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» binary relation —¢ on T(F,V) for every ES (F, &):

3 p € Pos(s)

. Slp=do redex
S—et << Jl=xrecé& with

o t =s[ro]p
d substitution o

» rewrite rule ¢ — r is equation ¢ ~ r such that £ ¢ V and Var(r) C Var(/)
» term rewrite system (TRS) is pair (F, R) consisting of
» F signature

» R set of rewrite rules between terms in 7(F,V)

V ES & (—)}}:%5::5
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validity problem is decidable for ES £ if there exists finite TRS R such that

R is complete (confluent and terminating)

* *
e = OR

term rewriting is Turing—complete hence all non-trivial questions are undecidable

Undecidable Problems

instance:

question:

instance:

question:

(finite) TRS R instance:
is R terminating ? question:

TRS R, term t

is t terminating ?

TRS R

is R confluent ?
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Outline

2. Decidability
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most problems for finite left-linear right—ground TRSs are decidable
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most problems for finite left-linear right-ground TRSs are decidable (FORT, lecture 7)
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most problems for finite left-linear right-ground TRSs are decidable (FORT, lecture 7)

» rewrite rule ¢ — r is left-linear if ¢ is linear
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most problems for finite left-linear right-ground TRSs are decidable (FORT, lecture 7)

Definitions

» rewrite rule ¢ — r is left-linear if ¢ is linear

» TRS is left-linear if all rewrite rules are left-linear
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most problems for finite left-linear right—-ground TRSs are decidable (FORT, lecture 7)

Definitions

» rewrite rule ¢ — r is left-linear if ¢ is linear
» TRS is left-linear if all rewrite rules are left-linear

» rewrite rule ¢ — r is right—ground if r is ground
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most problems for finite left-linear right—-ground TRSs are decidable (FORT, lecture 7)

Definitions

rewrite rule ¢ — r is left-linear if ¢ is linear

v

TRS is left-linear if all rewrite rules are left-linear

v

v

rewrite rule ¢ — r is right-ground if r is ground

v

rewrite rule ¢ — r is ground if ¢ and r are ground

M universitat i N .
thhebruck 26S Term Rewriting lecture 5 2. Decidability 6/35


https://fortissimo.uibk.ac.at/fort
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.3.1.10
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.3.1.10
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.3.1.14
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.3.1.14
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.3.1.14
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#theorem.3.2.5

most problems for finite left-linear right—-ground TRSs are decidable (FORT, lecture 7)

Definitions

v

v

v

v

v

rewrite rule ¢ — r is left-linear if ¢ is linear

TRS is left-linear if all rewrite rules are left-linear
rewrite rule ¢ — r is right-ground if r is ground
rewrite rule ¢ — r is ground if ¢ and r are ground

TRS is (right-)ground if all rewrite rules are (right-)ground
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most problems for finite left-linear right-ground TRSs are decidable (FORT, lecture 7)

Definitions

rewrite rule ¢ — r is left-linear if ¢ is linear

v

TRS is left-linear if all rewrite rules are left-linear

v

v

rewrite rule ¢ — r is right-ground if r is ground

v

rewrite rule ¢ — r is ground if ¢ and r are ground

v

TRS is (right-)ground if all rewrite rules are (right-)ground

validity problem is decidable for finite ground ESs congruence closure

AM_
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Congruence Closure

instance: ground ES &, equation s =~ t

question: (s =¢t)or (s #c t)7?
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Congruence Closure

instance: ground ES &, equation s =~ t
question: (s =¢t)or (s #c t)7?

@ build congruence classes

a put all subterms of terms in £ U {s ~ t} in separate sets
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Congruence Closure

instance: ground ES &, equation s =~ t
question: (s =¢t)or (s #c t)7?
@ build congruence classes
a put all subterms of terms in £ U {s ~ t} in separate sets

b mergesets {...,t1,...} and {..., &5, ...} forall t; = t; in &
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Congruence Closure

instance: ground ES &, equation s =~ t
question: (s =¢t)or (s#£ct)7?
@ build congruence classes
a put all subterms of terms in £ U {s ~ t} in separate sets
b mergesets {...,t1,...} and {..., &5, ...} forall t; = t; in &

c mergesets {..., f(ts, ..., t5), ...} and {..., f(us, ..., up), ...}

if & and u; belong tosame setforall 1 < i < n, repeatedly
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Congruence Closure

instance: ground ES &, equation s =~ t

question: (s =¢t)or (s #c t)7?

