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TERM REWRITING

signature 0 constant s unary + x binary
rewrite rules 0O+y — vy
S(z)+y — s(z+y)
TRS
Oxy — 0

S(x) Xy — zxXy+y

rewriting s(s(0) x s(s(0))) — s(0 x s(s(0)) + s(s(0)))
redex  — 5(0+5(5(0))
= 8(5(s(0)))
normal form
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signature 0 fib constants S unary + nth f : binary

rewrite rules 0+y — vy fio — f(s(0),s(0))
S(z)+y — s(z+vy) f(z,y) — z:fly,x+y)
nth(0,y:z) — vy nth(s(z),y : z) — nth(z, 2)

rewriting nth(s(0), fib)
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nth(s(0), fio) —~
nth(s(0),(0) = (s(0) : (s*(0) = (s°(0) = (s°(0) : ---)))))
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STRATEGIES EXAMPLE

DEFINITION

0+y — vy
O strategy selects redexes RS s(z) +y — s(z+y)
Oxy — 0
O leftmost outermost
S(x) Xy — xxXy+y
O parallel outermost
O strategy is normalizing if it computes normal forms for all ferms
that admit normal forms (0 x $(0)) x (0+5(0)) = 0xs(0) — 0

(0 x 5(0)) x (0+5(0)) — 0x (0+5(0)) — 0

THEOREM O’'Donnell LNCS'77

for orthogonal TRSs parallel outermost strategy is normalizing redex 0 + s(0) is not needed

OBSERVATION

parallel outermost is not optimal because it performs useless steps
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NEEDEDNESS EXAMPLE
DEFINITION
redex A in term t is needed if descendant of A is contracted in Oty —y
every rewrite sequence from ¢ to normal form RS s(@) +y — s(z+y)
Oxy — 0
NOTATION S@)xy = wxyty

Re=RU{e — o}
(0 x s(0)) x (0+45(0)) 50 x s(0) — 0

EASY LEMMA

(0 x8(0)) x (0+5(0)) — 0x (0+5(0)) — O
for orthogonal TRSs R dot-free normal form — —_—

redex Ain C[A]lisneeded <= —3teNF(R.): Clo] ? t redex 0 -+ s(0) is not needed

COROLLARY (0xs(0))xe — 0xe — 0 (dot-free normal form)

redex Ain C[A]isneeded <= redex A’in C[A']is needed
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DECIDABILITY

>
THEOREM | Svy (79 =
Huet & Lévy 79 “91 0 e /))Q’é Q 0, o
for orthogonal TRSs n v ’ﬁ,;)@ xspul o 5
5 >
O every reducible term has needed redex < & %0 é 3
w
0 needed reduction is normalizing @ N & o) u 8
. S} “ e'7770//7‘ 2
,‘-\O\\—\\’ c 0
0‘060 4
© S ’)Q,
Q voRn ey
et 9
0 1) m
w
for orthogonal TRSs it is undecidable whether redex is needed Q Bop BuLRPW & o 0
w0
easy reduction from halting problem for Turing machines
Huet & Lévy 79 ‘91
AM__ AM__
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DECIDABILITY DECIDABILITY
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Huet & Lévy 79 '91 Comon LICS’ 95 Huet & Lévy 79 ‘91 Comon LICS’ 95

Durand & Middeldorp CADE'97
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NOTATION |

*

—

EASY LEMMA

for orthogonal TRSs R

?)[L] set of ground terms that rewrite in R to fermin L

redex Ain C[A]isneeded <= -3tc NF(R.): CJo] % t

<= Clo] ¢ (—)INF(R.)]

—_———
not computable

O NF(R.) is regular tfree language

0 (%)[NF(R.)] is not regular tree language

AM_
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if S approximates orthogonal TRS R then S-needed redexes are

needed

OBSERVATION |

orthogonal TRS R admits computable call-by-need strategy
if it admits approximation S such that

O S-needed redexes are computable

O every reducible term has S-needed redex

\PPROXIMATIONS FOR STRATEGIES

WRS’02, JuLy 21, 2002

approximate R by TRS S such that

instance: termt

question: ¢ € (%)[NF(R.)] ?

is decidable

DEFINITION |

O TRS S approximates R if

O Sisleft-linear

o> co

R S

O NF(R) = NF(S)

O redex Ain C[A] is S-needed if C[e] € (%)[NF(S.)]

