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>

weight function (w, wg) consists of mapping w: 7 — N and constant wg > 0 such that
w(c) = wp for all constants ¢ € F

n
weight of term t: w(t) = wo if t €V and w(t) = w(f)+ > w(t;)if t = f(ts, ..., tn)
i=1

weight function (w, wg) is admissible for precedence > if f > g forall g € F\ {f},
whenever f is unary function symbol in F with w(f) = 0

binary relation >y, on terms (Knuth-Bendix order): s >y t if |S|x > |t|x forall x e V
and either w(s) > w(t) or both w(s) = w(t) and either

® s = f"(t) forsome n > 0and teV

® s=f(s1,...,Sy) and t = f(ty, ..., t,) and forsome 1 <i < n
a sj=tforall 1 <j<i
b Si >0 ti

® s=f(s1,...,Sp) and t =9g(t1, ..., tm) and f > g
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http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.4.4.1
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.4.4.1
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.4.4.2
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.4.4.5
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.4.4.5
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.4.4.7
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.4.4.7

>wpo 1S reduction order if > is well-founded and (w, wy) is admissible for >
if > C 3 then >po € Tkwo  (incrementality)
if > is total then >, is total on ground terms

following problem is decidable:
instance: finite TRS R

) 3 weight function (w, wg)
question: such that
3 precedence > and R C >ypo

(w, wp) is admissible for >

Definitions

» TRS R is reduced if r € NF(R) and £ € NF(R\{¢{ — r}) forall { = reR

» reduced complete TRS is canonical
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http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#theorem.4.4.13
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#exercise.4.38
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#lemma.4.4.17
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#theorem.4.4.16
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.3.1.11
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.3.2.7

Definitions

» TRSs R and S are conversion equivalent if <% = <%

» TRSs R and S are normalization equivalent if —}, = —j

conversion equivalent canonical TRSs that are compatible with same reduction order are
unique up to literal similarity

Definitions

» R={l—=rlg|l—reR}
» R={{—=reR|LENF(R\{{—r})}

if R is complete TRS then R is (normalization) equivalent canonical TRS
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http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.1.2.18
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.1.2.18
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#theorem.5.3.8
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#theorem.5.3.8
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.5.3.1
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.5.3.1
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#theorem.5.3.3

reduction order >

set of equations & set of rewrite rules R

inference system KB consists of eight rules

EW{s~s} R

E, R
E,RYU{s — t} oy
E, RU{s — u} R
EW{s~t}, R
E,RU{s — t} s>t

EW{t=s} R
E,RU{s — t}

£

R

~th R

EU{s

E,RY
EU{u

EW{s

{t > s}
~stH R

~th R

~ub, R

EU{s
Ew{t

EU{ux

if s R - —>p t

ift -r u

if t >r u
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http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.5.4.1
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.5.4.1
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.5.4.1
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.5.4.1

run for ES & is finite sequence
E0,Ro Fg &1,R1 Fkg -+ Fxg &ny Ra

such that & = £ and Rg = @

» run fails if &, # @ ,

» run is fair if PCP(R,) C |z, U U g,
i=0

R, is complete presentation of &, for every fair non-failing run (&, Ro) F¢g -+ Fxg (€, Rn)
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http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.5.4.6
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.5.4.6
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.5.4.6
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.5.4.6
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.5.4.6
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#theorem.5.4.10

Outline

2. Orthogonality
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TRS R modeling Sieve of Eratosthenes for generating list of prime numbers

primes — sieve(from(s(s(0)))) sieve(0:y) — sieve(y)
from(x) — x : from(s(x)) sieve(s(x) : y) — s(x) : sieve(filter(x, y, x))
head(x:y) — x filter(0,y : z,w) — 0O :filter(w, z, w)
tail(x:y) = y filter(s(x),y : z,w) — y :filter(x, z, w)

R is confluent but not terminating:

v

from(0) — 0: from(s(0)) — 0:(s(0) : from(s(s(0)))) — ---

how to prove confluence of R ? orthogonality (lectures 9, 12)

v

3 non-terminating terms with (unique) normal form

v

head(tail(tail(primes))) —' s(s(s(s(s(0)))))

how to compute normal forms in R ? strategy (lectures 10, 11)

\4

B universitat iti "
M innsbruck 26S Term Rewriting lecture 9 2. Orthogonality 037


http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#table.caption.151
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#table.caption.151
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#table.caption.151
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#table.caption.151
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#table.caption.151
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#table.caption.151