@ build congruence classes
a put all subterms of terms in £ U {s ~ t} in separate sets
b mergesets {...,t1,...} and {..., &5, ...} forall t; = t; in &
c mergesets {..., f(ts, ..., t5), ...} and {..., f(us, ..., up), ...}

if & and u; belong tosame setforall 1 < i < n, repeatedly

@ if s and t belong to same set then return else return
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Congruence Closure

instance: ground ES &, equation s =

(s =¢t)or

t
(S 755 t)?

question:
@ build congruence classes

a put all subterms of terms in £ U {s =~
band {..., &

 F(ty e ), s

b mergesets {..., t

c merge sets {.. ..} and {..

if t; and u; belong tosame set forall 1 <

@

if s and t belong to same set then return

t} in separate sets

..} forall t; = t; in €

(Ul,...,Un),...

i < n, repeatedly

else return

(efficient) implementations use graphs for sharing subterms

AM_
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» ES &

f(f(f(a))) = o(f(a(f(b))))  f(9(f(b))) ~ f(a)  9(a(b)) =~ 9(f(a))  9(a) = b

terms s = f(a) and t = g(a)

B universitat iti bl
M innsbruck 26S  Term Rewriting lecture 5 2. Decidability a5


http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.3.2.6
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.3.2.6
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.3.2.6
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.3.2.6
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.3.2.6
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.3.2.6
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.3.2.6
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.3.2.6
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.3.2.6

» ES &£
f(f(f(a))) ~ a(f(a(f(b)))) f(9(f(b))) ~ f(a) 9(g9(b)) ~ 9(f(a)) g(a) = b

terms s = f(a) and t = g(a)

» sets
1.{a} 5. {f(f(a))} 9. {f(a(f(b)))} 13. {g(a)}
2. {f(a)} 6. {f(f(f(a)))} 10. {9(f(g(f(b)))) }
3. {b} 7. {f(b)} 11. {9(9(b)) }
4.{g(b)} 8. {9(f(b))} 12. {9(f(a))}
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» ES &£
f(f(f(a))) ~ a(f(a(f(b)))) f(9(f(b))) ~ f(a) 9(g9(b)) ~ 9(f(a)) g(a) = b

terms s = f(a) and t = g(a)

» sets
1.{a} 5. {f(f(a))} 9. {f(a(f(b)))} 13. {g(a)}
2. {f(a)} 6. {f(f(f(a)))} 10. {9(f(g(f(b)))) }
3. {b} 7. {f(b)} 11. {9(9(b)) }
4.{g(b)} 8. {9(f(b))} 12. {9(f(a))}
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» ES &£
f(f(f(a))) ~ a(f(a(f(b)))) f(9(f(b))) ~ f(a) 9(g9(b)) ~ 9(f(a)) g(a) = b

terms s = f(a) and t = g(a)

» sets
1.{a} 5. {f(f(a))} 9. {f(a(f(b)))} 13. {g(a)}
2. {f(a)} 6. {f(f(f(a))), a(f(a(f(b))))}
3. {b} 7. {f(b)} 11. {9(9(b)) }
4.{g(b)} 8. {9(f(b))} 12. {9(f(a))}

B universitat iti bl
M innsbruck 26S  Term Rewriting lecture 5 2. Decidability s


http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.3.2.6
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.3.2.6
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.3.2.6
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.3.2.6
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.3.2.6
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.3.2.6
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.3.2.6
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.3.2.6
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.3.2.6

» ES &£
f(f(f(a))) ~ a(f(a(f(b)))) f(9(f(b))) ~ f(a) 9(g9(b)) ~ 9(f(a)) g(a) = b

terms s = f(a) and t = g(a)

» sets
1.{a} 5. {f(f(a))} 9. {f(a(f(b)))} 13. {g(a)}
2. {f(a)} 6. {f(f(f(a))), a(f(a(f(b))))}
3. {b} 7. {f(b)} 11. {9(9(b)) }
4.{g(b)} 8. {9(f(b))} 12. {9(f(a))}
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f(f(f(a))) ~ a(f(a(f(b)))) f(9(f(b))) ~ f(a) 9(g9(b)) ~ 9(f(a)) g(a) = b

terms s = f(a) and t = g(a)

» sets
1.{a} 5. {f(f(a))} 13. {g(a)}
2.{f(a), f(g(f(b)))}  6.{f(f(f(a))), 9(f(a(f(b))))}
3. {b} 7. {f(b)} 11. {9(9(b)) }
4.{g(b)} 8. {9(f(b))} 12. {9(f(a))}
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terms s = f(a) and t = g(a)

» sets
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4.{g(b)} 8. {9(f(b))}

» conclusion: s #¢ t
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3. Termination
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rewrite system is terminating if there are no infinite rewrite sequences

B universitat i inati
thhebruck 26S Term Rewriting lecture 5 3. Termination 10/35
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Termination Methods 1967
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rewrite system is terminating if there are no infinite rewrite sequences

Termination Methods 1975
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rewrite system is terminating if there are no infinite rewrite sequences

Termination Methods 1979
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rewrite system is terminating if there are no infinite rewrite sequences

Termination Methods 1980s
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rewrite system is terminating if there are no infinite rewrite sequences

Termination Methods 1990s
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rewrite system is terminating if there are no infinite rewrite sequences

Termination Methods 2000s
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rewrite system is terminating if there are no infinite rewrite sequences

Termination Methods
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Termination Research
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https://git.imn.htwk-leipzig.de/waldmann/pure-matchbox
http://zenon.dsic.upv.es/muterm/
http://www.trs.cm.is.nagoya-u.ac.jp/NaTT/
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https://termination-portal.org/wiki/Termination_Competition
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Termination Research

