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. Definiti
Outline

» model M for pair (F,P) with set F of function symbols and set P of predicate symbols
1. Summary of Previous Lecture consists of

2. Quantifier Equivalences @® non-empty set A (universe of concrete values)

@ function fM: A" — A for every n-ary function symbol f € F
3. Intermezzo

® subset PM C A" for every n-ary predicate symbol P € P
4. Unification o . .
@ =M is identity relation on A
5. Intermezzo » environment (look-up table) for model M = (A, {fM}c 7, {PM}pcp) is mapping | from

L variables to elements of A
6. Skolemization
» value t*™ ! of term t in model M relative to environment / is defined inductively:

7. Further Reading
I(t) if t is variable

MEM Y it = (L, .. )
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» satisfaction relation M F; ¢ is defined inductively:

M, M, | ) . _
ME T (&0 Yy e pM if o =P(t1, ..., ty)
M E if o =1
M ¥ L
M Ej Yy and M E; 4, if o =11 A
ME ¢ M E 1 or M E iy if o =11V

M }L‘/ ﬂ)l or M b/ U2
M Fixsa) ¢ forall a c A

if o =11 —
if o =Vxy
if o =3xvY

M Fj[x-a) ¥ forsome a € A

» formula ) is satisfiable if M F, ¢y for some model M and environment /

» formula ¢ is valid if M k; ¢ for all (appropriate) models M and environments /
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Definitions

> VY elimination 3 introduction

VXxp Ve p[t/x]
o[t/x] Ixe

Ji

provided t is free for x in ¢

» V introduction 3 elimination

Xo Xo @[Xo/X]
w[xo/x
plo/x| Ix X
Vi de

VX X

where xq is fresh variable that is used only inside box
AM_
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Definitions

(possibly infinite) set of formulas T

» [ is satisfiable (consistent) if M &, ¢ forall ¢ €T, for some model M and environment /

» [ E ¢ (semantic entailment) if M &, ¢y whenever M F, ¢ forall ¢ €T, forall
(appropriate) models M and environments /

» equality introduction — =i
"replace equals by equals"

» equality elimination —_—— =e

provided t; and t; are free for x in ¢
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(possibly infinite) set of formulas I, formula

» sequent ' - 9 is valid if there exists (finite) natural deduction proof of ¢ in which all
premises are from I

natural deduction for predicate logic is sound and complete:

vy <= T F ¢ isvalid

Decision Problem (Church’s Theorem)

instance: set of formulas I', first—order formula v
question: [ F ¢ ?

is undecidable even when [ = &
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https://en.wikipedia.org/wiki/G%C3%B6del%27s_completeness_theorem

Part I: Propositional Logic

algebraic normal forms, DPLL,
Post’s adequacy theorem, sorting
networks,

Part llI: Predicate Logic

quantifier equivalences, resolution, Skolemization,

undecidability, unification

Part Ill: Model Checking

adequacy, branching-time temporal logic, CTL*, fairness, linear-time temporal logic, model
checking algorithms, symbolic model checking
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2. Quantifier Equivalences
AM_
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Consider the universe A consisting of the set of all humans. Given the following premises:

Every child likes sweets or is already full (or both).

If a human is sad, they no longer like sweets.

There is at least one child who is sad.
Using natural deduction, prove that there is at least one child who is full.

V x (C(x) — L(x) V F(x)), S(x) — —L(x) , Ix(C(x) AS(x)) ¥ Ix (C(x) AF(x))

countermodel M with look-up table /(x) = Diana

Diana, Jamie € A

Diana ¢ CM Diana € L™ Diana ¢ S™ Diana ¢ FM

Jamie € CM  Jamie € LM Jamie € SM  Jamie ¢ FM

M E Vx(C(x) = L(x) VF(x)) M E S(x)—-L(x) M E Ix(C(x)AS(x))

M E; 3x (C(x) A F(x))
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¢ —F 1 denotes validity of both ¢ - ¢ and ¥ I ¢

-VXxp 4= Ix-p —dxp 4 Vx -

VX AVxY - Vx (o A) IxeVIxy 4 Ix (e V)

