution o of s & t 3 narrowing sequence s ~ ¢ >1”1E+ frue
such that 7 <z o [Var(s = ¢)]
~~

subsumption (modulo R)

PROOF (LIFTING LEMMA)

*

O so=xtoc —* true with o normalized
=

0 sat —* frue with 7 < o [Var(s = t)]

0 and O employ same rewrite rules at same positions

a
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EXAMPLE

0+y — y 0> - 0
s(z) +y — s(z+y) s(z)? — 2°+ (s(z) +z)

22 + z ~ s(z)

I z — S(y)
(W + 5(v) +v)) +3(y) = 5(5(y))
y—0 ¢
O+ @+0)+1~2 (¥ +s@y+v)+5(y) ~s((y))
N N oy=0 Ny—0
14+0)+1~2 0+s(0+0)+1~2 (02+1)+1=~x2
N W N e
SO+0)+1~r2 O+1)+1~2
e N e
s((04+0)+1)~2 1+1~2

N 4
sSO+1)~r2 — 22 — ftrue

9 different narrowing sequences compute (unique) solution z s s(0)
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NARROWING IS INEFFICIENT
according to Lifting Lemma each rewrite sequence
so = to —* true
corresponds to unique narrowing sequence
st —* frue
that computes (generalization of) o
SOLUTION
O strategy
compute only narrowing sequences that corresponds to
specific (e.g. leftmost innermost) rewrite sequence
O rewriting
rewrite steps can be executed without backtracking
AM__
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BASIC NARROWING

DEFINITION

in basic narrowing narrowing steps are not allowed at subterms
infroduced by previous narrowing substitutions

dp € Posr(e)

/

ei0¢i0 = TloreRr with Z,ZZMP
= bo
Imgu o of ef|, and I
basic narrowing is complete for complete TRSs
AM_
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EXAMPLE

O+y — y 0> - 0
S(z) +y — s(z+y) s(x)? — z? + (s(z) + z)

22 4z ~ s(z)

I z — S(y)
(¥ + (5(y) + ) +5(y) = s(s(y))
y—0 ./ hY
O+ (1+0)+1~2 (¥ +s(y+v)+5(y) ~s(6(y))
v N oy=0 Ny—0
(1+0)+1~2 O+s(O0+0)+1~2 (02+1)+1~2
nonbasic v \¢ v
S(O+0)+1~2 O+1)+1~2
v nonbasic v
S((0+0)+1) ~ 2 1+1~2

nonbasic v
sO+1)~2 — 2x2 — frue
3 different basic narrowing sequences compute solution z — s(0)
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termination is essential for the completeness of basic narrowing

f(z) — 9(z,2) g(a,b) —» ¢

semi-complete
a—b g(b,b) — f(a)
f(z) = C
Loe
J(z,z)~xc »— fla)mc — g(g,a)=c
e e pN
f(b) ~ c T gb,a)~c  g(a,b)~c
pY 4 / {
glb,b)=c cwC
1
true
AM_
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| REMARK |

termination is essential for the completeness of basic narrowing

fz) = o(z,z)  g(a,b) = ¢ semi-complete
a— b g(b7b> — f(O)

f(z) = C
1

T
d(z,z)~c »— fla)mc — g(o,a)=cC

v nonbasic nonbasic
f(b) =~ c T g(b,a) = c g(a,b) = c

R 4 s {
g(b,b) = c

cC~xC

{

true
basic narrowing cannot compute solution z — b

\ARROWING
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DETERMINISTIC REWRITING

for arbitrary (confluent) TRSs

if rewrite step is applicable all other narrowing steps can be
ignored without losing completeness
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EXAMPLE
O+y — y 0> - 0
S(z) +y — s(z+y) s(x)? — z? + (s(z) + z)
22 4z ~ s(z)
I z — S(y)
(¥ + (5(y) + ) +5(y) = s(s(y))
N\, rewrite step
(% +5(y +v)) +3(y) ~ s(s(v))
y—0 / N y—0
O+s(O+0)+1r2 (024+1)+1r~2
e N v
s(04+0)+1~2 O+1)+1~2
4 pN 4
S((04+0)+1)~2 1+1=2
pN e
sO+1)~2 — 2x2 — frue
narrowing with deterministic rewriting
AM_
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EXAMPLE

