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Goodstein Sequence Goodstein Sequence

Example (Hereditary Representation)

266 = 28 + 23 + 2

= 222+1

+ 22+1 + 2

base 2

266 = 35 + 32 + 3 · 2 + 2 = 33+2 + 32 + 3 · 2 + 2 base 3

266 = 44 + 4 · 2 + 2 hereditary base 4

266 = 53 · 2 + 5 · 3 + 1 hereditary base 5

Example
number base hereditary representation

3 2 2 + 1

3 3 3 + 1

− 1 = 3

3 4 4

− 1 = 3

2 5 3

− 1 = 2

1 6 2

− 1 = 1

0 7 1

− 1 = 0
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Goodstein Sequence Goodstein Sequence

Definition (Goodstein Sequence)

1 start with arbitrary number in hereditary base 2 representation

2 replace all 2’s by 3’s

(bumping base) and subtract 1
write result in hereditary base 3 representation

3 replace all 3’s by 4’s and subtract 1
write result in hereditary base 4 representation

4 · · ·

Example
number base hereditary representation
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Goodstein Sequence Goodstein Sequence

Example

number base hereditary representation

ordinal

4 2 22

ωω

26 3 33

− 1 = 32 · 2 + 3 · 2 + 2

ω2 · 2 + ω · 2 + 2
41 4 42 · 2 + 4 · 2 + 1 ω2 · 2 + ω · 2 + 1
60 5 52 · 2 + 5 · 2 ω2 · 2 + ω · 2
83 6 62 · 2 + 6 · 2− 1 = 62 · 2 + 6 + 5 ω2 · 2 + ω + 5

109 7 72 · 2 + 7 + 4 ω2 · 2 + ω + 4
...
...

3 · 2402653210 − 1 3 · 2402653209

...

...

0 3 · 2402653211- 1
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Goodstein Sequence Goodstein Sequence

Definitions

• for hereditary base n representation (α)n of natural number α

(α)n = n(αk )n · ak + n(αk−1)n · ak−1 + · · ·+ n(α0)n · a0

(α)mn with m > n is result of replacing n by m in (α)n

(α)mn = m(αk )
m
n · ak + m(αk−1)

m
n · ak−1 + · · ·+ m(α0)

m
n · a0

• Goodstein sequence gα : N → N with starting value α

gα(0) = α gα(i + 1) =

{
(gα(i))i+3

i+2 − 1 if gα(i) > 0

0 otherwise

Theorem (Goodstein 1944)
∀α ∃ k gα(k) = 0

is not provable in Peano arithmetic

Corollary
g is not multiple recursive
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(α)mn with m > n is result of replacing n by m in (α)n

(α)mn = m(αk )
m
n · ak + m(αk−1)

m
n · ak−1 + · · ·+ m(α0)

m
n · a0

• Goodstein sequence gα : N → N with starting value α

gα(0) = α gα(i + 1) =

{
(gα(i))i+3

i+2 − 1 if gα(i) > 0

0 otherwise

Theorem (Goodstein 1944)
∀α ∃ k gα(k) = 0

is not provable in Peano arithmetic

Corollary
g is not multiple recursive
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Goodstein Sequence Goodstein TRS G

Definition (TRS G)

• represent natural numbers in hereditary base n with binary c and constant 0

• additional symbols •, 8, ◦ (unary) f, h (binary)

8 ◦ x → ◦ 8 x c(0, x)→ ◦ x

• 8 x → 8 • • x • f(0, x)→ ◦ x

◦ x → • 8 x • h(x , y)→ h(• x , • • c(x , y))

• x → x • f(x , y)→ f(• x , y)

◦ x → x • c(x , y)→ c(• x , • y)

• c(c(x , y), z)→ • f(c(x , y), z) h(x , y)→ ◦ y

• f(c(x , y), z)→ h(• f(x , y), • • f(f(x , y), z))
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Example

