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Selected Solutions

From the table

z y z|la®y z HWBy(z,z2Dy,x,2) zz| f(z,y,2)
0 00 0 1 0 0 0
0 0 1 0 1 0 0 0
01 0 1 1 1 0 1
0 1 1 1 1 1 0 1
1 0 O 1 0 1 1 0
1 0 1 1 0 0 0 0
1 1 0 0 0 1 1 0
1 1 1 0 0 0 0 0

we obtain the binary decision tree

o o O [ 0 o [0 [0
#0  #0 H#1 #1 #0 H#0 H#0 #O0

Applying the reduce algorithm produces the desired reduced OBDD

@

(b) | For easy reference, we label the nodes of B, and Bp:

Bgi Bh:
G2 G3 H2
a0 [ 0] [ H

When computing apply(-, By, By), we can choose between the two variable orderings [z,,y] and
[x,z,y], which are compatible with both OBDDs. Taking the latter we obtain the intermediate
OBDD



(G1, Hy)

(G4, Hs) (Gs,H3) (Gs,Hs) (GayHs) (Ga,Hs) (Gs,Hs) (Gs,Hs) (Ga, Ha)

Applying the reduce algorithm produces the desired reduced OBDD By . j:

(c)| Since 3y.g = g[0/y] + g[1/y], we start by computing OBDDs for B/, and By /,):

Bylo/y): (% By /y):

G i

Next we compute apply(+, Bgjo/y], Bglo/y)); obtaining the intermediate OBDD

Applying the reduce algorithm produces the desired reduced OBDD B3, 4:

We have Jz.¢0 = p[0/z] + ¢[1/x].

< If Jz.p is satisfiable then there is an assignment v such that o(p[0/x] + ¢[1/z]) = 1. Hence
(p[0/x]) = 1 or v(p[l/z]) = 1 (or both). In the former case we can update v by the binding
v(z) = 0 and in the latter case by v(z) = 1 in order obtain an assignment that satisfies .

= If ¢ is satisfiable then there is an assignment v such that o(¢) = 1. Note that in this assignment,
either v(z) = 0 or v(z) = 1. In both cases v also satisfies p[0/x] + [1/x].

We have Vz.p = ¢[0/z] - p[1/z].
< IfVa.pis valid then for all assignments v we have 7(¢[0/z]-»[1/z]) = 1. Hence both v(p[0/z]) = 1
and (p[1/z]) = 1. Shannon’s expansion yields ¢ = Z - [0/z] + = - ¢[1/x] and thus

() =0(T - pl0/x] +x-@[1/2]) =0(Z) -1+ 0(z) -1 =9(T) +v(z) =1

= If ¢ is valid then for all assignments v we have 0(y) = 1, so in particular both o([0/x]) = 1 and
o(p[l/a]) = 1.
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There are 7 subformulas: Q(x, g(y, 2)), P(x,y), P(z,y) = Q(z,9(y, 2)), 3y (P(z,y) — Q(z,9(y, 2
P(y, f(2)), P(y, f(2))V3y(P(z,y) = Q(x,9(y,2))) and Yz (P(y, f(2))VIy(P(z,y) = Qz, g(y,

(b)| The underlined variable occurrences in the parse tree are bound, the others are free.

(¢)| 1. We have

elf(y)/z] = ¢
elf W)yl = Yz (P(f(y), f(2)) vV Iy (P(z,y) = Qy.9(y,2))))
elf(y)/z] = Vo (P(y, f(f()) vV Iy (P(z,y) = Qv 9(y, f(1)))))
The term f(y) is free for « and y but not for z.
ii. We have
elg(z,2)/x] = ¢
elg(z,2)/y] = Va (P(g(z,2), f(2)) P(z,y) = Qy.9(y,2))))

vy
ply(xz,2)/2] = Va (P(y, f(g(x,2))) V Iy (P(z,y) = Qy, 9(y, 9(x, 2)))))

The term g(x, z) is free for = but not for y and z.

iii. We have
elg(f(2),2)/x] = ¢
elg(f(2),2)/y] = Yo (P(g(f(2),2), f(2)) V Iy (P(x,y) = Qy,9(y,2))))
elg(f(2),2)/2] = Vo (P(y, f(g(f(2),2))) V Iy (P(x,y) = Qy,9(y,9(f(2),2)))))
(

The term g(f(z), z) is free for z, y and z.

)



