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orthogonal TRS is left-linear and lacks critical pairs

parallel rewriting -+ is inductively defined as follows:

@ x 4 x for all variables x
@ f(s1,...,8n) > f(ta, ..., ty) if s, 4> t; forall 1 <i<n

® lod>roifld —-reR

4 - 4> C 4 - <+ for orthogonal TRSs —=— orthogonal TRSs are confluent
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http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.3.2.12
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.3.2.12
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.3.2.12
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#thmt@dummyctr.dummy.650
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#corollary.6.1.7

Definitions

multi-step relation - is inductively defined as follows:

@ x -+ x for all variables x
@ f(s1,...,5n) = f(ta, ..., ty) if s, = t; forall 1 <i<n

® lo = r7if £ = reR and xo -+ x7 for all variables x

g o> T
maximal multi-step relation -+ is inductively defined as follows:

@ x -+ x for all variables x
® f(s1,...,Sn) > f(ty, ..., ty) if s; o> t; forall 1 <i < nand f(sy, ..., Sp) is no redex

@ lo = r7ifl >reRand o 7

- C 4 C = C =" and <> C -
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http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.6.1.8
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.6.1.13
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#lemma.6.1.12
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#page=165

e - > C -+ for orthogonal TRSs

TRS

» --- is strongly closed ift>=-"<~uandt—*" =< u
» --- is parallel closed if t 4> u

» --- is development closed if t -+ u

for every critical pair t ~ u

linear strongly closed TRSs are confluent
left—linear parallel closed TRSs are confluent

left-linear development closed TRSs are confluent
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http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#lemma.6.1.15
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.6.3.1
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.6.3.13
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.6.3.5
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#theorem.6.3.2
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#corollary.6.3.14
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#theorem.6.3.6

Outline

2. Proof Terms
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f(a(x),
term s = h(f(h(f(g(a).g(a))). 9(a)))
proof terms A = h(f(a(v,a),7) and B = a(h(5(a,v)),a)

rule symbol a associated to (left-linear) rewrite rule ¢ — r

» lhs(a) denotes /

» rhs(a) denotes r

» var(a) denotes list (x1, ..., x,) of variables appearing in ¢ in some fixed order
» arity of a is length of var(a)

» (t1, ..., th)a denotes substitution {x; — t; |1 < i< n}
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http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.6.2.2
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.6.2.2
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.6.2.2
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h(f(x,9(y))) <= h(f(x,9(x))) g9(a) = g(b) s = h(f(h(f(a(a),9(a))),q(a)))
f(a(x),y) 2 f(g(x),a(x)) b sa  A=h(f(a(v,a),7) B =a(h(B(a)),a)
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Definitions

» proof terms are terms built from function symbols, variables, rule symbols

» source src(A) and target tgt(A) of proof term A

) = tgt(x) = x

) = f(src(A1), ..., src(Ap))

) = Ihs(a)(src(A1), ..., src(An))a
)

)

src(x

= f(tgt(A1), ..., tgt(A,))
= rhs(a)(tgt(A1), ..., tgt(A))a

» proof terms A and B are co-initial if src(A) = src(B)

proof term A witnesses multi-step src(A) - tgt(A)

(A1, )
src(a(Aq, ..., A,,)
( )
( )
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http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.6.2.3
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.6.2.3
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h(f(x,9(y))) <= h(f(x,9(x))) g9(a) = g(b) s = h(f(h(f(a(a),9(a))),q(a)))
f(a(x),y) 2 f(g(x),a(x)) b sa  A=h(f(a(v,a),7) B =a(h(B(a)),a)
> src(A) = h(src(f(e(7,a),7))) = h(f(src(a(v,a)),src(7)))
= h(f(h(f(src(7), g(src(a)), g(a))))) = h(f(h(f(a(a),9(a))), 9(a)))
~ tgt(B) = h(f(tgt(h((a.7))). 9(tat(h(B(a,7)))))) = h(f(h(tat(5(a,))), a(h(tat(5(a.7))))))
= h(f(h(f(g(tgt(a)),g(tat(a)))), a(h(f(a(tgt(a)),a(tgt(a)))))))
= h(f(h(f(a(a), 9(a))), a(h(F(g(a), 9(a))))))

s>t <= src(A) =s and tgt(A) = t for some proof term A
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http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#lemma.6.2.5

left-linear development closed TRSs are confluent

» formalized proof employs proof terms

» result follows from diamond property of —

» proof employs induction on amount of overlap between two multi-steps
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http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#theorem.6.3.6
https://doi.org/10.1145/3573105.3575667
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#page=174

