M universitat
™ innsbruck 26S  lecture 2

Erticify

ars.uibk.ac.at

with session ID 6892 6178 for anonymous questions

Logic
Luca Campa Philipp Dablander Aaron Grols  Aart Middeldorp
Alexander Montag Johannes Niederhauser Vera Schmitt
=;Jn"r{‘s'§;f)'§gi 265  Logic lecture 2 2/37
. Definitions
Outline [ Definitions |
» semantic entailment
1. Summary of Previous Lecture D1, P2, -y on E O
2. Horn Formulas if V(¢) = T whenever V(p1) = V(p2) = -+ = V(¢n) = T for every valuation v

» tautology is formula ¢ such that F ¢
3. Intermezzo
» formula ¢ is

4. SAT » valid if V(p) =T for every valuation v

5. Tseitin’s Transformation » satisfiable if V() = T for some valuation v

formulas ¢ and i are semantically equivalent = if both o F ¢ and ¥ F
6. Further Reading > HES ¢ 2 ically equiv (p=1)i pEY Y E

7. Announcements

Theorem

formula ¢ isvalid <= - is unsatisfiable <= ¢ is tautology
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Definitions

» literal is atom p or negation —p of atom
» clause is disjunction ¢; V ---V £, of literals
» conjunctive normal form (CNF) is conjunction C; A --- A C, of clauses

» literals ¢; and ¢, are complementary if {1 = =/, or —=/; = /5

for every formula ¢ there exists CNF ¢ such that ¢ = ¢

validity of CNFs is efficiently decidable:

CNF ¢ isvalid <= every clause of ¢ contains complementary literals
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2. Horn Formulas
AM_
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Part I: Propositional Logic

algebraic normal forms, binary decision diagrams, DPLL, Horn
formulas, natural deduction, Post’s adequacy theorem, resolution, SAT, sorting
networks, soundness and completeness, Tseitin's transformation

Part Il: Predicate Logic

natural deduction, quantifier equivalences, resolution, semantics, Skolemization, syntax,
undecidability, unification

Part Ill: Model Checking

adequacy, branching-time temporal logic, CTL*, fairness, linear-time temporal logic, model
checking algorithms, symbolic model checking
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Definitions

» Horn clause is propositional formula
PLAPy A~ AP, —Q

with n > 1 and where Py, ..., P,, Q are atoms, L or T

» Horn formula is conjunction of Horn clauses

Backus-Naur Form (H)

P:=p|L|T C:=A—>P
= P|PAA H = C|CAH
AM_
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https://en.wikipedia.org/wiki/Horn_clause

satisfiability of Horn formulas is efficiently decidable Horn formula

Procedure (pAgAWw—= D)A(t—=L)A(Fr—=p)A(T=r)A(T—=9g)A(T =u)A(u—s)
@ @) ©) ® ®

@ maintain list of atoms, 1, T occurring in ¢
list p gr stuw L T
® mark T if it appears in list @

® while Horn clause P; A --- AP, — Q exists in ¢ such thatall Py, ..., P, are marked and satisfiable  v(p) = v(q) = v(r) = v(s) = v(u) =T v(t) = v(w) =F
Q is unmarked
Horn formula
mark Q
ANgA 1) A (t 1) A A (T A (T A(T A
@ if L is marked then (PAq Wﬂ®) (t—1) (f%g) ( %é) ( ﬁ%) ( %é) (U%g)

return unsatisfiable
list p qgr tuw L T

else ) ) ®
s L . T if P is marked
return satisfiable satisfying assignment: v(P) = .
F if P is unmarked unsatisfiable
AM_ AM_
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Outline E]rtICIfy with session ID
3. Intermezzo Consider the formula ¢ = (b A =g — L) A (g A p — —Q).

Which of the following statements hold for ¢ ?
[N ¢y isa CNF
E ¢ is aHorn formula

p=p—-q

 is satisfiable

3@ o isvalid
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4. SAT
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SAT Applications
bounded model checking
combinatorial design theory
haplotyping in bioinformatics
hardware verification
logic puzzles

package management in software distributions

planning and scheduling
software verification
sorting networks
statistical physics

term rewriting

Popular SAT Solvers

MiniSat PicoSAT

Z3
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Satisfiability (SAT)

instance: propositional formula ¢

question: is ¢ satisfiable ?