Termination Tools

Termination Competion

https://termination-portal.org/wiki/Termination_Competition

AM_
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Lemma

d well-founded order > on terms such that

TRS R is terminating <=
s—spt =— s>t
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d well-founded order > on terms such that

TRS R is terminating <=
s—spt =— s>t

» TRS

0+y —y s(x)+y — s(x+y)
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d well-founded order > on terms such that

TRS R is terminating <=
s—spt =— s>t

» TRS
O+y—vy s(x)+y — s(x+y)
» well-founded order > 1 U
i V) + 1 if u = s(v
s>t e 99w elt) with p(u) = ) i (v)
20(v) +o(w) ifu=v+w
0 otherwise

B universitat iti -
B hhebruck 26S Term Rewriting lecture 5 4. Well-Founded Monotone Algebras 13/35


http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#lemma.4.1.1

) o d well-founded order > on terms such that
TRS R is terminating <=

S rt = s>t

TRS
O+y —y s(x)+y — s(x+y)
well-founded order > 1 if u=20
v)+1 if u=s(v
Go b = o) sulE) Wl e s 4 2D . (v)
20(V) +p(w) ifu=v+w
0 otherwise

(very) inconvenient to check all rewrite steps

AM_
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Definitions (Reduction Order)

» rewrite order is proper order > on terms which is

» closed under contexts: s>t = C[s] > C[t] forall contexts C

» closed under substitutions: s>t — so > to  for all substitutions o
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» TRS R and rewrite order > are compatible if ¢ > r forallrules ¢ — r in R
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» TRS R and rewrite order > are compatible if ¢ > r forallrules ¢ — r in R

» reduction order is well-founded rewrite order
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» TRS R and rewrite order > are compatible if ¢ > r forallrules ¢ — r in R
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R C > if R and > are compatible
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Definitions (Reduction Order)

» rewrite order is proper order > on terms which is
» closed under contexts: s>t = C[s] > C[t] forall contexts C

» closed under substitutions: s>t — so > to  for all substitutions o

» TRS R and rewrite order > are compatible if ¢ > r forallrules ¢ — r in R

» reduction order is well-founded rewrite order

R C > if R and > are compatible

TRS R is terminating <= R C > for reduction order >
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TRS R is terminating <= 'R C > for some reduction order >

Proof ( <—)
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TRS R is terminating <= 'R C > for some reduction order >

Proof ( <—)

» >r C >
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TRS R is terminating <= 'R C > for some reduction order >

Proof ( <—)

» —-r C >:

» if s > t then s = C[¢o] and t = C[ro] for some ¢ — r € R, context C, substitution o
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» { > r by assumption
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Proof ( <—)
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» if s > t then s = C[¢o] and t = C[ro] for some ¢ — r € R, context C, substitution o

» { > r by assumption
» > is closed under substitutions = /fo > ro
» > is closed under contexts = s=C[lo] > C[ro] =t

B universitat 265  Term Rewriting lecture 5 4. Well-Founded Monotone Algebras 15/35
innsbruck


http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#theorem.4.1.4

TRS R is terminating <= 'R C > for some reduction order >

Proof ( <—)

» —-r C >:

» if s > t then s = C[¢o] and t = C[ro] for some ¢ — r € R, context C, substitution o

» { > r by assumption
» > is closed under substitutions = /fo > ro
» > is closed under contexts = s=C[lo] > C[ro] =t

» > iswell-founded = R isterminating
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Definitions (Well-Founded Monotone Algebra)

» well-founded monotone F-algebra (A, >) consists of non-empty algebra
A = (A, {fa}rcr) with well-founded order > on A such that every f4 is strictly monotone
in all coordinates:

fa(az, ..., @i, ..., an) > fa(az, ..., b, ..., an)

forall @1, ...,an,beAandie{1,...,n} with a; > b
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Definitions (Well-Founded Monotone Algebra)

» well-founded monotone F-algebra (A, >) consists of non-empty algebra
A = (A, {fa}rcr) with well-founded order > on A such that every f4 is strictly monotone
in all coordinates:

fa(az, ..., @i, ..., an) > fa(az, ..., b, ..., an)

forall @1, ...,an,beAandie{1,...,n} with a; > b

» relation >4 onterms: s >4 tif [a]a(s) > [a]a(t) for all assignments «
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Definitions (Well-Founded Monotone Algebra)

>

well-founded monotone F-algebra (.4, >) consists of non—-empty algebra
A = (A, {fa}rcr) with well-founded order > on A such that every f4 is strictly monotone
in all coordinates:

fa(az, ..., @i, ..., an) > fa(az, ..., b, ..., an)

forall @1, ...,an,beAandie{1,...,n} with a; > b

relation >4 onterms: s >y t if [a]4(s) > [a]a(t) for all assignments «

>, is reduction order for every well-founded monotone algebra (A, >)
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Definitions (Well-Founded Monotone Algebra)