AV

innermost
overlap

induction hypothesis
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http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#figure.caption.322

Outline

3. Strategies
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Definitions (Strategies)

» one-step rewrite strategy S for TRS R is relation %+ C —x such that NF(S) = NF(R)
» many-step rewrite strategy S is relation - C —1 such that NF(S) = NF(R)

» rewrite strategy S is deterministic if LS5 c=

» rewrite strategy S normalizes term t if all S-rewrite sequences starting from t are finite

» rewrite strategy S is normalizing if it normalizes every normalizing term:
Vit (WNg(t) = SNs(t))

» relative rewriting: —s/gr = 2R - 25 2R

» rewrite strategy S is hyper—normalizing if every R—normalizing term is S/R-terminating
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http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.1.5.1
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.1.5.1
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.1.5.1
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Definitions (Strategies, cont’d)

» rewrite strategy S is perpetual if every maximal S-rewrite sequence starting from any
non-terminating term is infinite:

Vit (WNs(t) = SNg(t))

» (hyper-)normalizing strategy avoids non-terminating computations, if possible

» perpetual strategy avoids terminating computations, if possible

for terminating TRSs every strategy is hyper—-normalizing and perpetual
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http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.1.5.9
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.1.5.9
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.1.5.9
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.1.5.9
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» rewrite rules

0+0—0
0+1—1
0+2 —2
0+3—3
0+4— 4
0+5—5
0+6 — 6
0+7 =7
0+8 —8
0+9—9

- term ((0:(1+2))+(3+4))+(5+6)

1+0—1
1+1—2
1+2 -3
1+3 4
1+4 -5
1+5 =6
1+6 =7
1+7 — 8
1+8—-9
1+9—-1

:0

94+0—9
9+1 — 1:
9228 Sl
9+3 =+ 1:
9+4 — 1:
9+5 = 1:
92681
9+7 — 1:
9+8 — 1:
9+9 —+ 1:

0 N o U A W N P O

0:x — x
x+(y:z) =2 y:(x+2)
x:y)+z—=x:(y+2)
x:(y:z) > (x+y):z
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Example (cont’d)

> term 0:{1+2]|[+[3+4]+[5+6]

» tree representation

maximal/leftmost outermost/innermost strategies
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http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.7.1.4

Example (cont’d)

» leftmost outermost strategy (12 redexes)

((0:(14+2))+(3+4)+(5+6)
= (0:((1+2)+(3+4)+(5+6) = 0:(((1+2)+(3+4))+(5+6))
=+ ((1+2)+(3+4))+(5+6) > (3+(3+4))+(5+6) = (3+7)+(5+6)
— (1:0)+(5+6) > 1:(0+(5+6)) - 1:(0+(1:1)) —» 1:(1:(0+1))
- (14+1):(0+1) - 2:(0+1) —» 2:1

» leftmost innermost strategy (10 redexes)

((0:(1+2)+(3+4))+(5+6)
-+ ((0:3)+(3+4))+(5+6) = (3+(3+4))+(5+6) = (3+7)+(5+6)
— (1:0)+(5+6) - (1:0)+(1:1) - 1:((1:0)+1) — 1:(1:(0+1))
—-1:(1:1) - (1+1):1 — 2:1
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B innsbruck 26S Term Rewriting lecture 10 3. Strategies 18738


http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.7.1.4
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.7.1.4

Example (cont’d)

» maximal outermost strategy (12 redexes in 9 steps)

((0:(14+2)+(3+4))+(5+6)
4 (0:((1+2)+(B3+4)+(1:1) = 0:(((1+2)+(3+4))+(1:1))
4+ ((1+2)+(B3+4)+(1:1) = 1:((1+2)+(3+4))+1)
4> 1:((3+7)+1) + 1:((1:0)+1) 4 1:(1:(0+1))
4+ (1+1):(0+1) 4 2:1

» maximal innermost strategy (10 redexes in 8 steps)