AM_
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APPROXIMATIONS

[1 Huet & Lévy ‘79 ‘91
[0 Oyamaguchi  SIAMJC 93
0 Comon LICS'95
0 Jacquemard RTA'Q6
[0 Nagaya & Toyama RTA'99

O Takai & Kaji & Seki RTA"00

strong

nv

shallow

right-linear growing

growing

inverse finite path overlapping

APPROXIMATIONS
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STRONG APPROXIMATION

0+wy
S(z) +y
0xy
S(x) xy

0+vy
s(z) +y
0xy
s(z) x y

Rs

linearize left-hand sides and

Ll

Ll

Huet & Lévy 79 ‘91

S(x +vy)

T XYy+y

replace right-hand sides by fresh variables

\PPROXIMATIONS
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NV APPROXIMATION

0+wy
s(z) +y
0xy
s(z) xy

0+vy
s(z) +y
0xy
S(z) xy

RHV

linearize left-hand sides and

replace variables in right-hand sides by fresh variables

Ll

Ll

Oyamaguchi sIAMJC 93

S(x +vy)

rXy+y

S(z +2')

Xz + 2"

\PPROXIMATIONS
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term

redexes

needed
S

EXAMPLE

0O+y — y

S(z) +y — S(xz+y)

(0 +8(A1)) + Az

——
Az
Ay A Ag
O O O
X X O

0+y — =

Rs
s(z)+y — =z

R is non-erasing

(0+5s(e)) + Az - 0+ Az - 0

(0+53s(A1))+ e - 0+e — 0

et Ay 5 0t ?
S

APPROXIMATIONS FOR STRATEGIES
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term

redexes

needed
S

nv

EXAMPLE

04+y — y
S(z) +y — S(xz+y)

(0 +8(A1)) + Az

N——
Az
A1 Az Asg
o O O
X X O
X X O

O0+y — =

/ an
s(z)+y — s(z+2")

(0+S(0))+A2 — 0+Ay — O
— nv —= nv

(0+53S(A1))+ e — 0+e — O

nv

et Ay X 04 ?
— nv

APPROXIMATIONS FOR STRATEGIES
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GROWING APPROXIMATION EXAMPLE

Jacquemard RTA'96 R O+y — vy O+y — vy Re
Nagaya & Toyama RTA’99 s(z) +y — s(z+y) S(z) +y — s(z+y)
O+y —y term (0 +s(A)) + A,
N N ——’
R S(z) +y s(x +y) A
Oxy — 0
S(x) Xy — xxXy+y redexes A1 A Aj
Oty — y neceded O O O
R s(x)+y — s(z+vy) s X X O
¢ Oxy — 0 nvooX X O
S(;L‘)Xy—>z><y—|—y 9 % O O
linearize left-hand sides and rename variables in right-hand (0+5(0)+ A2 — s()+A; — s(0+Ay) — 5(Az) - normal form
sides that occur at depth > 1in left-hand sides by fresh variables ¢ ¢ ¢ 9
\PPROXIMATIONS WRS’02, JuLy 21, 2002 APPROXIMATIONS FOR STRATEGIES WRS’'02, JuLy 21, 2002