Confluence Methods

every two co-initial rewrite sequences can be joined

» --- yields uniqueness of normal forms / \

» --- is decidable for terminating TRSs ' S

» --- what about non-terminating TRSs ?
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Examples (Non-Confluence)

» no confluence because of critical pairs

a—b b+ a—c

a—c
» no critical pairs but no confluence

f(x,x) = a a *+ c —g(c) =" g(a)
9(x) — f(x,9(x))
c —g(c)
» no critical pairs but no confluence
f(x,x) — a a « f(c,c) — f(c,g(c)) = b
f(x,9(x)) — b
c —g(c)

W universitat it . it
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http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.6.1.1
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.6.1.1
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.6.1.1
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.6.1.1
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.6.1.1
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.6.1.1
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.6.1.1
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.6.1.1
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.6.1.1
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.6.1.1

Confluence via Critical Pairs

control interference of rewrite rules (notation: s<—x—t if s = t is critical pair)
» critical pair lemma (lecture 6):
WCR <+ <+x— C|
» combine with Newman’s Lemma (lecture 2):
SN & +x—C| — CR
» observe from preceding examples:
+x— =g = CR

Confluence via Orthogonality

forbid interference of rewrite rules
» no critical pairs

» no equality checks

M universitat i i
thhebruck 26S Term Rewriting lecture 9 2. Orthogonality 12/37


http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#thmt@dummyctr.dummy.567
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#thmt@dummyctr.dummy.567
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#thmt@dummyctr.dummy.68

Definitions (Linearity)

» term t is linear if each variable in Var(t) occurs exactly once in t
» rewrite rule ¢ — r is left-linear if ¢ is linear

» TRS is left-linear if all rewrite rules are left-linear

» rewrite rule ¢ — r is right-linear if r is linear

» TRS is right-linear if all rewrite rules are right-linear

» rewrite rule ¢ — r is linear if ¢ and r is linear

» TRS is linear if all rewrite rules are linear

g(x) — f(x,9(x)) left-linear but not right-linear

f(x,x) — a right-linear but not left-linear
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http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.2.1.33
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.3.1.10
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.3.1.10
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.3.1.10
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.3.1.10
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.3.1.10
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.3.1.10

Definition (Orthogonality)

orthogonal TRS is left-linear and lacks critical pairs

l-x — x ack(0,y) — s(y)
(K-x)-y = x ack(s(x),0) — ack(x,s(0))
((5x)y)-z—(x-2)-(y-2) ack(s(x),s(y)) — ack(x,ack(s(x),y))

Theorem

orthogonal TRSs are confluent
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http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.6.1.2
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#corollary.6.1.7

Outline

3. Parallel Rewriting
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orthogonal TRSs are confluent Vs, t,u 5

for orthogonal TRSs there is canonical way to compute common reduct v
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http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#corollary.6.1.7

Definition (Parallel Rewriting)

parallel rewriting - is inductively defined as follows:

@ x - x for all variables x
@ f(S]_, coog

® lo 4>roifl -reR

I

3 context C with n > 0 holes
, th

S+t <=

J terms s1, ..., sy, t1, ...

Sp) 4 f(ty, ..., ty) if s, 4> t; forall 1 <i < n

S+t

Sp = th

f(Sl, 50

such that

L 5n) & F(tL, o0 )

s =CJ[s1, ..., Sn]
t =C[ts, ..., tn]

si—tiforalll <i<n
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http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.3.2.12
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.3.2.12
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.3.2.12
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.3.2.12
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#exercise.6.2

» TRS O+y —y Oxy—0
s(x)+y = s(x+y) s(X) xy = (xxy)+y
» rewrite sequences
s(0 x 0) +s(0) x (0 +s(0)) + s(0) + (0 x (0+5s(0)) + (0 + s(0)))
s(0 x 0) +5s(0) x (0+5s(0)) +# s(0 x 0) + ((0 x s(0)) + (0+s(0)))
s(0 x 0) +s(0) x (0+5s(0)) 4 s(0 x 0)+s(0) x (0+s(0))
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http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.6.1.3
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.6.1.3
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.6.1.3
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.6.1.3
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.6.1.3

Parallel Moves Lemma

S}

X X

t t;
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http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#lemma.3.2.14
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#thmt@dummyctr.dummy.650

Definition (Diamond Property)

» diamond property <

> = C =

» Va, b, c a
VRN

b‘ e

3d d

ARS (A, —) is confluent if - C — C —* for some relation — on A with diamond property
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http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.1.2.12
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.1.2.12
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.1.2.12
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#lemma.1.2.13

orthogonal TRSs are confluent
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http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#corollary.6.1.7

