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Motivation

Why Certify Nontermination?

Example (Buggy map function)

term rewrite system (TRS) R

map f xs Ñ if pempty xsq nil p: pf phd xsqq pmap f xsqq

hd p: x xsq Ñ x if true t e Ñ t empty p: x xsq Ñ false

tl p: x xsq Ñ xs if false t e Ñ e empty nil Ñ true

is nonterminating: it admits infinite derivation

map f nil Ñ if pempty nilq nil p: pf phd nilqq pmap f nilqqq Ñ . . .

� termination tools (AProVE, TTT2, CiME, ...) give nontermination
proof: useful to find bugs

� but termination tools are complex and error-prone: certification can
guarantee correctness of proofs
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Approach and Techniques

Approach Outline

� termination tools provide evidence of nontermination

� CeTA automatically certifies correctness of evidence

literature termination tool

datatype loc = H | A | B | R

definition step ::
”p1f , 1vqfp ñ p ñ p1f , 1vqt ñ bool”
where
”step π p t � case π of pC , u, λq ñ
 pDCσ.t � C 1xCxuy � σy

lemma ”ps, tq P rstep rs r p σ ùñ
stp Π p s ùñ ps, tq P step Π rs p”
unfolding step defs by blast

IsaFoR
(Isabelle/HOL)

CeTA

algorithms & techniques

theorems &
proofs

code generation

XML proof

TRS

accept/reject
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Approach and Techniques

CeTA’s Nontermination Machinery 2013

CeTA

� (innermost) loops

� loops with various strategies (forbidden pattern loops) 1

� nonlooping derivations

� from innermost termination to termination 2
� rewriting/narrowing dependency pairs 3
� detect nonterminating derivations using pattern rules 4

� partial nontermination proofs 5

this talk

R. Thiemann and C. Sternagel.
Certification of Nontermination Proofs.
Proc. ITP 2012, pp. 266–282, 2012.
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CeTA’s Nontermination Machinery 2014
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Forbidden Pattern Loops The Theory Side

Forbidden Pattern Loops

Example (Buggy map function)

map f xs Ñ if pempty xsq nil p: pf phd xsqq pmap f xsqq

hd p: x xsq Ñ x if true t e Ñ t empty p: x xsq Ñ false

tl p: x xsq Ñ xs if false t e Ñ e empty nil Ñ true

admits loop

map f nil Ñ if pempty nilq nil p: pf phd nilqq pmap f nilqqq

� this loop would not actually occur in practice

� desired evaluation strategy:
disallow reductions in then and else branches

We want to check loops in presence of strategies!
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Forbidden Pattern Loops The Theory Side

Definition (Forbidden Pattern)

p`, o, λq is forbidden pattern if o P Posp`q for term ` and λ P tH, A, B, Ru

Definition (Rewriting with Forbidden Patterns)

for TRS R, terms s, t, position q and set of forbidden patterns Π have

s
Π
ÝÝÑ
R,q

t

if s Ñq t in R and there exists no p`, o, λq P Π, o1 P Pospsq, substitution
σ such that s|o1 � `σ and

� q � o1o if λ � H (here)

� q ¡ o1o if λ � B (below)

� q   o1o if λ � A (above)

� q is right of o1 if λ � R (right of)

Example (Buggy map function)

intended evaluation strategy for if is obtained by

Π � tpif b t e, p, λq | p P t12, 2u and λ P tH,Bu
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Forbidden Pattern Loops The Theory Side

Looking At Loops

Definition (Loop)

Rewrite sequence t1 Ñq1 t2 Ñq2 � � � Ñql�1
tl is loop if tl � C rt1µs.

Definition (Π-Loop)

Loop is Π-loop if every step in infinite rewrite sequence is valid Π-step.

... to check whether loop constitutes Π-loop:
check every step ti Ñ ti�1 against every π P Π
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Forbidden Pattern Loops The Theory Side

Decision Problem (Case H)

(�) Given loop step ti Ñq ti�1 with C |p � 2 and pattern p`, o,Hq:
are there n, o1, σ such that ti pC , µq

n|o1 � `σ and pnq � o1o?