TREE AUTOMATA TECHNIQUES

NOTATION

¥(t) setof ground instances of term ¢

0 bottom-up tree automaton is quadruple A = (F,Q, Qs, A) with
o F signature
O X(t) isregularforevery linearterm ¢
0 Q states
0 Q; C Q final states O NF(R) is regular for every left-linear TRS R
0 A fransition rules f(qr,.. . qn) — ¢ 0 following problems are decidable:
O LA)={teT(F)|3qeQy:t % q} language accepted by A instance:  tree automaton A, ground term ¢

question: t e L(A)?
0O L CT(F)isregularif L = L(A) for some free automaton A
instance: tree automaton A, arbitrary term ¢

question: T(#)NL(A) =27

REE AUTOMATA TECHNIQUES WRS'02, JuLy 21, 2002 REE AUTOMATA TECHNIQUES WRS'02, JuLy 21, 2002



NOTATION |

*

?)[L] set of ground terms that rewrite in R to fermin L

—

DEFINITION |

O approximation map o assigns approximation R, to every TRS R

O approximation map « is regularity preserving if

* . Y regular L
(—)[L] is regular 9
Ra VIRS R
THEOREM |
a € {s,nv, g, fo} is regularity preserving
AM_
\PPROXIMATIONS WRS’'02, JuLy 21, 2002
EXAMPLE
R O+y — vy
s(z) +y — s(z+y)
term (0+8(A1)) + A
N——_——
As

redexes A; As Aj
needed O O O

s X X O

nv X X O

g X O O

R € CBNs € CBN,, € CBNyg C CBNg,
\PPROXIMATIONS FOR STRATEGIES WRS’02, JuLy 21, 2002

THEOREM |

VTRS R
V regularity preserving o
vV C[A]

DEFINITION

(A is R.-needed ’?J is decidable

CBN. = { R | every reducible term has R.-needed redex }

V left-linear TIRS R
Y regularity preserving «

(® e CBN. ?] is decidable

AM_

APPROXIMATIONS FOR STRATEGIES
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SUMMARY

NV sequentiality

strong
sequentiality

Oyamaguchi

Huet & Lévy

APPROXIMATIONS FOR STRATEGIES
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SUMMARY

needed redexes are not independent of other redexes
/ NV sequen‘rioli’ry\ O+y =y
S(z)+y — s(z+y)
TRS
strong Oxy — 0
sequentiality S(r) Xy — zxy+y
CBN;
f(a,b,z) — a
;Eb»mv g; — b redex A is needed in (0 +5(0)) x A
x,d, — C
CBNny but not in (0 x $(0)) x A
CBNg
CBNq,
\PPROXIMATIONS FOR STRATEGIES WRS'02, JuLy 21, 2002 APPROXIMATIONS FOR STRATEGIES WRS'02, JuLy 21, 2002
TERMINATION DEPENDENCY PAIRS

Arts & Giesl 1¢s’00

TRS is terminating if there are no infinite rewrite sequences
TRS R over signature F

one-rule TRS O definedsymbols D = {f | f(l1,...,ln) =7 E€R}
R f(a,b,z) — f(x,z,2) Toyama ‘87

marked symbols D' = {f*| feD}
is terminating because

|
* O ift=f(t1,....tn) With f e Dthent’ = fi(t1,...,tn
- 3s,t: f(s,s,8) — f(q,b,t) (ta ) (t1 )
" g

dependency pairs

—
S(f(z, 2, 2)) N (%)[E(f(o, b,z))] = @ DP(R) = {I' -t |l - reRandt < rwithroot(t) e D}
—s t is subterm of r