(1)2 = 20 · 1 (3)2 = 21 · 1 + 20 · 1 (3)3 = 31 · 1[
1
]
2

= c(0, 0)
[
3
]
2

= c(0, c(c(0, 0), 0))
[
3
]
3

= c(c(0, 0), 0)
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Goodstein Sequence Goodstein TRS G

Definition (TRS G)

• represent natural numbers in hereditary base n with binary c and constant 0
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Theorem
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• 8n
[
α
]
n

+−→
G
• 8n+1 [(α)n+1

n − 1
]
n+1
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Goodstein Sequence Goodstein TRS G

Corollary

termination of TRS G implies Goodstein’s theorem

Claim
TRS G is terminating

Observation
termination of G cannot be established by AProVE, µTerm, TTT2 (2012), . . .

Conjecture (Schnabl 2012)

derivational complexity of any TRS that can be proved terminating by automatic
tool is bounded by multiple recursive function

SW HZ AM (UIBK) Beyond Peano Arithmetic 9/29



Goodstein Sequence Goodstein TRS G

Corollary

termination of TRS G implies Goodstein’s theorem

Claim
TRS G is terminating

Observation
termination of G cannot be established by AProVE, µTerm, TTT2 (2012), . . .

Conjecture (Schnabl 2012)

derivational complexity of any TRS that can be proved terminating by automatic
tool is bounded by multiple recursive function

SW HZ AM (UIBK) Beyond Peano Arithmetic 9/29



Goodstein Sequence Goodstein TRS G

Corollary

termination of TRS G implies Goodstein’s theorem

Claim
TRS G is terminating

Observation
termination of G cannot be established by AProVE, µTerm, TTT2 (2012), . . .

Conjecture (Schnabl 2012)

derivational complexity of any TRS that can be proved terminating by automatic
tool is bounded by multiple recursive function

SW HZ AM (UIBK) Beyond Peano Arithmetic 9/29



Goodstein Sequence Goodstein TRS G

Corollary

termination of TRS G implies Goodstein’s theorem

Claim
TRS G is terminating

Observation
termination of G cannot be established by AProVE, µTerm, TTT2 (2012), . . .

Conjecture (Schnabl 2012)

derivational complexity of any TRS that can be proved terminating by automatic
tool is bounded by multiple recursive function

SW HZ AM (UIBK) Beyond Peano Arithmetic 9/29



Hydra Battle

Battle of Hydra and Hercules

Definition (TRS H) Touzet 1998

◦ x → • 8 x H(0, x)→ ◦ x

• 8 x → 8 • • x •H(H(0, y), z)→ c1(y , z)

8 ◦ x → ◦ 8 x •H(H(H(0, x), y), z)→ c2(x , y , z)

• x → x • c1(x , y)→ c1(x ,H(x , y))

c1(y , z)→ ◦ z • c2(x , y , z)→ c2(x ,H(x , y), z)

c2(x , y , z)→ ◦H(y , z)

Remark
H simulates Hydra battle with specific strategy for hydras up to depth 3

although lower than G
Theorem (Touzet 1998)

TRS H is terminating

, with non-multiple recursive derivational complexity
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Ordinal Interpretations Ordinals

Definitions
algebra A = (A, {fA | f ∈ F}) equipped with proper order > is

• weakly monotone if fA(. . . , ai , . . . ) > fA(. . . , b, . . . ) whenever ai > b

• simple if fA(. . . , ai , . . . ) > ai

Theorem (Touzet 1998, Zantema 2001)

TRS compatible with well-founded simple weakly monotone algebra is terminating

Definition (Ordinals)
ordinal α is totally ordered transitive set
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∅

∪

{∅}

∪

{{∅},∅}

∪

{{{∅},∅}, {∅},∅}

∪

. . .

=

ω ω + 1

. . . ω + 4 . . . ω · 2 . . . ω2 + 1 . . . ω3 . . .