VxVye 4 VyVxop Ix3dy e 4 dydxe
if x is not free in v then
VxpAy 4= Vx(pAp) VxoViy 4= Vx (o V)
Axp Ay - Ix(pAY) IxeVy 4 Ix (e V)
Y —=>Vxe 4= Vx(— @) Axp—= ¢ 4= Vx(p =)
Y —3Ixe 4= Ix (Y = ) Vxe—=1 4 Ix (o =)
AM_
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Ix—-p F =V x ¢ is valid: IxpVIxy F Ix(p V) isvalid:
1 Ix-p premise 1 IxpVIxy premise
2 VXp assumption 2 Ixp assumption
3 xo (—¢)[xo/x] assumption 3 Xo p[xo/x] assumption
4 ~(¢lxo/x]) identical 4 plxo/x]V¥lxo/x] Vi3
S || el ve2 s =
6 is -e5,4 -
7 N Je1,3-6 7 Ix assumption
8 “Vxo 2.7 8 Xo [Xo/X] assumption
9 plxo/x]V Y[xo/x] Vi2 8

10 Ix (e V) 3i9

11 Ix (e V) Je7,8-10

12 Ix (o V) vel,2-6,7-11

AM_ AM_
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Ix(pVY) F IxeVIxy isvalid: VxVye F VYyVxep is valid:

1 Ix (e V) premise 1 VXxVyep premise
2 Xo (pV)[xo/X] assumption 2 Yo

3 ¢[Xxo/x] V¢ [xo/x] identical 3 xo (Yye)lxo/x] Vel

4 ©[Xo/X] assumption 4 Vy (¢[xo/x]) identical
5 Ix Jdi4 5 e[xo/X][yo/y] Ve4

6 IxeVIxy Vi1 5 6 ¢[yo/y¥1[xo/x] identical
7 [ Xxo0/X] assumption 7 Vx(elyo/y]) Vi3-6
3 Ixe 37 8 (Yx¢)[yo/y] identical
9 IxpVIxy Vip 8 9 VyVxe vi2-8
10 IxpVIxy Ve 3,4-6,7-9
11 IxpVIxy Jdel,2-10

AM_ AM_
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dxdy e 3y Ixe is valid: Vxp Ay E Vx(pAp) isvalid (provided x is not free in 1):
1 dx3dy e premise 1 VXxp A premise
2 Xo (y¢)[xo/x] assumption 2 VX Nerl
3 Jy (¢[xo/x]) identical 3 ¥ Nez 1
4 Yo ¢[xo/X][yo/y] assumption 4| xo wbo/xl o ve2
5 ©[vo/y][xo/x] identical > plxo/xIny — Ai4,3
6 (olyo/y]) 3i5 6 (¢ A1p)[xo/x] identical
x (¢ [
pLYo/y 7 Vx(pAd)  Vid-6
7 (Ix¢)[yo/y] identical
: Syaxe = (Remark |
9 dydxe Je3,4-8 o '
10 Sy 3xe Je1,2-9 freeness condition is essential: V x P(x) A Q(x) ¥ V¥ x (P(x) A Q(x))
» model M with universe {0,1}, PM = {0,1}, QM = {0} and environment /(x) = 0
» M E VxP(x)AQ(x) and M ¥ Vx (P(x) A Q(x))
AM_ AM_
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Vx(p A1) EVxepAy isvalid (provided x is not free in ¢): VXxpVy E Vx(pV) isvalid (provided x is not free in ¢):

1 VX (pA) premise 1 VXoVi premise
2 Xo (pAvY)[xo/x] Vel 2 VX assumption
3 @[xo/x] At identical 3 Xo @[Xo/X] Ve 2
4 0 Ney 3 4 o[xo/x] V¥ [xo/x] Vi3
5 ©[xo/X] Nep 3 5 (¢ V) [xo0/X] identical
6 VX Vi2-5 6 Vx (V) Vi3-5
7 (pAP)[x/x] Vel 7 W assumption
8 pAYp identical 8 Xo @[Xxo/X] VY Vip 7
9 (2 Nez 8 9 (o V) [x0/X] identical

10 Vxp Ay Ai 6,9 10 Vx (¢ V) Vig-9

11 Vx (o V) Ve l,2-6,7-10



Vx(eV)F VxepV isvalid (provided x is not free in v):