>

well-founded monotone F-algebra (.4, >) consists of non—-empty algebra
A = (A, {fa}rcr) with well-founded order > on A such that every f4 is strictly monotone
in all coordinates:

fa(az, ..., @i, ..., an) > fa(az, ..., b, ..., an)

forall @1, ...,an,beAandie{1,...,n} with a; > b

relation >4 onterms: s >y t if [a]4(s) > [a]a(t) for all assignments «

>, is reduction order for every well-founded monotone algebra (A, >)

TRS R is terminating <= R C >4 for some well-founded monotone algebra (A, >)

AM_
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TRS R is terminating <= R C >4 for some well-founded monotone algebra (A, >)

Proof (— )
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TRS R is terminating <= R C >4 for some well-founded monotone algebra (A, >)

Proof (— )

» F issignature of R
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TRS R is terminating <= R C >4 for some well-founded monotone algebra (A, >)

Proof (— )

» F issignature of R

» term algebra 7 = (T(F,V), {fs}rer) with fz(t1, ..., t,) = f(t1, ..., t;) forall n-ary f € F
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TRS R is terminating <= R C >4 for some well-founded monotone algebra (A, >)

Proof (— )

» F issignature of R

» term algebra 7 = (T (F,V), {f7}rer) with fa(t1, ..., ty) = f(t1, ..., ty) forall n-ary f € F

» relation > on T(F,V): > = —5%
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TRS R is terminating <= R C >4 for some well-founded monotone algebra (A, >)

Proof (— )

» F issignature of R

» term algebra 7 = (T(F,V), {fs}rer) with f(t1, ..., t,) = f(t1, ..., t;) forall n-ary f € F
» relation > on T(F,V): > = —5%

» (T,>) is well-founded monotone algebra
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TRS R is terminating <= R C >4 for some well-founded monotone algebra (A, >)

Proof ( — )
» F issignature of R

» term algebra 7 = (T(F,V), {fs}rer) with f(t1, ..., t,) = f(t1, ..., t;) forall n-ary f € F
» relation > on T(F,V): > = —5%
» (T, >) is well-founded monotone algebra:

» > is closed under contexts = every f5 is strictly monotone in all coordinates
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TRS R is terminating <= R C >4 for some well-founded monotone algebra (A, >)

Proof (— )

» F issignature of R

» term algebra 7 = (T(F,V), {fs}rer) with f(t1, ..., t,) = f(t1, ..., t;) forall n-ary f € F
» relation > on T(F,V): > = —5%
» (T, >) is well-founded monotone algebra:

» > is closed under contexts = every f5 is strictly monotone in all coordinates

» R is terminating — > is well-founded order on T(F,V)
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TRS R is terminating <= R C >4 for some well-founded monotone algebra (A, >)

Proof (— )

» F issignature of R

» term algebra 7 = (T(F,V), {fs}rer) with f(t1, ..., t,) = f(t1, ..., t;) forall n-ary f € F
» relation > on T(F,V): > = —5%
» (T, >) is well-founded monotone algebra:
» > is closed under contexts = every f5 is strictly monotone in all coordinates
» R is terminating —> > is well-founded order on 7 (F,V)
» ( 5 rforevery { = reR = RC>
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Well-Founded Monotone Algebras

used in termination proofs and tools:

» polynomial interpretations over N
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Well-Founded Monotone Algebras
used in termination proofs and tools:

» polynomial interpretations over N

» polynomial interpretations over Q and R
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Well-Founded Monotone Algebras

used in termination proofs and tools:

» polynomial interpretations over N
» polynomial interpretations over Q and R

» matrix interpretations over N
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Well-Founded Monotone Algebras

used in termination proofs and tools:

» polynomial interpretations over N

v

polynomial interpretations over Q@ and R

\{

matrix interpretations over N

» matrix interpretations over N U {—oc0}
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Well-Founded Monotone Algebras

used in termination proofs and tools:

» polynomial interpretations over N

» polynomial interpretations over Q and R
» matrix interpretations over N

» matrix interpretations over N U {—oc0}

» ordinal interpretations
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Well-Founded Monotone Algebras

used in termination proofs and tools:

» polynomial interpretations over N

» polynomial interpretations over Q and R
» matrix interpretations over N

» matrix interpretations over N U {—oc0}

» ordinal interpretations
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Outline

5. Polynomial Interpretations over N
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» TRS

O+y =y s(x)+y — s(x+vy) Oxy—0 sS(X)xy = y+(xxy)
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» TRS

O+y =y s(x)+y — s(x+vy) Oxy—0 sS(X)xy = y+(xxy)

» interpretations in N

04=1 sa(x) =x+1 +alx,y) = 2x+y xa(X,y) =2xy +x+y+1
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» TRS

O+y =y s(x)+y — s(x+vy) Oxy—0 sS(X)xy = y+(xxy)

» interpretations in N

04=1 sa(x) =x+1 +alx,y) = 2x+y xa(X,y) =2xy +x+y+1

v

constraints Vx,yeN

Yy+2>y 2x+y+2>2x+y+1 3y+2>1 2xy+x+3y+2>2xy+x+3y+1
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» TRS

0+y —y s(x)+y — s(x+vy) Oxy—0 sS(X)xy = y+(xxy)
» interpretations in N
04=1 sa(x) =x+1 +alx,y) = 2x+y xa(X,y) =2xy +x+y+1