S(f (2, 2,2) N () [E(F(a,b,2))] = 2

AM__ AM__
DEPENDENCY PAIRS WRS’'02, JuLy 21, 2002 YEPENDENCY PAIRS WRS’'02, JuLy 21, 2002



EXAMPLE

DEFINITION

O-y - reduction pair (7, >) consists of quasi-order - and well-founded
z=0 - 7 0 s — =+ order > on terms such that
R S(x) —s — -
(1())—32’3; S0 v D L O > is closed under substitutions
s(z) = S(:y) 0 s((w—y) = 5)) O s closed under contexts and sulbstitutions
Ox->=C>
s@) —Fs(y) — x-ty
DP(R)  s(z) +*s(y) — (z—y)+Fs(y)
s(2) +¥sly) — =ty THEOREM |
TRS R is tferminating <= 3 reduction pair (7, >) such that
Olxzrforalll —reR
O l>rforalll —r e DP(R)
AM__ AM__
)EPENDENCY PAIRS WRS’02, JuLy 21, 2002 )EPENDENCY PAIRS WRS’02, JuLy 21, 2002
FAmLE
O argument filtering (AF) is mapping = such that for every n-ary
0—-y Z 0 function symbol f one of following alternatives holds:
-0 % @ | o
S@)—s(y) = z—y O w(f):z. . W!Thze{.l,...7n} .
0=s(y) = 0 O 7(f) =[i1,. - yim] Wthl<ii < <im0
s(z) +8(y) Z s((z—y)+s(y)) t if ¢ Is variable
s@)—tsly) > sty O n(t) = §n(t:) ift = f(t1,...,tn)and O
s(z) +¥s(y) > (z—y) o s(y) fr(tsy)y...,m(ts,)) ift=f(tr,...,tn)and O
s(z) +Fs(y) > -ty

THEOREM |

TRS R is terminating <= 3 AF = 3 reduction pair (77, >) such that
O #n(l) zn(r)foralll - reR m(R) C =
O #(l) > «(r) foralll — r € DP(R) 7(DP(R)) C >

simplify constraints using argument filtering

DEPENDENCY PAIRS WRS'02, JuLy 21, 2002 YEPENDENCY PAIRS WRS'02, JuLy 21, 2002



EXAMPLE

0 = 0
x oo
s(x) zow
0+s(y) zZ 0
s(z) +s(y) Z s(z  +s(y)
s(x) —*s(y) > xz-ty
s(r) +Fs(y) > @ +Fs(y)

AF m(=)=1 =(s)=[1] 7(0)=]]
m(+) =n(=F) =7(+F) = [1,2]
RPO +3s ot
AM__
)EPENDENCY PAIRS WRS’02, JuLy 21, 2002
EXAMPLE
even(z) — eo(z,0) eo(z,0) — not(eo(z,s(0)))
R odd(z) — eo(z,s(0)) eo(0,s(0)) — false

not(true) — false eo(s(z),s(0)) — eo(x,0)
not(false) — true

O even®(z) — eof(x,0) 0 eof(z,0) — e0(x,s(0))
DP(R) 0O oddi(z) — eo®(x,s(0)) O eo®(s(x),s(0)) — eo(x,0)
0 eof(z,0) — not*(eo(z,s(0)))

|

O, 0 and O don’t occur on cycle

DG(R)

B

O——0O

AM__
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weaken constraints by considering cycles in dependency graph
nodes: |l —r| foreveryl—r e DP(R)

Arrows: [ll — Tlng — 1"2)

if 3 substitutions o, 7 such that r1 o % laT

DG(R)

finite TRS R is ferminating <= Vv cycle Cin DG(R)
3 AF 7 3 reduction pair (=, >) such that

O xR)CZ

OrC)Cr-u>andn(C)N># o

AM__
YEPENDENCY PAIRS WRS'02, JuLy 21, 2002

EXAMPLE
even(z) — eo eo — not
odd(z) — eo eo — false
not — false eo — eo
not — true
0 eo®(z ) — eoi(z )
0 eo(s(z) ) — eof(z )
0——0 O, 0 and O don’t occur on cycle
DG(R) l T AF n(eo) = w(not) =[] w(eo”) = [1]
4
He 0O H even > > false
RPO €0 > not
odd > > true

AM__
YEPENDENCY PAIRS WRS’'02, JuLy 21, 2002



weaken constraints by considering cycles in dependency graph APPROXIMATING DEPENDENCY GRAPH

nodes: |l —r]| foreveryl —r e DP(R)

DG(R) . .
arrows:  [l; — 71 lo — 1o Arts & Giesl 1¢s’00

if 3 substitutions o, 7 such that rio = lo7 O CAP replace outermost subterms with defined root symbol by
" distinct fresh variables

O REN  replace variables by distinct fresh variables

|
O estimated dependency graph

finite TRS R is ferminating <= Vv cycle Cin DG(R) g l ‘ l DP(R)

. . nodes: —r| foreveryl—re
3 AF © Jreduct = h that
7 3 reduction pair (=, >) such tha EDG(R)