1 Vx (¢ V1) premise 5 —1) assumption
2 YV Y LEM 6 xo (pVv)[xo/x] Vel
3 (o assumption 7 ¢[xo/x] V1  identical
4 VxoeVy Vi3 8 ©[xo0/x] assumption
9 P assumption
10 1 -e9,5
11 ©[xo/X] lel0
12 ©[xo/X] ve7,8-8,9-11
13 VX o Vi6-12
14 VXxeVy Vip 13
15 VXV Ve2,3-4,5-14
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Y= Vxp EVx(¢¥— ¢) isvalid (provided x is not free in ):

0 N o U A W N B

Y —=>VXop premise

Xo
P assumption
VXp —el,3
©[Xxo/X] Ve 4
v — p[Xo/x] —i3-5
(¥ = ¢)[x0/x] identical
Vx (¥ — p) Vi2-7
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Vx (i — @) 19— Vxo isvalid (provided x is not free in ¢):

1 Vx (Y= p) premise
2 P assumption
3 Xo (Y — ¢)[xo/x] Vel
4 1 — ¢[xo/x]  identical
5 ©[xo0/X] —ed,?2
6 VXp Vi3-5
7 P =+VXe —+i2-6
AM_
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3. Intermezzo
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‘g]rthIfy with session ID

Which of the following statements are true ?
Vx3y (P(x) = Q) + ¥x (P(x) = 3y Qy))

B IxVye 4 Vydxe forevery formula ¢
JyVzIx(-P(x) = Vx0Q(x,y,z)) 4= IxP(x)VIyVzVx0(x,y,z)
Ix (P(x) = Q(x)) 4+ VxP(x) — Ix0Q(x)

W universitat
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» substitution is set of variable bindings 6 = {x; — t1, ..., X, — t,} with pairwise different
variables xi, ..., x, and terms tq, ..., t,

» given substitution 0 = {x1 > t1, ..., X, — t,} and expression E, instance Ef of E is
obtained by simultaneously replacing each occurrence of x; in E by ¢t;

» composition of substitutions 6 = {x1 — t1, ..., Xp — ty} and o = {y1 +> S1, ..., Yk +> Sk}
is substitution 0o = {x1 > tio, ..., Xp — tho} U{y; — si|y; # x; forall 1 <j < n}

E= P(f(Y)Xy)
E® = P(f(a),q(y, 2),a)
Ea = P(f(y),f(y),y)

0={x—9ly2),y—a}
o={x—fly),z— f(x)}
o = {x — g(y,f(x)),y — a,z— f(x)}
o0 = {x — f(a),z— f(g(y,2)),y — a}

W universitat 26S Logic lecture 7 4. Unification 27/41
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4. Unification
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composition of substitutions is associative: (po)7 = p(o7)

Definitions

» substitution 6 is at least as general as substitution o if u = o for some substitution p
» unifier of terms s and t is substitution 6 such that s = t@

» most general unifier (mgu) is at least as general as any other unifier

terms f(x,g(y),x) and f(z,g(u),h(u)) are unifiable:
{x = h(a),y— a,z+— h(a),u — a} {u— a}
unifiers {x — h(u),y — u, z — h(u)} mgu

{x = h(g(u), y = g(u), z = h(g(u)), u— g(u)} {u=g(u)}
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unifiable terms have mgu which can be computed by unification algorithm f(x,9(y),x) ~ f(z,g(u), h(u))
di
x ~ , 9(y) ~ g(u), x ~ h(u)

Unification Algorithm
v {x+— z}

d decomposition £, );:_(SISN ts”) = fitl’N' 't" tbf)'/ E 9(y) = g(u), z = h(u)
LT e e al mgu {x ~ h(u), y = u, z — h(u)}
Ah . El, t~ t, Ez
t removal of trivial equations T EE y = u, z = h(u)
\ = u
v variable elimination Eux~tE ) Fr, t>x E P
(E1, E2){x > t} (E1, E2){x — t} z =~ h(u)
if x does not occur in t (occurs check) vl {z=h()}
O
AM_ AM_
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there are no infinite derivations