» constraints Vx,y eN

2>0 1>0 3y+1>0 1>0
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» TRS

0+y —y s(x)+y — s(x+vy) Oxy—0 sS(X)xy = y+(xxy)
» interpretations in N
04=1 sa(x) =x+1 +alx,y) = 2x+y xa(X,y) =2xy +x+y+1

» constraints Vx,y eN

2>0 1>0 3y+1>0 1>0

» s(0) x s(s(0)) — s(s(0)) + (0 x s(s(0))) — s(s(0)) +0 — s(s(0) + 0) — s(s(0+ 0)) — s(s(0))
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» TRS

O+y —y s(x)+y — s(x+vy) Oxy—0 sS(X)xy = y+(xxy)
» interpretations in N

04=1 sa(x) =x+1 +alx,y) = 2x+y xa(X,y) =2xy +x+y+1
» constraints Vx,y eN

2>0 1>0 3y+1>0 1>0

» s(0) x s(s(0)) — s(s(0)) + (0 x s(s(0))) — s(s(0)) +0 — s(s(0) + 0) — s(s(0+ 0)) — s(s(0))
18 > 17 > 7 > 6 > 5 > 3
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» TRS

(o) = 1 A(x+y) = dx)+a(y) A(x xy) = I(x) xy+xxady)
IB) >0  Ix—y)—=dx)-0y) Ix+y)—= (9(x)xy—xx9(y))+(yxy)
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» TRS

(o) = 1 A(x+y) = dx)+a(y) A(x xy) = I(x) xy+xxady)
9B) =0 Ox-y)=0(x)=-0y) Ox+y)—= (9x)xy—xx0dy)+(yxy)
» interpretations in N
ag=Pa=0a=14=1 da(x) = x* +6x+6
Talxy) = —alxy) = xa(y) = valxy) = x+y+3
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» TRS

(o) = 1 Ix+y) = 9(x)+0y) Ax xy) = I(x) xy+xx09y)
9B) =0  Ax—y)—=0o(x)=0y) Ix+y)—= (0(x)xy—xx0d(y))+(yxy)
» interpretations in N
ap=Pa=04=1u=1 8A(X):X2—|—6X~I—6
+A(Xay) = _.A(X’y) = X.A(va) = +.A(Xv.y) = X+y+3
» constraints Vx,yeN
X2+ y?+2xy +12x+ 12y + 33 > x>+ y? + 6x + 6y + 15 13>1
X2 +y? +2xy +12x + 12y + 33 > x> + y? + 6x + 6y + 15 13> 1

X2+ y? 4 2xy +12x + 12y +33 > X2 +y? + Ix+ Ty + 21
X2+ y? 4+ 2xy +12x+ 12y + 33 > x*> + y? + Ix + 9y + 27
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» TRS

(o) = 1 Ix+y) = 9(x)+0y) Ax xy) = I(x) xy+xx09y)
IB) =0  Ax—y) = 0x)=0y) Odx+y)— (9(x)xy—xx0dy))+(yxy)
» interpretations in N
ag=Pa=0a=14=1 da(x) = x* +6x+6
+A(X7y) = _.A(X’y) = X.A(va) = +.A(Xv.y) = X+y+3
» constraints Vx,yeN
2xy +6x + 6y +18 > 0 12 >0
2xy + 6x + 6y +18 > 0 12 > 0

2xy +5x+5y+12 > 0
2xy +5x+3y+ 6> 0
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Definition (Polynomial Termination)

TRS R is polynomially terminating (over N) if R C >4 for some well-founded monotone
algebra (A, >) such that

» carrier of A4 is N
» > is standard order on N

» 4 € Z[x1, ..., Xp] for every n-ary function symbol f
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Definition (Polynomial Termination)

TRS R is polynomially terminating (over N) if R C >4 for some well-founded monotone
algebra (A, >) such that

. . polynomials with coefficients in Z
» carrier of 4 is N , _
and indeterminates xi, ..., X,

» > is standard order on N

» 4 € Z[Xx1, ..., xn| for every n-ary function symbol f
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Definition (Polynomial Termination)

TRS R is polynomially terminating (over N) if R C >4 for some well-founded monotone
algebra (A, >) such that

. . polynomials with coefficients in Z
» carrier of 4 is N , _
and indeterminates xi, ..., X,

» > is standard order on N

» 4 € Z[Xx1, ..., xn| for every n-ary function symbol f
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Definition (Polynomial Termination)

TRS R is polynomially terminating (over N) if R C >4 for some well-founded monotone
algebra (A, >) such that

» carrier of A4 is N
» > is standard order on N

» 4 € Z[x1, ..., Xp] for every n-ary function symbol f

‘R is polynomially terminating over N <~
R is polynomially terminating over {n € N |n > N} for some N > 0
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Definition (Polynomial Termination)

TRS R is polynomially terminating (over N) if R C >4 for some well-founded monotone
algebra (A, >) such that