ω10 . . . ω100 . . . ωω · 4 . . . ωωω+7 . . .
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Ordinal Interpretations Ordinals

Definitions
algebra A = (A, {fA | f ∈ F}) equipped with proper order > is

• weakly monotone if fA(. . . , ai , . . . ) > fA(. . . , b, . . . ) whenever ai > b

• simple if fA(. . . , ai , . . . ) > ai

Theorem (Touzet 1998, Zantema 2001)

TRS compatible with well-founded simple weakly monotone algebra is terminating

Definition (Ordinals)
ordinal α is totally ordered transitive set

Lemma
any ordinal is either

• β = ξ ∪ {ξ} = ξ + 1 successor ordinal

• λ =
⋃
β<λ β limit ordinal
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Ordinal Interpretations Ordinals

Let λ be a non-zero limit ordinal.

Definition (Addition)
1 α + 0 = α

2 α+ (β + 1) = (α+ β) + 1

3 α + λ =
⋃
ξ<λ α + ξ

Examples

• 1 + ω =
⋃
ξ<ω 1 + ξ = ω 6= ω + 1

• (ω5 + ω) + (ω3 + 2) = ω5 + ω3 + 2

Definition (Multiplication)

1 α · 0 = 0

2 α · (β + 1) = (α · β) + α

3 α · λ =
⋃
ξ<λ α · ξ

• 2 · ω =
⋃
ξ<ω 2 · ξ = ω

• ω + ω = ω · 2

Definition (Exponentiation)

1 α0 = 1

2 αβ+1 = αβ · α
3 αλ =

⋃
ξ<λ α

ξ

• 2ω =
⋃
ξ<ω 2ξ = ω

• ωω
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Ordinal Interpretations Ordinals

Definition

ε0 = ωω
ωω
· ·
·

Cantor Normal Form (CNF)
every ordinal α < ε0 can be uniquely written as

α = ωα1 + · · ·+ ωαn

such that α1 > · · · > αn are in CNF

Definition (Natural Addition)
α = ωα1 + . . .+ ωαn , β = ωβ1 + . . .+ ωβm in CNF

α⊕ β = ωγ1 + ωγ2 + . . .+ ωγk

such that {γ1, . . . , γk} = {α1, . . . , αn} ] {β1, . . . , βm} and γ1 > · · · > γk
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Remark
addition, natural addition, multiplication, exponentiation are weakly monotone
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Ordinal Interpretations Termination of G

Theorem
TRS G is terminating

Proof.
well-founded algebra A with carrier ε0 × N× N and interpretations

0A = (0, 0, 0) 8A(x ,m, n) = (x , 2m + 2, n)

cA((x ,m, n), (y , k , l)) = (ωx ⊕ y + 1, 0, 0) ◦A(x ,m, n) = (x , 2m + 3, n)

fA((x ,m, n), (y , k , l)) = (ωx ⊕ y , 0, 0) •A(x ,m, n) = (x ,m, n + m + 1)

hA((x ,m, n), (y , k , l)) = (y + ωx+1, 0, 0)

is weakly monotone

, simple, and compatible with G:

8 ◦ x → ◦ 8 x
translates to

(x , 4m + 8, n) > (x , 4m + 7, n)
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is weakly monotone, simple, and compatible with G:
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translates to

(ωω
x⊕y+1 ⊕ z + 1, 0, 1) > (ωω

x⊕y+1 ⊕ z , 0, 1)

SW HZ AM (UIBK) Beyond Peano Arithmetic 15/29



Automation

Overview

Goodstein Sequence

Ordinal Interpretations

Automation

Conclusion

SW HZ AM (UIBK) Beyond Peano Arithmetic 16/29



Automation

SW HZ AM (UIBK) Beyond Peano Arithmetic 17/29

http://colo6-c703.uibk.ac.at/ttt2/interface_new/index.php


Automation Restricted Ordinal Interpretations

Definition
restricted ordinal expression (ROE) over variables x1, . . . , xn

f (x1, . . . , xn) =

( ∑
16i6n

xi · fi + ωf ′(x1,...,xn) · fω
)
⊕
⊕

16i6n

xi · f̂i ⊕ f0

where

• f0, f1, . . . , fn, f̂1, . . . , f̂n, fω are (unknowns over) natural numbers

• f ′(x1, . . . , xn) is ROE over x1, . . . , xn

Definition
ROE algebra O has carrier ε0 and ROEs as interpretation functions

Implementation
• start with parametric ROEs

• encode conditions on coefficients in non-linear integer arithmetic

• solve by suitable SMT solver
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Major Complications