SAT is NP-complete

Links

» SAT competition

» Millennium Problems - P vs NP
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6 1 4 5 11{12|13|14|15/16(17|18|19
8|3 516 21|22|23(24|25(26]27 (28|29

2 1 31|32|33(34|35(36|37(38(39
8 4 7 6 41|42|43]|44|45|46|47 (48|49
() 3 51|52|53(54|55(56|57 (58|59

7 <) 1 4 61|62|63(64|65(66|67 (68|69
5 2 71|72|73(74|75|76|77|78|79
712 619 81|82|83(84|85(86|87(88(89

4 5 8 7 91|92|93(94|95(96]97 (98|99

» propositional atoms x4 for i, j, d € {1,..., 9}

» V(xjq) =T <= cell ij contains digit d
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https://en.wikipedia.org/wiki/NP-completeness
http://www.satcompetition.org/
https://www.claymath.org/millennium-problems/
https://www.claymath.org/millennium/p-vs-np/
http://cl-informatik.uibk.ac.at/teaching/smb/completed.php
http://cl-informatik.uibk.ac.at/teaching/ws22/trs/
http://minisat.se/
http://fmv.jku.at/picosat/
https://github.com/Z3Prover/z3

11{12|13|14|15|16|17(18|19
21(22|23(24|25|26(27|28|29
31|32|33(34|35|36(37|38(39
41|42(43]|44|45|46]|47|48|49
51|52|53(54|55|56(57|58(59
61|62|63(64|65/66(67|68(69
71|72|73(74|75|76(77|78|79
81(82(83(84(85|86|87|88|89
91|92|93(94|95/96(97|98(99

» every cell contains at least one digit

» every cell contains at most one digit

» inevery row / column/ 3 x 3 block every digit appears at most once
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11{12|13|14|15|16(17|18|19 6 1 4 5
21|22|23(24|25|26|27|28|29 8|3 5(6
31|32|33(34|35|36|37|38|39 2 1
41|42|43|44(45|46|47|48|49 8 4 7 6
51(52|53(54|55|56(57|58|59 6 3
61|62|63(64|65|66(67|68|69 7 9 1 4
71|72|73(74|75|76|77|78|79 5 2
81|82|83(84|85|86(87|88|89 7|2 6|9
91/92|93|94(95|96|97(98(99 4 5 8 7

SAT Encoding

p: /\{at-least-one({x,-jd |deD})|i,jeD}A /\{at-most-one(A) |AeC}A
/\{at-most-one({x,-jd ‘ de D}) | i, j € D} A X126 N\ X141 A\ X164 N\ * -+ A\ Xog7

» o is satisfiable <= Sudoku puzzle has solution

» satisfying assignment gives rise to Sudoku solution
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Cardinality Constraints

for non—-empty set A of propositional atoms:

at-least-one(A) = \/ X at-most-one(A) = /\ (=x Vv =y)

XEA X,y€EA
x#y

at-least-one({p,q,r}) pvag\Vvr

at-most-one({p,q,r}) = (=pV —=qg)A(=pV -r)A(—-qV -r)

Useful Abbreviations

D = {1,2,3,4,5,6,7,8,9}

g= {{1’2v3}7{4a576}7{7a8a9}}
C={{xjalj€D}|i,deD}U{{xjq|i€D}|j,deD}U{{xz|(j)elxJ}|I,JeG, deD}
AM_
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D ={1,2,3,4}
g= {{172}7{3»4}}
C={{xjaljeD}

i,deD}U{{xjg|ieD}|jdeD}YU{{xja|(i,j)elxJ}|l,)€G, deD}

1 11{12(13(14
3 21|22|23|24
31|32|33|34
4 41(42|43|44

€ = {{X111,X121,X131~,X141},{X112~,X122,X132,X142}, {X414~,X424,~X4347X444}}

U {{X1115X211,X311~,X411 }> {X121~,X221>X321~,X421 }> s {X144~,X244>X3447X444}}

U {{x111, X121, X211, X221 }, { X112, X122, X212, X222 } - - -, { X334, X344, X434, Xa44 } }

AM_
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can one color all natural numbers with two colors such that whenever x? + y? = z? » NO if (and only if) n > 7825
not all of x, y, z have same color ? » 2 days (in May 2016) on University of Texas’ Stampede supercomputer with 800 processors
» 200 terabyte proof of unsatisfiability
» extensive media coverage (Nature, der Spiegel)
3?+42 =5 574+12° =13
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SAT Encoding
» propositional atoms x; for 1 < i < n
» v(x;) =T <= number | is colored red

» encoding contains clauses (x5 V x5 V Xc) and (—xa V =xp V —xc) forall a? + b? = ¢?

W universitat W universitat
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round robin tournament scheduling for n teams and p periods consisting of n — 1 rounds,
satisfying several other constraints like venue restrictions

tipico

BUNDES|
teA

Austrian Football Bundesliga ©

12 teams play 2 periods (of 11 rounds), periods 1 and 2 are mirrored

SAT encoding

variables xjj,, with v(Xjpr) = T if team i plays team j at home in round r of period p

constraints (fragment): 5. Tseitin’s Transformation
/\ \/ (Xijpr \/inpr) /\ /\ /\ (Xijpr — = (Xikpr Vkapr)) /\ (X/jlr — in2r)
i,p,r j#i i,p,rj;éi'lji{ ij,r
i

further details
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https://en.wikipedia.org/wiki/Boolean_Pythagorean_triples_problem
https://www.cs.utexas.edu/~marijn/ptn/#media
https://www.nature.com/articles/nature.2016.19990
https://www.spiegel.de/wissenschaft/mensch/der-laengste-mathe-beweis-der-welt-umfasst-200-terabyte-a-1094920.html
https://www.bundesliga.at/de/
https://doi.org/10.1007/s10951-010-0194-9