» carrier of A4 is N
» > is standard order on N

» 4 € Z[x1, ..., Xp] for every n-ary function symbol f

‘R is polynomially terminating over N <~
R is polynomially terminating over {n € N |n > N} for some N > 0

Ns = N\ {0}
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» TRS

O+y =y Oxy —0
s(x)+y — s(x+Yy) S(X) Xy = y+(xxy)

» interpretations in N

04=1 Faboy) = 2xty
sa(x) =x+1 xA(x,y) =2xy +x+y+1
AM_
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» TRS

O+y =y Oxy —0
s(x)+y — s(x+Yy) S(X) Xy = y+(xxy)

» interpretations in N\ {0,1}

04=2 Faboy) = 2xty
sa(x) =x+3 xa(x,y) = xy
AM_
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@ how to find suitable polynomials ?
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@ how to find suitable polynomials ?

® how to show P > 0 for polynomial P € Z[x1, ..., Xn] ?
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@ how to find suitable polynomials ?

® how to show P > 0 for polynomial P € Z[x1, ..., Xn] ?

following problem is undecidable:

instance: polynomial P € Z[x1, ..., Xn]

question: Vxi,...,xp €N P(x1,...,X5) > 07?
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reduction from Hilbert’s 10th Problem

instance: polynomial P € Z[x1, ..., Xn]

question: Ix1,....,Xxp €Z P(X1,...,X,) =07
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reduction from Hilbert’s 10th Problem

instance: polynomial P € Z[x1, ..., Xn]

question: Ix1,....,Xxp €Z P(X1,...,X,) =07

X1, ..., Xxn €Z P(x1,...,X%,) =0

<~ VX, ..., Xn€Z P(x1,...,X,) #0
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reduction from Hilbert’s 10th Problem

instance: polynomial P € Z[x1, ..., Xn]

question: Ix1,....,Xxp €Z P(X1,...,X,) =07

X1, ..., Xxn €Z P(x1,...,X%,) =0
<~ VX, ..., Xn€Z P(x1,...,X,) #0

= VX, .., X €Z P(x1,...,Xn)% >0
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reduction from Hilbert’s 10th Problem

instance: polynomial P € Z[x1, ..., Xn]

question: Ix1,....,Xxp €Z P(X1,...,X,) =07

X1, ..., Xxn €Z P(x1,...,X%,) =0
<~ VX, ..., Xn€Z P(x1,...,X,) #0

= VX, .., X €Z P(x1,...,Xn)% >0

— -Vay...,ane{-1,1} Vyi,....,¥n€N P(ay1, ..., anyn)* > 0
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reduction from Hilbert’s 10th Problem

instance: polynomial P € Z[x1, ..., Xn]

question: Ix1,....,Xxp €Z P(X1,...,X,) =07

X1, ..., Xxn €Z P(x1,...,X%,) =0

<~ VX, ..., Xn€Z P(x1,...,X,) #0

& Vx1,...,X €Z P(x1,...,X%n)> >0

<~ ~Vay..,apne€{-1,1} Vyi,...,¥n €N P(aiyi, ..., an¥n)? >0

<~ dJai,...,apn€{-1,1} ~Vy1,....,¥n €N P(aiyi, ..., an¥n)? > 0
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reduction from Hilbert’s 10th Problem

instance: polynomial P € Z[x1, ..., Xn]

question: Ix1,....,Xxp €Z P(X1,...,X,) =07

X1, ..., Xxn €Z P(x1,...,X%,) =0

<~ VX, ..., Xn€Z P(x1,...,X,) #0

= VX, .., X €Z P(x1,...,Xn)% >0

= -Vai..,apne{-1,1} Yy, ...,ynEN P(a1y17‘..,S,Z[,}//l"”’yn]

<~ dJai,...,an€{-1,1} ~Vy1,....,¥n €N P(aiyi, ..., anyn)? > 0
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reduction from Hilbert’s 10th Problem

instance: polynomial P € Z[x1, ..., Xn]

question: Ix1,....,Xxp €Z P(X1,...,X,) =07

X1, ..., Xxn €Z P(x1,...,X%,) =0

<~ VX, ..., Xn€Z P(x1,...,X,) #0

= VX, .., X €Z P(x1,...,Xn)% >0

= -Vai..,apne{-1,1} Yy, ...,ynEN P(a1y17‘..,S,Z[,}//l"”’yn]

< dJai,...,an€{-1,1} ~Vy1,...,¥n €N P(aiyi, ..., an¥n)? >0
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@ how to find suitable polynomials ?

® how to show P > 0 for polynomial P € Z[x1, ..., Xn] ?

following problem is undecidable:

instance: polynomial P € Z[x1, ..., Xn]

question: Vxi,...,xXp €N P(x1,...,X5) > 07?

Sufficient Condition

all coefficients are non-negative and constant is positive
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@ how to find suitable polynomials ?

® how to show P > 0 for polynomial P € Z[x1, ..., Xn] ?

following problem is undecidable:

instance: polynomial P € Z[x1, ..., Xn]

question: Vxi,...,xXp €N P(x1,...,X5) > 07?