1 ROE comparison f (~x) > g(~x)

2 ROEs are not closed under composition f (g1(~x), . . . , gn(~x))
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Automation Restricted Ordinal Interpretations

Complication 1: Comparison of ROEs

Examples

• ωωx⊕y+1 ⊕ z + 1 > ωω
x⊕y+1 ⊕ z

X
• y + ωx > y

X

• 1 + ω > ω + 1

×

• ωx ⊕ y > y + ωx

X

• x + y > y + x

× skip encoding
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Automation Restricted Ordinal Interpretations

f (~x) =

( ∑
16i6n

xi · fi + ωf ′(~x) · fω
)
⊕
⊕

16i6n

xi · f̂i ⊕ f0

g(~x) =

( ∑
16i6n

xi · gi + ωg ′(~x) · gω
)
⊕
⊕

16i6n

xi · ĝi ⊕ g0

Definitions

zero(f (~x)) =
∧

06i6n

fi = 0 ∧
∧

16i6n

f̂i = 0 ∧ fω = 0

con(xi , f (~x)) = fi > 0 ∨ f̂i > 0 ∨ (con(xi , f
′(~x)) ∧ fω > 0)[

f (~x) > g(~x)
]

=
[
f (~x) >0 g(~x)

]
∧
∧

16i6n

[
f (~x) >i g(~x)

]
[
f (~x) >0 g(~x)

]
=
([

f ′(~x) >0 g ′(~x)
]
∧ fω > 0

)
∨
(
gω = 0 ∧ f0 > g0

)
∨([

f ′(~x) >0 g ′(~x)
]
∧ fω > gω ∧ f0 > g0

)
[
f (~x) >i g(~x)

]
=
(
¬ con(xi , ω

g ′(~x) · gω) ∧ f̂i > ĝi ∧ fi + f̂i > gi + ĝi

)
∨((

zero(g ′(~x)) ∨ gω = 0
)
∧ fi + f̂i > gi + ĝi

)

Lemma
if
[
f (~x) > g(~x)

]
med is satisfiable then f (~x) > g(~x)
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)

Lemma
if
[
f (~x) > g(~x)

]
med is satisfiable then f (~x) > g(~x)

SW HZ AM (UIBK) Beyond Peano Arithmetic 20/29



Automation Restricted Ordinal Interpretations

f (~x) =

( ∑
16i6n

xi · fi + ωf ′(~x) · fω
)
⊕
⊕

16i6n

xi · f̂i ⊕ f0

g(~x) =

( ∑
16i6n

xi · gi + ωg ′(~x) · gω
)
⊕
⊕

16i6n

xi · ĝi ⊕ g0
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f (~x) >0 g(~x)

]
∧
∧

16i6n

[
f (~x) >i g(~x)

]

[
f (~x) >0 g(~x)

]
=
([

f ′(~x) >0 g ′(~x)
]
∧ fω > 0

)
∨
(
gω = 0 ∧ f0 > g0

)
∨([

f ′(~x) >0 g ′(~x)
]
∧ fω > gω ∧ f0 > g0

)
[
f (~x) >i g(~x)

]
=
(
¬ con(xi , ω

g ′(~x) · gω) ∧ f̂i > ĝi ∧ fi + f̂i > gi + ĝi

)
∨((

zero(g ′(~x)) ∨ gω = 0
)
∧ fi + f̂i > gi + ĝi

)

Lemma
if
[
f (~x) > g(~x)

]
med is satisfiable then f (~x) > g(~x)