Outline

4. Multi-Step Rewriting
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Definition (Multi-Step Rewriting)

multi-step relation - is inductively defined as follows:
@ x -+ x for all variables x
@ f(s1,...,5n) = f(ta, ..., ty) if s; > t; forall 1 <i<n

® lo - r7if f - reR and xo - x7 for all variables x

g o> T
TRS O+y —y Oxy —0
s(x)+y — s(x+y) s(X) xy = (xxy)+y

rewrite sequences

(0 x 0) +5(0) x (0 +5(0)) # s(0) + (0 x (0+5s(0)) +s(0))
s(0 x 0) 4+ 5(0) x (0 +s(0)) =+ s(0) + (0 x s(0) + 5(0))
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http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.6.1.8
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.6.1.8
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.6.1.8
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.6.1.8
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.6.1.9
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.6.1.9
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.6.1.9
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.6.1.9

@ x -+ x for all variables x
@ f(s1,...,Sp) = f(ty, ..., ty) if s; => t; forall 1 <i<n

® lo->rT7ifl >reR and o - T

TRS O+y =y Oxy —0
s(x) +y — s(x+y) sS(X) xy = (xxy)+y
0—e—>0®
Oxy—0 0$+O® - 0+y =y s(0) = s(0)
0x0 -0 s(X)xy - (xxy)+y 0 -0 0 +s(0) -+ s(0)
s(0 x 0) -+ s(0) s(0) x (0 +s(0)) -+ (0 x s(0)) +s(0)
s(0 x 0) +s(0) x (04 5s(0)) -+ s(0) + ((0 x s(0)) +s(0))
AM_
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http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.6.1.8
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.6.1.8
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.6.1.8

— C 4> C - C %

Definition (Maximal Multi-Step Rewriting)

maximal multi-step relation - is inductively defined as follows:
@ x -e» x for all variables x
@ f(s1,...,Sn) > f(ty, ..., ty) if s; > t; forall 1 <i < nand f(s1, ..., Sp) is no redex

® lo - r7if¢l >reRand o - 7

- is deterministic for orthogonal TRSs
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http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#lemma.6.1.12
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.6.1.13
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.6.1.13
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.6.1.13
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.6.1.13
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#page=165

for orthogonal TRSs triangle property
s
t]. .......... O > t2

Corollary

for orthogonal TRSs

S
ty [ t
Q Ko)
BTN
u
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http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#lemma.6.1.15
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#lemma.6.1.15
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#corollary.6.1.16
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#corollary.6.1.16

Outline

5. Critical Pair Conditions
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TRS is strongly closed if t —= - *<— u and t —* - =« u for every critical pair t =~ u

linear strongly closed TRSs are confluent

TRS R
f(f(x,y),2) — f(x,f(y,2)) f(x,y) — f(y,x)

4 critical pairs

f(f(x, f(y. 2)), v) = f(f(x,y),f(z,v)) f(x,f(y,2)) = :
f(z,f(x,y)) = f(x,f(y, 2)) f(f(y, x),2) =~ f(x,f(y, 2))

R is linear and strongly closed = TR is confluent
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http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.6.3.1
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#theorem.6.3.2

Example @

» linear TRS R

x+y)+z—=>x+(+2) X+ (y+2z) = (x+y)+z X+y —>y+x

» 12 critical pairs

x+y+2)twr(x+y)+(z+w) y+x)+zrx+(y+2)
(x+y)+2)+twrx+((y+2)+w) z+(y+x)=x+(y+2)
(x+y)+2)+w=x+(y+ (z+w)) Xx+{y+2z2)=z+({y+x)
x+y+@z+w)=((x+y)+2)+w X+ (z+y)=(x+y)+z
X+ +(@z+w)=x+(y+2)+w +z)+x~(x+y)+z
x+(y+2)+w) = (x+y)+(z+w) x+y)+zm(y+2z)+x

» R is strongly closed

x+Wy+2)+tw S (x+y)+2)+w S (x+y)+(z2+w)
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http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.6.3.3
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.6.3.3
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.6.3.3
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.6.2.3
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.6.2.3
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.6.2.3
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.6.2.3
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.6.2.3
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.6.2.3
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.6.2.3
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.6.2.3
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.6.3.3
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.6.3.3
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.6.3.3

linearity cannot be weakened to left-linearity

left-linear TRS R

h(f,a,a) — h(g,a,a) a—b h(x,b,y) — h(x,y,y)
h(g,a,a) — h(f,a,a) h(x,y,b) — h(x,y,y)