Sufficient Condition

all coefficients are non-negative and constant is positive (absolute positiveness)
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@ how to find suitable polynomials ?

® how to show P > 0 for polynomial P € Z[x1, ..., Xn] ?
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@ how to find suitable polynomials ?

® how to show P > 0 for polynomial P € Z[x1, ..., Xn] ?

polynomial termination over N is undecidable
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@ how to find suitable polynomials ?

® how to show P > 0 for polynomial P € Z[x1, ..., Xn] ?

polynomial termination over N is undecidable

Modern Approach

@® choose abstract polynomial interpretations (linear, quadratic, ...)
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@ how to find suitable polynomials ?

® how to show P > 0 for polynomial P € Z[x1, ..., Xn] ?

polynomial termination over N is undecidable

Modern Approach

@® choose abstract polynomial interpretations (linear, quadratic, ...)

@ transform rewrite rules into polynomial ordering constraints
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@ how to find suitable polynomials ?

® how to show P > 0 for polynomial P € Z[x1, ..., Xn] ?

polynomial termination over N is undecidable

Modern Approach
@® choose abstract polynomial interpretations (linear, quadratic, ...)
@ transform rewrite rules into polynomial ordering constraints

® add monotonicity and well-definedness constraints
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@ how to find suitable polynomials ?

® how to show P > 0 for polynomial P € Z[x1, ..., Xn] ?

polynomial termination over N is undecidable

Modern Approach

@® choose abstract polynomial interpretations (linear, quadratic, ...)
@ transform rewrite rules into polynomial ordering constraints

® add monotonicity and well-definedness constraints

@ eliminate universally quantified variables using absolute positiveness

u ﬁwr:wlgg;lsxlctl?t 265  Term Rewriting lecture 5 5. Polynomial Interpretations over N 27/35


https://doi.org/10.4230/LIPIcs.FSCD.2022.27

@ how to find suitable polynomials ?

® how to show P > 0 for polynomial P € Z[x1, ..., Xn] ?

polynomial termination over N is undecidable

Modern Approach

@® choose abstract polynomial interpretations (linear, quadratic, ...)
transform rewrite rules into polynomial ordering constraints

add monotonicity and well-definedness constraints

eliminate universally quantified variables using absolute positiveness

@ ® @ ©®

translate resulting diophantine constraints to SAT or SMT problem
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» TRS

0+y =y s(x)+y — s(x+y)
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» TRS
O+y —y s(xX)+y = s(x+Yy)
» interpretations
04 =a sa(x) = bx+c +a(x,y) =dx+ey+f
AM_
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» TRS

Oty —y s(x) +y = s(x+y)
» interpretations

04 =a sa(x) = bx+c +a(x,y) =dx+ey+f

» polynomial constraints V x,y €N

datey+f>y
dbx+c)+ey+f>b(dx+ey+f)+c

B universitat iti ¢ .
= innsbruck 26S  Term Rewriting lecture 5 5. Polynomial Interpretations over N 28/35



» TRS

Oty —y s(x) +y = s(x+y)
» interpretations

04 =a sa(x) = bx+c +a(x,y) =dx+ey+f

» polynomial constraints V x,y €N
datey+f>y
dbx+c)+ey+f>b(dx+ey+f)+c
a>0 b2>1 c=>0 d>1 ez 1 f>0
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» TRS
O+y — vy

» interpretations

04 =a sA(x) = bx+c

» polynomial constraints V x,y €N

(e—1)y+da+f>0
(e—be)y+dc+f—bf—c>0
b>1 d>1

a=o0 c>0

s(x)+y — s(x+y)

+a(x,y) =dx+ey+f
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» TRS
O+y — vy

» interpretations

04 =a sA(x) = bx+c

» diophantine constraints da, b, c,d, e, feN

e—1>0 da+f>0

e—be>0 dc+f—-bf—c>0
0 b>1 d>1

az c>0

s(x)+y — s(x+y)

+a(x,y) =dx+ey+f

absolute positiveness

e>1 f>0
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» TRS

O+y =y s(x)+y — s(x+y)
» interpretations

04 =a sa(x) = bx+c +a(x,y) =dx+ey+f

» diophantine constraints da, b, c,d, e, feN
e—1>0 da+f>0
e—be>0 dc+f—-bf—c>0
0

a> b>1 c=>0 d>1 e>1 f>0

» possible solution

a=20 p=1 c=1 d=2 e=1 i =1
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» TRS

O+y =y s(x)+y — s(x+y)
» interpretations

04=0 sa(x) =x+1 +a(x,y) =2x+y+1

» diophantine constraints da, b, c,d, e, feN
e—1>0 da+f>0
e—be>0 dc+f—-bf—c>0
0

a> b>1 c=>0 d>1 e>1 f>0

» possible solution

a=20 p=1 c=1 d=2 e=1 i =1
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numerous terminating TRSs are not polynomially terminating
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numerous terminating TRSs are not polynomially terminating

polynomial interpretations

terminating TRSs
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numerous terminating TRSs are not polynomially terminating

{f(a) — f(b), g(b) — g(a)}

polynomial interpretations

terminating TRSs
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» TRS

f(a) — f(b) 9(b) — 9(a)