SW HZ AM (UIBK) Beyond Peano Arithmetic 20/29



Automation Restricted Ordinal Interpretations

f (~x) =

( ∑
16i6n

xi · fi + ωf ′(~x) · fω
)
⊕
⊕

16i6n

xi · f̂i ⊕ f0

g(~x) =

( ∑
16i6n

xi · gi + ωg ′(~x) · gω
)
⊕
⊕

16i6n

xi · ĝi ⊕ g0
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g ′(~x) · gω) ∧ f̂i > ĝi ∧ fi + f̂i > gi + ĝi

)
∨((

zero(g ′(~x)) ∨ gω = 0
)
∧ fi + f̂i > gi + ĝi

)

Lemma
if
[
f (~x) > g(~x)

]
med is satisfiable then f (~x) > g(~x)

SW HZ AM (UIBK) Beyond Peano Arithmetic 20/29



Automation Restricted Ordinal Interpretations

f (~x) =

( ∑
16i6n

xi · fi + ωf ′(~x) · fω
)
⊕
⊕

16i6n

xi · f̂i ⊕ f0

g(~x) =

( ∑
16i6n

xi · gi + ωg ′(~x) · gω
)
⊕
⊕

16i6n

xi · ĝi ⊕ g0

Definitions

zero(f (~x)) =
∧

06i6n

fi = 0 ∧
∧

16i6n

f̂i = 0 ∧ fω = 0

con(xi , f (~x)) = fi > 0 ∨ f̂i > 0 ∨ (con(xi , f
′(~x)) ∧ fω > 0)[

f (~x) > g(~x)
]

=
[
f (~x) >0 g(~x)

]
∧
∧

16i6n

[
f (~x) >i g(~x)

]
[
f (~x) >0 g(~x)

]
=
([

f ′(~x) >0 g ′(~x)
]
∧ fω > 0

)
∨
(
gω = 0 ∧ f0 > g0

)
∨([

f ′(~x) >0 g ′(~x)
]
∧ fω > gω ∧ f0 > g0

)
[
f (~x) >i g(~x)

]
=
(
¬ con(xi , ω

g ′(~x) · gω) ∧ f̂i > ĝi ∧ fi + f̂i > gi + ĝi
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Automation Restricted Ordinal Interpretations

Complication 2: Composition of ROEs

Example

• f (x , y) = x + 1 and g(x , y) = ωy

f (x , y) + g(x , y) > x + ωy ? if y = 0

6 x + ωy + 1 if y > 0

• f (x , y) = ωx and g(x , y) = ωy

f (x , y) + g(x , y) > ωmax(x,y) if x > y

6 ωmax(x,y) · 2 if x < y

Key Idea

∀ ROE algebra O ∀ term t find ROEs µO(t) and νO(t) such that

[α](µO(t)) 6 [α](t) 6 [α](νO(t))

for all assignments α

skip details

SW HZ AM (UIBK) Beyond Peano Arithmetic 21/29



Automation Restricted Ordinal Interpretations

Complication 2: Composition of ROEs

Example

• f (x , y) = x + 1 and g(x , y) = ωy

f (x , y) + g(x , y) = x + ωy ?

if y = 0

6 x + ωy + 1 if y > 0

• f (x , y) = ωx and g(x , y) = ωy

f (x , y) + g(x , y) > ωmax(x,y) if x > y

6 ωmax(x,y) · 2 if x < y

Key Idea

∀ ROE algebra O ∀ term t find ROEs µO(t) and νO(t) such that

[α](µO(t)) 6 [α](t) 6 [α](νO(t))

for all assignments α

skip details

SW HZ AM (UIBK) Beyond Peano Arithmetic 21/29



Automation Restricted Ordinal Interpretations

Complication 2: Composition of ROEs

Example

• f (x , y) = x + 1 and g(x , y) = ωy

f (x , y) + g(x , y) 6= x + ωy

?

