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[Lemma
model M = (5,—,L) and XC S [Tl=Ss [Pl ={seS|peL(s)}
> [l ={sesS|IMsF ¢} [L]=2 [AX ] = prey([#])
» prey(X) = {seS|teX forall t with s — t} [=¢] = S - [¢] [EX¢] = pres([2])
- Py = D EE| 5 FIRrEnns 69 lo vl = [¢DNv] [AF ] = [2] U prey([AF )
[eVvel =lelulvl [EF ]l = [l U pres([EF¢])
[ — vl =(5-TeD) Ul [AG o] = [l Nprey([AG ¢])
[EG¢] = [¢] Npres([EG ¢])
[Ale U]l = [¥] U ([v] Nerey([Ale U ¥]T))
prey(X) = S — pres(S — X) [Eleu ]l = [»]U ([l Nnpres([E[» U]T))
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[AF ] is least fixed point of monotone function Far(X) = [¢]] U prey(X)
[EG ¢] is greatest fixed point of monotone function Feg(X) = [[¢]l N pres(X) » atoms

[E[ U ¢]] is least fixed point of monotone function Fey(X) = [ ] U ([«]] N pres(X)) » logical connectives

» LTL (linear-time temporal logic) formulas are built from
p. q, r, P, P2, ...
LT, AV, =

» temporal connectives X, F, G, U, W, R

according to following BNF grammar:

o =L[T[pl(=e)[(ere)|(eVe)l(e—e)l

every monotone function F: P(S) — P(S) with |S| = n admits
least fixed point uwF = F"(2)
greatest fixed point vF = F"(S)

» satisfaction m F ¢ of LTL formula ¢

defined by induction on ¢

symbolic model checking = (CTL) model checking with BDDs

Xe) [ (Fe) [ (

with respecttopath m =57 —+ s, — - --

©) | (pUe) [ (kW) | (pRyp)

» path in model M = (S, —,L) is infinite sequence s; — s, — -

in model M is

» satisfaction M,s E ¢ of LTL formula ¢ with respect to state s € S in model M is defined

as "forallpaths 1t =s—--- 7 F "
AM_ AM_
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LTL formulas ¢ and ¢ are semantically equivalent (¢ = ) if -Xp =X Ut = = (= U (mp A=) AF
—Fop = - 1 = F¢ /
P E o - Fpo =Gy FleVy)=FeVFy
-Gy =F-p G(pAY) =GpAGY
for all models M = (S, —,L) and paths 7 in M =(pUe) = ~pR-1 Fo=TUp
~(pRY) = ~pU~9 Gp= 1Ry
pUY = WY AFY PpWy =9PR(p V)
W1 = pUypPV Gy PRy = PpW(p AY)
TE o < 7F-p M;sEp = M,;s ¥ -p M,sE o = M,sE —p
AM_ AM_
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Part I: Propositional Logic

DPLL,
sorting
networks,

Part Il: Predicate Logic

Part Ill: Model Checking

adequacy, CTL*, fairness, model
checking algorithms,
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{X, U}, {X, W} and {X, R} are adequate sets of temporal connectives for LTL

Fo=TUp PRY = PpW(pAY) eUy = =(=pRy)
Gy = -F-p pU® = =(=pR=7) Fo=TUp
eRY = =(=pU=1) Fpo=TUgp Gy =-F-p
WY = Uy VG Gp =-F-p pWyY = Uy VG

{U,R}, {U,W}, {U,G}, {F,W} and {F,R} are adequate sets of temporal connectives for LTL
fragment consisting of negation-normal forms without X
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2. Adequacy

innsbruck

LTL CTL
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set of temporal connectives is adequate for CTL <=

at least one of {AX, EX}
it contains ¢ at least one of {EG, AF, AU}
EU

Proof ( <)

» AXp = " EX—p and EXp = - AX—p

» EFp = E[T U]

» AGp = " EF-gp

AlpUy] = —(E[-9 U (¢ A =9)] VEG —9))
AFp = A[T U]

» EGp = - AF—p

v

v
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0
O—O—0)
p

induction on ¢
» if ¢ isatom or ¢ = L then M,0 ¥ ¢ and M,1 ¥ ¢
» if o =T then M,0 F ¢ and M,1 F ¢
» ifo=-yYthen MOF ¢ < MO0F Y — M, 1F¢Y < M,1F¢p
» if @ = 11 A1), then
MOE¢ <<= M, 0FE ¢ and M,0 FE 9,
— M1y and M1 F Y, = M,1Fp
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set of temporal connectives is adequate for CTL <=
at least one of {AX, EX}

it contains { at least one of {EG, AF, AU}
EU

Proof ( =)

» consider model M O

O—O—Q@
p

» M,0 ¥ EXp and M,1 F EXp

» for every CTL formula ¢ not containing EX and AX:

MOEyp = MI1Egep
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0
O—O—0)
p

induction on ¢

» if ¢ = AF¢ or p = EF¢ then

M,0EFE o <<= M,ikFE forsomeic{0,1,2}
— M,iE ¢ forsomeic{l,2} <<— M, l1Eyp

» if o = AGY or ¢ = EG1 then

MOE¢ <= M,iikEqvyforallie{0,1,2}
<~ M,iE¢ forallie{l,2} <<= M, 1E¢p
AM_
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Proof ( —, cont’d)

induction on ¢
» if o = A[1p1U2] or ¢ = E[¢p1 U] then
MOEFE o <<= M,0F;or
M,1 E 4 and M,0 FE 11 or
M,2 E 9, and M,0 E 1 and M,1 E ¢
<~ M,1E 9, or
M,2 E 9 and M, 1 E
—= M, l1Fp

AM_
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. EU
Proof ( — )
» consider model M m
p p P~ — T
() 0)
NN O
AN Nl
@ @ ©) @,
P P P
» M.i E E[pUqg] and M,i" ¥ E[puUq] forall i >0
» for every CTL formula ¢ not containing EU there exists n, > 0 such that
M,n, Eo <= M,n,Eop
AM_
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. at least one of {EG, AF, AU}

Proof ( — )

» consider model M

3 (2) 1
/| O/ Y 8
O QF O P
Sc e
» M,i E AFp forall i > 0 and M,/ ¥ AFp forall i > 0

» for every CTL formula ¢ not containing EG, AF and AU there exists n, > 0 such that

/
Mng Eop = Mn,Fop

AM_
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3. Fairness

AM_
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» model may contain behaviour which is unrealistic or guaranteed not to happen
» such behaviour is (typically) not expressible in CTL

» eliminate such behaviour by imposing fairness constraints

» path s; — s, — --- is fair with respect to set C of CTL formulas if for all ¢» € C

s; E 4 for infinitely many i (GF in LTL)
path 1(376)% is fair with respect to {/g, Pg} but not with respect to {/}
M, 1 ¥ Agg, FPs because path 1(478)“ is fair with respect to Rg but M,i ¥ Pg for

» formulas in C are called fairness constraints

» Ac (Ec) denotes A (E) restricted to paths that are fair with respect to C

I € {17 4.7, 8}
W universitat ; B onverstat -
innsbruck 265 Logic lecture 11 3. Fairness 21/39 universita 265  Logic lecture 11 3. Fairness 22739

EclpUv] = E[pU (Y AECGT)] EcXp = EX(9 AECGT)

New Algorithm (CTL Model Checking with Fairness Constraints)

required only for EcG ¢:

@ restrict graph to states satisfying ¢ 4. Intermezzo
® compute non-trivial strongly connected components (SCCs)

® remove SCC S if there exists constraint ¢ € C such that s ¥ ¢ for all states s € S

@ label all states in resulting SCCs
®

compute and label all states that can reach labelled state in restricted graph computed
in step @
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‘Q]rtICIfy with session ID

Which of the following statements hold for all models M = (S,—,L) and
states s€S7?

M,s E ApyF(p VAGP)
B MsE E{p}X(p/\EXp)
M,s E EpvgilpUq]
E M,S F A{p}G(AFp)

W universitat
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satisfaction of LTL formulas in finite models is decidable

Two Approaches
@ translate into CTL model checking with fairness constraints

®@ use automata techniques

Basic Strategy

M,;sE p?

» construct labelled Biichi automaton A-, for —¢p

» combine A_, and M into single automaton A_, x M

» determine whether there exists accepting path in A, x M

W universitat 265 Logic lecture 11 5. LTL Model Checking Algorithm 27/39
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5. LTL Model Checking Algorithm
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formula ¢ in LTL fragment with U and X as only temporal operators

closure C(p) of ¢ consists of all subformulas of ¢ and their negations, identifying == and

C(aU(—aAb)) ={a, na, b, b, maAb, =(maAb),aU(-aAb), ~(aU(-aAb))}
{a, b, maAb,aU(—aAb)}
{a, b,aU(—-aAb)}

{a, b, =(maAb),aU(-aAb)}
{=a, =b, =(-aAb),aU(-aAb)} notelementary
{a, b, =(maAb), ~(aU(-aAb))}

{a, =b, =(—=aAb), =(aU(—aAb))}

not elementary
not elementary

elementary

elementary

elementary
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set B C C(yp) is elementary if it is

@ consistent with respect to propositional logic: forall ¢1 A vz € C(¢) and 9 € C(p)
» p1 ANpr €EB < @pi1€Band g, €B
» Y EB — -y ¢B

» T eC(p) — TE€B

@ locally consistent with respect to U: forall ¢1 Uz € C(p)