» well-founded monotone algebra (A, J) with
» carrier A= {0,1} x N
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» TRS

f(a) — f(b) 9(b) — 9(a)

» well-founded monotone algebra (A, J) with

» carrier A= {0,1} x N

» well-founded order 7 on A: (a,x) J(b,y) <= a=bandx>y
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» TRS

f(a) — f(b) 9(b) — g(a)
» well-founded monotone algebra (A, J) with
» carrier A= {0,1} x N
» well-founded order 7 on A: (a,x) J(b,y) <= a=bandx>y
» strictly monotone interpretations V x € N

a4 = (0,0) f4((0,x)) = (1,x+1) 9.4((0,x)) = (1,x)
ba = (170) f.A((lvx)) = (17X) gA((laX)) = (1’X+ 1)

M universitat 265
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» TRS

f(a) — f(b) 9(b) — 9(a)

» well-founded monotone algebra (A, 1) with

» carrier A= {0,1} x N

» well-founded order 7 on A: (a,x) J(b,y) <= a=bandx>y

» strictly monotone interpretations V x eN

a4 = (0,0) f4((0,x)) = (1,x+1) 9.4((0,x)) = (1,x)
ba= (170) fA((lvx)) = (17X) gA((laX)) = (17X+ 1)
» constraints

fa(@a) =(1,1) 3 (1,0) = fa(ba) ga(ba) = (1,1) O (1,0) = ga(aa)
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» TRS

O+y =y s(x)+y — s(x+y) Oxy—0 s(x) xy = y+(xxy)
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» TRS

O+y =y s(x)+y — s(x+y) Oxy—0 s(x) xy = (xxy)+y

» not polynomially terminating
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» TRS

O+y =y s(x)+y — s(x+y) Oxy—0 s(x) xy = (xxy)+y

» not polynomially terminating

» interpretations in N

0a=1 sa(x) = x+1 +alxy) = 2x+y xa(x,y) = 3y
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» TRS

O+y — vy s(x)+y — s(x+y) Oxy—0

» not polynomially terminating

» interpretations in N
04=1 sa(x) =x+1 +a(x,y) =2x+y
» constraints V x,y e N,

y+2>y 2X+y+2>2x+y+1 3y > 1

s(X) xy = (xxy)+y

XA(Xay) = 3Xy

3y > 2(3y) +y
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» TRS

O+y — vy s(x)+y — s(x+y) Oxy—0

» not polynomially terminating

» interpretations in N\ {0,1}

0y =2 sa(x) = x+2 +a(x,y) =x+y

s(X) xy = (xxy)+y

xa(X,y) = xy
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» TRS

O+y — vy s(x)+y — s(x+y) Oxy—0

» not polynomially terminating

» interpretations in N\ {0,1}
04 =2 sa(x) = x+2 +a(x,y) =x+y
» constraints Vx,yeN\{0,1}

y+2>y X+y+2>x+y+2 2y > 2

s(X) xy = (xxy)+y

xa(X,y) = xy

Xy+2y >Xxy+y
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» TRS

s(x)+y — s(x+y)

» not polynomially terminating

» interpretations in N\ {0,1}
04 =2 sa(x) = x+2 +a(,y) =x+y
» constraints Vx,yeN\{0,1}

y+2>y X+y+2>x+y+2 2y > 2

xa(X,y) = xy

Xy+2y >xy+y
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& innsbruck

31/35



» TRS

s(x)+y — s(x+y)

» not polynomially terminating

» interpretations in N
sa(x) =x+1 +a(x,y) =2x+y
» constraints Vx,y eN

2x+y+2>2x+y+1
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» TRS

» not polynomially terminating but incremental polynomially terminating

» interpretations in N
sa(x) = x+2 +a(x,y) =2x+y
» constraints Vx,y eN

2x+y+2>2x+y+1
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Homework Exercises for April 20

(1 Exercise 3.13.

(2 Exercise 4.1.
(3 Exercise 4.9.

@ Exercise 4.15.
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https://lms.uibk.ac.at/url/RepositoryEntry/6008537088/CourseNode/113202783148915
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#exercise.3.13
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#exercise.4.1
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#exercise.4.9
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#exercise.4.15
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7. Further Reading
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Lecture Notes

» Section 3.2 (Theorem 3.2.5 and Example 3.2.6)

» Section 4.1
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http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#section.3.2
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#theorem.3.2.5
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.3.2.6
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#section.4.1
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/slides/05x1.pdf#page=22
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#theorem.3.2.5
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.4.1.14
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.4.1.3
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.4.1.3
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.4.1.7

Lecture Notes

» Section 3.2 (Theorem 3.2.5 and Example 3.2.6)

» Section 4.1

absolute positiveness reduction order
congruence closure rewrite order
polynomial termination well-founded monotone algebra
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http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#section.3.2
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#theorem.3.2.5
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.3.2.6
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#section.4.1
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/slides/05x1.pdf#page=22
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#theorem.3.2.5
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.4.1.14
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.4.1.3
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.4.1.3
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.4.1.7
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