if y = 0

6= x + ωy + 1 if y > 0

• f (x , y) = ωx and g(x , y) = ωy

f (x , y) + g(x , y) > ωmax(x,y) if x > y

6 ωmax(x,y) · 2 if x < y

Key Idea

∀ ROE algebra O ∀ term t find ROEs µO(t) and νO(t) such that

[α](µO(t)) 6 [α](t) 6 [α](νO(t))

for all assignments α skip details

SW HZ AM (UIBK) Beyond Peano Arithmetic 21/29



Automation Restricted Ordinal Interpretations

Complication 2: Composition of ROEs

Example

• f (x , y) = x + 1 and g(x , y) = ωy

f (x , y) + g(x , y) > x + ωy

?

if y = 0

6 x + ωy + 1 if y > 0

• f (x , y) = ωx and g(x , y) = ωy

f (x , y) + g(x , y) > ωmax(x,y) if x > y

6 ωmax(x,y) · 2 if x < y

Key Idea

∀ ROE algebra O ∀ term t find ROEs µO(t) and νO(t) such that

[α](µO(t)) 6 [α](t) 6 [α](νO(t))

for all assignments α skip details

SW HZ AM (UIBK) Beyond Peano Arithmetic 21/29



Automation Restricted Ordinal Interpretations

Complication 2: Composition of ROEs

Example

• f (x , y) = x + 1 and g(x , y) = ωy

f (x , y) + g(x , y) > x + ωy

?

if y = 0

6 x + ωy + 1 if y > 0

• f (x , y) = ωx and g(x , y) = ωy

f (x , y) + g(x , y) 6= ωmax(x,y) if x > y

6= ωmax(x,y) · 2 if x < y

Key Idea

∀ ROE algebra O ∀ term t find ROEs µO(t) and νO(t) such that

[α](µO(t)) 6 [α](t) 6 [α](νO(t))

for all assignments α skip details

SW HZ AM (UIBK) Beyond Peano Arithmetic 21/29



Automation Restricted Ordinal Interpretations

Complication 2: Composition of ROEs

Example

• f (x , y) = x + 1 and g(x , y) = ωy

f (x , y) + g(x , y) > x + ωy

?

if y = 0

6 x + ωy + 1 if y > 0

• f (x , y) = ωx and g(x , y) = ωy

f (x , y) + g(x , y) > ωmax(x,y) if x > y

6 ωmax(x,y) · 2 if x < y

Key Idea

∀ ROE algebra O ∀ term t find ROEs µO(t) and νO(t) such that

[α](µO(t)) 6 [α](t) 6 [α](νO(t))

for all assignments α skip details

SW HZ AM (UIBK) Beyond Peano Arithmetic 21/29



Automation Restricted Ordinal Interpretations

Complication 2: Composition of ROEs

Example

• f (x , y) = x + 1 and g(x , y) = ωy

f (x , y) + g(x , y) > x + ωy

?

if y = 0

6 x + ωy + 1 if y > 0

• f (x , y) = ωx and g(x , y) = ωy

f (x , y) + g(x , y) > ωmax(x,y) if x > y

6 ωmax(x,y) · 2 if x < y

Key Idea

∀ ROE algebra O ∀ term t find ROEs µO(t) and νO(t) such that

[α](µO(t)) 6 [α](t) 6 [α](νO(t))

for all assignments α skip details

SW HZ AM (UIBK) Beyond Peano Arithmetic 21/29



Automation Restricted Ordinal Interpretations

f (~x) =

( ∑
16i6n

xi · fi + ωf ′(~x) · fω
)
⊕
⊕

16i6n

xi · f̂i ⊕ f0

Definition (Bounds for Scalar Multiplication)
if a = 0 then (f ·µ a)(~x) = (f ·ν a)(~x) = 0

, otherwise

(f ·µ a)(~x) =

 ∑
16i6n

xi · fi + ωf ′(~x) · fω

⊕ ⊕
16i6n

xi · f̂i ⊕ f0 · a

(f ·ν a)(~x) =

 ∑
16i6n

xi · (fi · a) + ωf ′(~x) · (fω · a)