0+y — y 0> - 0
s(z) +y = s(z+y)  8(z)’ = @+ (s(z) + x)

22 4+ z ~ s(z)
I z — S(y)
(¥ + (5(y) + v)) +5(y) ~ s(5(y))
N\ rewrite step
(¥® +s(y + v)) +5(y) = s(s(v))

y—0 N y—0
(0+s(0+0)+1~2 (02+1)+1~2
rewrite step v
O+1)+1~2
W
1+1~2

4
sSO+1)~r2 — 22 — ftrue

narrowing with deterministic rewriting
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DETERMINISTIC REWRITING

THEOREM |

for arbitrary (confluent) TRSs

if rewrite step is applicable all other narrowing steps can be
ignored without losing completeness

DEFINITION

in normal narrowing equations are rewritten to normal form before
narrowing steps are computed

COROLLARY |

normal narrowing is complete for complete TRSs

AM_
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OVERVIEW

examples
term rewriting
termination
confluence
completion
strategies
narrowing
modularity

Oo0OO0ooQgogo

O

further reading
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MODULARITY

DEFINITION |

property of TRSs is modular if it is preserved under union

| REMARK |

without further restrictions ‘'no’ property of TRSs is modular

termination a—b b — a
confluence a—b a— C
o (o) @)
e (%) @ s
two TRSs disjoint constructor-sharing hierarchicall

AM_
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EXAMPLE

O+y =y Oxy — 0 0
s(z)+y — s(z+y) S(z) xy - zXxy+y
0-y —0 fio(0) — 5(0)
O z—0 = fio(s(0))  — s(0) O
S(z) —s(y) - z—y fib(s(s(z))) — fib(s(z)) + fib(z)
nilH+z — 0+s(y) —» 0O
(z:y)Hz > z:(y+2) s(z) +s(y) = s((z —y) +s(y))
frue A false — false r<0 — false
0 false Atrue — false 0<s(y) — true O
TAZT - S(z) <s(y) » z<vy
. sum(nil)  — 0 length(nil)  — 0
sum(z :y) — z +sum(y) length(z : y) — s(length(y))
0O00DD0DO0DO0O0o0DoDODDODO0O 0O ooaoo
h cs h d h d cs h cs
AM_
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THEOREM |
O confluence is modular for disjoint TRSs
O termination is not modular for disjoint TRSs
f(a,b,z) — f(z,z,) 9l@,y) = =
d(z,y) =y
duplicating collapsing
f(a,b,9(a,b)) — f(g(a,b),g(a,b),g(a,b))
— f(a,9(a,b),g(a, b))
— f(a,b,9(a,b))
| THEOREM |
disjoint union of terminating TRSs R and S is terminating if
0 R and S lack collapsing rules
0 R and S lack duplicating rules
0 R or S lacks both collapsing and duplicating rules
AM_
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REMARK |

termination is not modular for disjoint confluent TRSs

f(a,b,z) — f(z,z,z)
a — C I(z,y,y) —
b - c 9y, y,z) —
f(z,y,2) = C

f(a,b,g(a,b,b)) —  f(g(a,b,b),g(a,b,b),g(a,b,b))
f(a,g(a,b,b),g(a,b,b))

( g

(

1

(
- f(a,9(c,c,b),g(a,b,b))
—  f(a,b,g(a,b,b))

THEOREM |

O termination is modular for disjoint left-linear confluent TRSs
O termination is modular for constructor-sharing confluent CSs

AM__
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MODULARITY

THEOREM

i

O simple termination is modular for constructor-sharing TRSs
O weak normalization is modular for constructor-sharing TRSs
O local confluence is modular for constructor-sharing TRSs

| REMARK |

confluence is not modular for constructor-sharing TRSs

c — g(c)

a « f(c,c) — f(c,g(c)) — b

semi-completeness is modular for constructor-sharing TRSs

AN
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