0 n(R)C = arrows: (11 — 11 j——12 — 72

O =€) cxu>andn(C)n>#o if REN(CAP(r1)) and 2 are unifiable

0 DG(R) C EDG(R)

DG(R) is not computable because rio % lo7 is undecidable 0 EDG(R) is computable

AM__ AM__
DEPENDENCY PAIRS WRS'02, JuLy 21, 2002 APPROXIMATIONS FOR TERMINATION WRS'02, JuLy 21, 2002

EXAMPLE DEFINITION |

a-approximated dependency graph

nodes: |l —r]| foreveryl—r e DP(R)

DG.(R)
R f(a,b,z) — f(x,z,z) Arrows: i1 —»r lg — 12
DP(R) ff(a,b,z) — ff(x,z,2) O S(r) N (TQF_))[Z(REN(h))] # 9
if both u*
DG(R) O 35t Fsss) o Fab ) 0 RN £ 2

EDG(R) O

/N

DG(R):  T(r)N(»)ER)]#0 E(lz)ﬂ(ﬁ)[Z(ﬁ)]#®>

Y a € {s,nv,g,fo}
O DG(R) CDG.(R)
0 DG.(R)is computable

REN(CAP(f*(z, 2, z))) = ' (1, 2, 23) unifies with f(a, b, z)

\PPROXIMATIONS FOR TERMINATION WRS'02, JuLy 21, 2002 APPROXIMATIONS FOR TERMINATION WRS'02, JuLy 21, 2002



THEOREM |

0 DG (R) € DGy(R) C DGy (R) C DGs(R)
0 DGs(R) C EDG(R) for every left-linear R
0 DG (R) CEDG(R)

EXAMPLE |

R f(a,b,z) — f(z,z,x) f(a,b,z) — f(z1,72,23) Rnv

DP(R) f(a,b,z) — f(z,z,2) O

EDG(R) (O
DG (R) O

(=) [2(f(a,b,z))] = £(f(a,b,z)) A 2(f(a,b,z)) NS(F(z,z,2)) =@

Rnv
AM
WRS’02, JuLy 21, 2002

\PPROXIMATIONS FOR TERMINATION

NEw APPROXIMATION

improve estimated dependency graph by symmmetry

DEFINITION

O D' =DR" (if R is collapsing then D' = F)

O cAP~! replace outermost subterms with root symbol in D~ by
fresh variables

O estimated” dependency graph
nodes: |l —r]| foreveryl—r e DP(R)

arrows: [11 — rJ—)[b — 7‘2]

, REN(CAP(r1)) and Il are unifiable
if both
r1 and REN(CAP™*(I)) are unifiable

EDG"(R)

\PPROXIMATIONS FOR TERMINATION WRS'02, JuLy 21, 2002

THREE REMARKS

R f(a,b,z) — f(z,z,7)

O R is not DP quasi-simply terminating

“DP quasi-simple termination captures all TRSs where an
automarted termination proof using dependency pairs is
potentially feasible”

Giesl & Ohlebusch FROC0OS'98

O recent refinements of dependency pair method (narrowing,
rewriting, instantiation) are not applicable to R

Giesl & Arts AAECC'0]

O nv-approximated dependency graph is (much) better than
Kusakari and Toyama’s approximation based on Q-reduction

Kusakari & Toyama ‘98, ‘00

AM
WRS’02, JuLy 21, 2002

APPROXIMATIONS FOR TERMINATION

EXAMPLE
R f(a,b,z) — f(z,z,2)
DP(R) f(a,b,z) — f(z,z,2) O
DG(R) 0 —3s,t fi(s,s,s) ? (a,b, t)
EDG(R) O

REN(CAP(f (z, 2, 2))) = f* (1, 22, 3) unifies with f*(a, b, z)
EDG"(R) O

REN(CAP™ ' (f(a,b, z))) = f(a,b, z1) doesn’t unify with f*(z, z, z)

APPROXIMATIONS FOR TERMINATION WRS'02, JuLy 21, 2002



SUMMARY

DG,

DGny

DGs

EDG"

EDG

AM__
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