⊕ ⊕
16i6n

xi · (f̂i · a) ⊕ f0 · a

Example

ROE f (x , y) = x + y , a = 2

(f ·µ 2)(x , y) = x + y 6 (x + y) · 2 6 x · 2 + y · 2 = (f ·ν 2)(x , y)
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Automation Restricted Ordinal Interpretations

Definition (Bounds for Addition)

(f +µ g)(~x) =
[
ωg ′(~x) · gω > ωf ′(~x) · fω

]
? g(~x) : f (~x)

(f +ν g)(~x) =
([

g ′(~x) > f ′(~x)
]
∧ gω > 0

)
? φ1 :([

ωf ′(~x) · fω > ωg ′(~x) · gω
]

? φ2 : (f ⊕ν g)(~x)
)

where

φ1 =

 ∑
16i6n

xi · (fiaibi + f̂ibi + gibi ) + ωg ′(~x) · gω

⊕ ⊕
16i6n

xi · ĝi ⊕ c0

φ2 =

 ∑
16i6n

xi · fiai + ωf ′(~x) · (fω + 1)

⊕ ⊕
16i6n

xi · (f̂ibi + gibi + ĝi ) ⊕ c0

ai = ¬ con(xi , ω
f ′(~x) · fω)

bi = ¬ con(xi , ω
g ′(~x) · gω)

c0 =
([

g ′(~x) > 0
]
∧ gω > 0

)
? g0 : f0 + g0
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Automation Restricted Ordinal Interpretations

Definition (Bounds for Composition)

f (~g)µ(~x) =

 µ∑
16i6n

gi (~x) ·µ fi +µ ω
f ′(~g)µ(~x) · fω

⊕µ µ⊕
16i6n

gi (~x) ·µ f̂i ⊕µ f0

f (~g)ν(~x) =

 ν∑
16i6n

gi (~x) ·ν fi +ν ω
f ′(~g)ν(~x) · fω

⊕ν ν⊕
16i6n

gi (~x) ·ν f̂i ⊕ν f0

Definition (Bounds for Term Interpretations)

∀ ROE algebra O ∀ term t

µO(t) =

{
t if t ∈ V
fO(µO(t1), . . . , µO(tn))µ if t = f (t1, . . . , tn)

νO(t) =

{
t if t ∈ V
fO(νO(t1), . . . , νO(tn))ν if t = f (t1, . . . , tn)
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Automation Restricted Ordinal Interpretations

Key Lemma

∀ ROE algebra O ∀ term t

[α](µO(t)) 6 [α](t) 6 [α](νO(t))

for all assignments α

Example

terms ` = • f(c(x , y), z) r = h(• f(x , y), • • f(f(x , y), z))

bounds µO(`) = ωω
x⊕y+1 ⊕ z

νO(r) = z + ωω
x⊕y+1

comparison
[
ωω

x⊕y+1 ⊕ z > z + ωω
x⊕y+1

]
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Automation Restricted Ordinal Interpretations

Implementation in TTT2

• lexicographic combination with matrix interpretations
(ensuring weak monotonicity and simplicity of overall interpretation)

• ensure preservation of variable orders

Termination Proof of G
• initial depth 1, intermediate 2

• 65.000 variables, 217.000 clauses

• 6 seconds

Termination Proof of H
• initial depth 2, intermediate 3

• 117.000 variables, 300.000 clauses

• 12 seconds
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Conclusion

Contributions

X automatic termination proof of TRS encoding of Goodstein sequence

X Schnabl’s conjecture refuted: ordinal interpretations to automatically prove
termination of TRSs with non-multiple recursive derivational complexities

Limitations

× beyond ε0

Lepper (2004) presents TRSs (Rk)k>1 whose derivational
complexities approach small Veblen ordinal ϑ(Ωω) when k →∞

× non-simply terminating Hydra battles

Future Work

• better under- and overapproximations of ROE interpretations

• automation of elementary functions (Lescanne 1995, Lucas 2009)
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Conclusion

Thank you!
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