most SAT solvers require CNF as input

deciding satisfiability of CNF formulas is NP-complete

DIMACS Input Format

|

c comments
©
p cnf 4 3

1-240
-12-3-40 X1 VX2 VX3V Xy
g =2 0 X3V X

4 atoms and 3 clauses

X1V X2 V Xq
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p=-(qV-p)Ap
introduce new variable for each propositional connective: - p

ai ~(@vV-p)Ap as qV-p
a —(qVv-p) as —p

praiA(@ < azAp)A(az < naz)A(as <> qVas)A(as <> —p) p

new propositional connective
» equivalence <> p<<q
T if v(p) = V()
F otherwise

"p is equivalent to g"

> V('W-H/J){
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» translation from arbitrary formula to equivalent CNF is expensive

» translation to equisatisfiable CNF is possible in linear time

formulas ¢ and ¢ are equisatisfiable (¢ ~ ¢) if

@ is satisfiable <= 4 is satisfiable

(PVa)A-p~T (PVa)A-p#agA—q

W universitat P N
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Notational Convention

binding precedence - > AV > =&

P B= (P DA )

e Y pov (p=29)A[W =)
TT|OT T
T F| F F
F T| F F
FF| T T
AM_
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(p = =) = (e VY)A(mp V)
(P Y AX) = (e VP)A(meVX)A(pV YV X)
(e VX)=(eVa)A(eVaX)A (e VY V)

ASY
Q

a1 A (a1 < ax Ap)A(az <> —asz) A(as <> qVas)A(as < —p)
=a1A(na1Va)A(ma1Vp)A(arV-ax V-p)A(azVas) A(-az vV —as)
A(azV—qg)A(azV—as) A(—asVgVas)A(asVp)A(—asV—p)
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any satisfying valuation for ¢ can be (uniquely) extended to satisfying valuation for TT(y)

restriction of any satisfying valuation for TT(y) to atoms in ¢ is satisfying valuation for ¢
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Definition (Tseitin’s Transformation)

for propositional formula ¢
. . %) if ¢ is atom
» atom a, is defined as a, = .
fresh atom otherwise

» formula TT(¢p) is defined as

a, if ¢ is atom
'I_I'(cp — Y g
a, AN TT'(a,, ) otherwise
with ‘ .
(@< —ay) ATT (ay, ) if o=
(@ (ays Aay,)) ATT(ay,, 1) ATT (ay,,12) if ¢ = 1 A
TT(a,9) = (2 & (ay, V ay,)) ATT(ay,, 1) AT (@y,,¢2) if o = ¢1V 1
(a s (awl — aU2)) A —I_rl(ali'u Ul) A 1_I—,(auz*UZ) if Y = ’1111 — ’lliz
T if ¢ is atom
AM_
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Logic Circuit

Equisatisfiable CNF

O0N(0<<01VO)A(01 <> a1Vax)A(oz <> asVas)A(ar < niAy)A(az < XA2)
A(as <> Y An3)A(as <> x Any) A(ny <> =x) A (N2 <> —y) A(ns < —2)
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Outline

6. Further Reading

Huth and Ryan

» Section 1.5

SAT and P - NP

» SAT live! [accessed March 9, 2026]

» The Science of Brute Force
Marijn J. H. Heule and Oliver Kullmann
Communications of the ACM 60(8), pp. 70-97, 2017
doi: 10.1145/3107239

» Fifty Years of P vs. NP and the Possibility of the Impossible
Lance Fortnow
Communications of the ACM 65(1), pp. 76-85, 2022
doi: 10.1145/3460351
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DIMACS format
equisatisfiability

equivalence

6. Further Reading

Horn clause

Horn formula

homework for March 19
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Outline
SAT

Tseitin’s transformation

7. Announcements
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https://www.cambridge.org/core/services/aop-cambridge-core/content/view/217011EA9D709ED4D1BBEC71DFE66E4F/9780511810275c1_p1-92_CBO.pdf/propositional_logic.pdf#page=53
http://satlive.org/
https://doi.org/10.1145/3107239
https://doi.org/10.1145/3107239
https://doi.org/10.1145/3107239
https://doi.org/10.1145/3107239
https://doi.org/10.1145/3460351
https://doi.org/10.1145/3460351
https://doi.org/10.1145/3460351
https://doi.org/10.1145/3460351
http://cl-informatik.uibk.ac.at/teaching/ss26/lics/exercises/02.pdf

new slot: Wednesday 10:15-11:00 in RR 26

» for international master students (SKZ 648 and 921)
» Friday March 27, 10:15-11:00 in 3W04
» registration (group 1) required
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https://lfuonline.uibk.ac.at/public/lfuonline_lv.details?sem_id_in=26S&lvnr_id_in=703000
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