R is strongly closed

R is not confluent

h(f,b,b) "+ h(f,a,a) — h(g,a,a) = h(g,b,b) h(f, b, b) 4 h(g, b, b)
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http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.6.3.4
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.6.3.4
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.6.3.4
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.6.3.4
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.6.3.4
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.6.3.4
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.6.3.4
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.6.3.4

TRS is parallel closed if t 4 u for every critical pair t ~ u

left-linear parallel closed TRSs are confluent

left-linear TRS R
X+y > y+x (xX+y)xz—= (xx2)+ (y*2) (Y+x)xz = (xx2)+ (y*2)
4 critical pairs

(Y+x)xz~ (x*x2)+ (y*x2) (y*x2)+ (x*x2) =~ (xx2)+ (y*2)
(x+y)xz= (xx2)+ (y*2) (xx2)+(y*2) = (y*2)+ (xx2)

R is parallel closed = R is confluent
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http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.6.3.13
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#corollary.6.3.14

is every left-linear TRS such that t <4 u for every critical pair t ~ u confluent ?

TRS is development closed if t -+ u for every critical pair t =~ u

left-linear development closed TRSs are confluent

formalized proof employs proof terms (lecture 10)
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https://doi.org/10.1007/978-3-540-32033-3_28
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.6.3.5
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#theorem.6.3.6
https://doi.org/10.1145/3573105.3575667

left-linear TRS R
b—c f(g(a)) — f(c) g(x) — h(x,i(x)) h(a,x) — x i(x) = ¢

one critical pair
f(h(a,i(a))) ~ f(c)

R is development closed = R is confluent

Confluence Tools

Confluence Competion AriWeb

https://project-coco.uibk.ac.at/ https://ari-web.uibk.ac.at/

AM_
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http://colo6-c703.uibk.ac.at/csi/index.php?problem=(VAR%20x)%0A(RULES%0A%20b%20-%3E%20c%0A%20f(g(a))%20-%3E%20f(c)%0A%20g(x)%20-%3E%20h(x%2Ci(x))%0A%20h(a%2Cx)%20-%3E%20x%0A%20i(x)%20-%3E%20c%0A)&property=CR&version=csi125
http://colo6-c703.uibk.ac.at/csi/index.php?problem=(VAR%20x)%0A(RULES%0A%20b%20-%3E%20c%0A%20f(g(a))%20-%3E%20f(c)%0A%20g(x)%20-%3E%20h(x%2Ci(x))%0A%20h(a%2Cx)%20-%3E%20x%0A%20i(x)%20-%3E%20c%0A)&property=CR&version=csi125
http://colo6-c703.uibk.ac.at/csi/index.php?problem=(VAR%20x)%0A(RULES%0A%20b%20-%3E%20c%0A%20f(g(a))%20-%3E%20f(c)%0A%20g(x)%20-%3E%20h(x%2Ci(x))%0A%20h(a%2Cx)%20-%3E%20x%0A%20i(x)%20-%3E%20c%0A)&property=CR&version=csi125
http://www.nue.ie.niigata-u.ac.jp/tools/acp
https://fortissimo.uibk.ac.at/fort
https://www.jaist.ac.jp/project/saigawa/
http://zenon.dsic.upv.es/confident/
http://cl-informatik.uibk.ac.at/software/csi
https://project-coco.uibk.ac.at/
https://ari-web.uibk.ac.at/

Outline

6. Exercises
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Homework Exercises for May 18

(1 Exercise 6.3.
2 Exercise 6.4.
(3 Exercise 6.12.
@ Exercise 6.15.

(5) Exercise 6.14. DA RGNS
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https://lms.uibk.ac.at/url/RepositoryEntry/6008537088/CourseNode/113202783212856
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#exercise.6.3
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#exercise.6.4
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#exercise.6.12
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#exercise.6.15
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#exercise.6.14

Outline

7. Further Reading
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Lecture Notes

» Section 3.2 (Definition 3.2.12 — Corollary 3.2.15)

» Section 6.1
» Section 6.3 (until Theorem 6.3.6)

development closed
maximal multi-step relation
multi-step relation
orthogonality

parallel closed

parallel moves lemma
parallel rewriting
strongly closed

triangle property
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http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#section.3.2
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.3.2.12
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#corollary.3.2.15
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#section.6.1
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#section.6.3
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#theorem.6.3.6
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.6.3.5
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.6.1.13
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.6.1.8
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.6.1.2
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.6.3.13
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#thmt@dummyctr.dummy.650
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.3.2.12
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.6.3.1
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#lemma.6.1.15
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