» v €EB — piUpr €eB
» p1Ugp, €B and p, ¢ B — p1€B
® maximal: forall ¢ € C(p)
»y¢B =— -YeB
p=Xa
C(e) = {a, —a, Xa, -Xa}
states {a, Xa} {a, -Xa} {—a, Xa} {—a, -Xa}
initial states
transitions {a}
v v (a) 0 {a}
v v ) /
v v & & {a}
v @ {a}
trace t; = {a}{a}{a}@“ isaccepted: path @ e 3
trace t;, = o{a}l @ {a}¥ is accepted: path @ &
trace t; = {a} @@ {a}¥ is not accepted
AM_
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Definitions

v

states of automaton A, are elementary subsets of C(y)

v

initial states are those states containing ¢

» transition relation A of A,: (A,B) € A ifand only if
@ for all Xt € C(p)

@ forall o1 U, € C(yp)

XpeA <+— ¢YeEB
prUpr €A < ¢y €A orboth ¢; €A and p1Up, € B
» trace is infinite sequence of valuations of propositional atoms
» trace t is accepted if there exists path 7 in A, such that

@® = starts in initial state of A,

® 7 corresponds to trace t: t; = {p € w; | pis atom} forall i

® 7 visits infinitely many states satisfying —1(¢1 Uvz) V 2, for every 11 Ui € C(p)

] ; - AM_
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p=aub

C(e) = {a, ma, b, b, aUb, —=(aUb)}
states {a, b, ¢} {—a, b, ¢} {a, =b, p} {a, =b, ¢} {—a, -b, ~p}
initial states
transitions

v v v v v {a, b}

v v v v Y {b}

v vV {a}

v {a}
v v v v Y %)

acceptance condition: paths cycling in state @ are not accepting
{a}¥ isrejected and {b}@{a}* is accepted
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Basic Strategy

M,sE p? labelled Blchi automaton A, for ¢ = aUb model M
» construct labelled Biichi automaton A_, for - 1) {b}
» combine A-, and M into single automaton A, x M {a, b, ¢} v v v v Y @%@Q
» determine whether there exists accepting path in A, x M {—a, b, p} v v VvV
{a, -b, ¢} v v
— {a, b, ~¢} v v —O_=®
—{-a, -b, ¢} g F F 4 {a} {a, b}

acceptance condition: paths cycling in state @ are not accepting

product automaton A-, x M
M,s FE ¢y <+ A.,x M hasno accepting paths

- @0 | { 2 } 2 3 }
— @0 | o 3 3 }
n a %] b b
accepting path 0 Q 2 — @3 Q 3 Q e = M,0F p
AM_ AM_
L] :Jnnr:\s/g{a(lg‘ 26S  Logic lecture 11 5. LTL Model Checking Algorithm 33/39 ] :Jnnr:\s/g{a(li‘ 26S  Logic lecture 11 5. LTL Model Checking Algorithm 34/39
. Huth and Ryan
Outline

» Section 3.2.5
» Section 3.4.5
Section 3.6.2
Section 3.6.3

v

v

6. Further Reading Baier and Katoen

» Section 5.2 of Principles of Model Checking (MIT Press 2008)
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https://www.cambridge.org/core/services/aop-cambridge-core/content/view/362A23C81428830F20C49894E9ED8949/9780511810275c3_p172-255_CBO.pdf/verification_by_model_checking.pdf#page=15
https://www.cambridge.org/core/services/aop-cambridge-core/content/view/362A23C81428830F20C49894E9ED8949/9780511810275c3_p172-255_CBO.pdf/verification_by_model_checking.pdf#page=45
https://www.cambridge.org/core/services/aop-cambridge-core/content/view/362A23C81428830F20C49894E9ED8949/9780511810275c3_p172-255_CBO.pdf/verification_by_model_checking.pdf#page=59
https://www.cambridge.org/core/services/aop-cambridge-core/content/view/362A23C81428830F20C49894E9ED8949/9780511810275c3_p172-255_CBO.pdf/verification_by_model_checking.pdf#page=61
https://mitpress.mit.edu/9780262026499/principles-of-model-checking/

Ac Ec fairness constraints

A, elementary set labelled Bilchi automaton
adequacy fair path trace

closure

homework for June 11

next week (June 8): online evaluation in presence = bring device
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First Exam on June 29

» registration in LFU:online is required before 23:59 on June 15
» strict deadline: late email requests will be ignored

» de-registration is possible until 10:00 on June 26

» closed book

» second exam on September 15, third exam on February 4, 2027

Preparation

» study previous exams

» review homework exercises and solutions

» study slides

» visit Tutorium (Wednesday, 10:15-11:00, RR 26)

special exam preparation session on June 24, 10:15-11:45, SR1
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7. Exam
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