Definition (Matching Problem)

Matching problem is pair pt Í `, µq for terms t, ` and substitution µ.

It is solvable if there are n, σ such that tµn � `σ.

Theorem (Thiemann et al ’08, ’09)

Solvability of matching problems is decidable.

Lemma (Case H)

Answer to (�) is “no” iff MH � tptpC , µq
n0 |o0 Í `, µqu has no solution.

similarly, cases for A, B, and R can be decided
using appropriate sets of (extended) matching problems
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Forbidden Pattern Loops The IsaFoR Side

The IsaFoRSide

� forbidden pattern loops cover in particular loops for innermost,
outermost, context-sensitive and leftmost strategies

� formalization mostly follows paper proofs

� simplified procedure to solve extended matching problems

Definition (Extended Matching Problem)

Extended matching problem is tuple pD Í `,C , t,M, µq for contexts D,
C , terms u, `, M � ts1 Í `1, . . . , sm Í `mu and substitution µ.

It is solvable if DrtpC , µqmsµk � `σ and siµ
k � `iσ for some m, k, σ.

3 Phases of Solving Procedure

1. transform to solved form

2. build respective (extended) identity problems

3. solve (extended) identity problems
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Forbidden Pattern Loops The IsaFoR Side

Phase 1: Transformation to Solved Form

On Paper: Inference System

for MP � pD Í `,C , t,M, µq and Vincr,µ � tx P V | Dn : xµn R Vu,

(i) MP ñ pDi 1 Í `1i 1 ,C , t,MY tti Í `1i | 1 ¤ i ¤ m1, i � i 1u, µq if j � 0
and D � f pt1, . . . ,Di 1 , . . . , tm1q.

(iii) MP ñ K if j � 0 and D � gp. . . q where f � g .

(vi) MP ñ pDµ Í `0,Cµ, tµ, tsiµ Í `i | 1 ¤ i ¤ mu, µq if sj P Vincr,µ

In IsaFoR: Using Isabelle’s function Package

challenge: get both termination and efficiency

i.e., do not recompute Vincr,µ in every iteration

� previously: two functions

� new: pass pµ,Vi q as argument, encapsulated in type with invariant
Vi � Vincr,µ, and provide selectors to both µ and Vi

quotient construction with lifting & transfer package
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Forbidden Pattern Loops The Tool and Certification Sides

The Tool Side
� AProVE supports innermost and outermost loops

� using Isabelle’s code exportation feature to OCaml, we added
support for forbidden pattern loops to TTT2

The Certification Side

Demo
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Experiments and Conclusion

Experiments

Testbed
all 596 first-order TRSs from TPDB 8.0.7 where at least one tool
generated nontermination proof in termination competition 2013

Tools

� AProVE’13 and TTT2’13 are versions restricted to
(non)termination techniques that could be certified by CeTA in 2013

� AProVE’14 and TTT2’14 are full versions

Results

AProVE’13 AProVE’14

TTT2’13 TTT2’14

# nontermination proofs 276 575 221 417
# certified proofs 276 563 221 417
# partially certified proofs – 12 – –

certify all steps
which apply known techniques

JN, RT, SW (VSTTE’14) Certification of Nontermination Proofs 15/16
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Experiments and Conclusion

Conclusion

Contributions

certification � CeTA certifies 98% of nontermination proofs
� with partial certification, 70% of remaining proofs

theory � drastically simplified algorithm to solve extended
matching problems in 1

� relax preconditions for technique 2

software � integrate executable functions from certifier into TTT2
� detected bug in AProVE wrt method 3

Formalization & Details

http://cl-informatik.uibk.ac.at/software/ntcert/
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software � integrate executable functions from certifier into TTT2
� detected bug in AProVE wrt method 3

Formalization & Details
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