U =0, 74 =0, Wég3

if s and t are unifiable then for every maximal derivation

S%f:>gl E1 =0, Ez =05 =0 En

n

E,=0O

010,03 - - -0, is mgu of s and t 5. Intermezzo

Optional Failure Rules

E17 f(Sl7 ...,Sn) %g(tl, ...,tm)7 Ez El,X%f.'7 Ez El., l'%X7 E2
L L L
if x occursin t and x # t
AM_ AM_
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Outline

cell can see other cells in same row or
column

black cells block view of white cells

number in cell tells how many white cells
are seen by cell (including itself)

black cells cannot be neighbours 6. Skolemization

all white cells must be orthogonally

connected
AM_ AM_
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Definitions
» prenex normal form is predicate logic formula for every formula ¢ there exists prenex normal form 1 such that ¢ = ¢

Quea Ot o oot

with Q; € {¥,3} and ¢ quantifier-free @ rename all bound variables such that all variables in quantifications are distinct
I ’

» Skolem normal form is closed (no free variables) prenex normal form @ push logical connectives through quantifiers:
Vxi VX ... VXp o “Vxp=3dx-p —Ixp=VXx-p
VXxpAp =VYx(pAY) eAV XY =Vx(pAt)
with ¢ quantifier—free CNF Axp Ay =3Ix(9AD) eAIxp =Ix(pAD)
VxoVi =Vx(pV) eVVx® =Vx(pVi)
Ax eV =3Ix(p V) eVIxy =3Ix(pV)
VxVy ((P(f(x)) v =P(g(y)) v Q(g(¥))) A (=Q(g(y)) v —P(9(y)) v Q(g(x)))) Vxo =9 =3x(p =) o= Vxh=Vx(p—=19)
clausal form  {{P(f(x)), ~P(g()). Q(g(¥))}, {~Qg(¥)). ~P(g(¥)). Q(g(x))}} Iy =Vxlp2y) o= 3xy =3x(p2y)
AM_ AM_
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https://en.wikipedia.org/wiki/Kuromasu

for every sentence ¢ there exists Skolem normal form @ such that ¢ ~

Proof (Skolemization)

@ transform ¢ into closed prenex normal form Qix; Q2X2 ... QnXx, x Wwith x in CNF
@ repeatedly replace Vx; ... VX1 3% Qir1Xit1 ... QnXp Y0 by
VX1 ... VX1 QigaXip1 ... QnXn ¥[f(Xa, ..., Xi—1)/Xi]

where f is new function symbol of arity i —1 (if i = 1 then f is constant)

unification and Skolemization are required to extend resolution from propositional logic to
predicate logic

W universitat —
innsbruck 265 Llogic lecture 7 6. Skolemization ol
7. Further Reading
¥ universitat 265 Logic lecture 7 7. Further Reading Lo
innsbruck

Vz3x3y ((P(x) V-P(y) vV Q(2)) A (=Q(x) V =P(y) v Q(2)))
~ {x— f(z)}

Vz3y ((P(f(2)) vV =P(y) vV Q(2)) A (=Q(f(2)) V ~P(y) V Q(2)))
~ {y = 9(2)}

vz ((P(f(2)) v =P(g(2)) v Q(2)) A (—Q(f(2)) V =P(g(2)) V Q(2)))

Vx3y(FzP(z) AN(FuQ(x,u) = IvO(y,v)))

Vx3y3IzVu3Iv (P(z) A (=Q(x,u) VO(y,V)))
~ {y = f(x)}{z = g(x)}

X7 u 3 (PG(x)) A (=X, u) V Q(F(x), 1))
~ {v— h(x,u)}

Vx¥u (P(g(x)) A (=0(x,u) v Q(F(x), h(x, u))))

W universitat —
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Huth and Ryan

» Section 2.3

» Wikipedia [accessed December 27, 2024 ]

Skolemization

» Wikipedia [accessed December 27, 2024 ]
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https://www.cambridge.org/core/services/aop-cambridge-core/content/view/C08A8571887234409733F5B95AF5A07C/9780511810275c2_p93-171_CBO.pdf/predicate_logic.pdf#page=15
https://en.wikipedia.org/wiki/Unification_(computer_science)
https://en.wikipedia.org/wiki/Skolem_normal_form

Important Concepts

» at least as general » occurs check » removal of trivial equations
» composition » prenex normal form » substitution

» decomposition » Skolem normal form » unification algorithm

» instance » Skolemization » unifier

» most general unifier » quantifier equivalences » variable elimination

homework for May 7
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http://cl-informatik.uibk.ac.at/teaching/ss26/lics/exercises/07.pdf
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