((0:(1+2)+(3+4)+(5+6)
4 ((0:3)+7)+(1:1) 4+ 3+7)+(1:1) 4> (1:0)+(1:1)
4+ 1:(0+(1:1)) 4+ 1:(1:(0+1)) 4 1:(1:1) 4 (1+1):1 4> 2:1
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http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.7.1.4
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.7.1.4

Definition (Maximal Multi-Step Rewriting)

maximal multi-step relation -+ is inductively defined as follows:
@ x -+ x for all variables x
@ f(s1,...,5n) = f(ty, ..., ty) if s; = t; forall 1 <i < n and f(sy, ..., Sp) is no redex

® lo e r7ifl >reR and o - 1

Definition (Maximal Strategy)

maximal strategy performs maximal multi-step for every reducible term
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http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.6.1.13
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.6.1.13
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.6.1.13
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.6.1.13
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.7.1.7

Example (cont’d)

» maximal strategy (11 redexes in 5 steps)
t=(0:(1+2)+(3+4))+(5+6)
> (0:(3+7))+(1:1) > 1:((1:0)+1) ~» 1:(1:(0+1))
< (1+1):1 = 2:1

» maximal strategy (12 redexes in 6 steps)

t o> (0:(34+7)+(1:1) > 0:((1:0)+(1:1)) > 1:(0+(1:1))

> 1:(1:(&)) > (141):1 = 2:1

» maximal strategy (12 redexes in 6 steps)

t o (0:(34+7)+(1:1) > 0:((1:0)+(1:1)) > 1:((1:0)+1)

. 1:(1:(%)) > (14+1):1 = 2:1
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http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.7.1.7
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.7.1.7
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Outline

4. Normalization

Maximal Strategy Innermost Strategies Leftmost Outermost Strategy
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all strategies defined so—far are deterministic for orthogonal TRSs

for orthogonal TRSs
maximal and maximal outermost strategies are hyper-normalizing

innermost strategies are perpetual
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http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#theorem.7.2.15
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#theorem.7.2.16
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#corollary.7.2.13

Outline

4. Normalization

Maximal Strategy
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Definition (Cofinality)

rewrite strategy S is cofinal for TRS R if for every maximal sequence
S=5p i>51 i)Sz i

and every s —% t there exists k > 0 such that t —% s¢

cofinal strategies are normalizing

» let S be cofinal strategy for TRS R

» consider maximal sequence s = sy S, S1 S, S S, ... andlet s %!R t
» cofinality = t —% s, forsome kK > 0

» t = s
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http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.1.5.6
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.1.5.6
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.1.5.6
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maximal strategy is cofinal for orthogonal TRSs

S—e— S —e— S, —e— S3

- = "
(o) o o) o ) ()

e :T ° 27" triangle property
(0] (6] o ©

AR

~

» assume s —* t
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http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#theorem.7.2.14

Outline

4. Normalization

Innermost Strategies
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every innermost strategy is perpetual for orthogonal TRSs

Proof Outline

@ innermost rewriting has random descent
® innermost normalizing terms are innermost terminating

® innermost terminating terms are terminating
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http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#corollary.7.2.13
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#theorem.7.2.4
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#corollary.7.2.5
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#theorem.7.2.12

a ﬁ b if conversion a <+* b has [ left («) steps and r right (—) steps

Definition (Random Descent)

ARS A = (A, —) has random descent if a ="~ b whenever a ﬁ b with b € NF(A)

if ARS A has random descent and a <+* b with b € NF(.A) then
a is complete (confluent and terminating)

all rewrite sequences from a to b have same length

AM_
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http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.1.5.13
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#theorem.1.5.15
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#theorem.1.5.15
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#theorem.1.5.15

innermost rewriting has random descent for orthogonal TRSs

d.Lch.dy=:

> let s t; by contracting innermost redex A; at position p;
let s 5 t, by contracting innermost redex A, at position p,
» if p1 and p, are parallel then t; Ll ty
» p1 < p2 and p, < p; are impossible because p; and p, are positions of innermost redexes
» if py = po then A; = A, and thus t; = t, by orthogonality

A4 - 5.4 U= = 4 hasrandom descent
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http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#theorem.7.2.4

Proof Outline
O)
@

® innermost terminating terms are terminating

sH't = sis complete with respect to 5 — s isinnermost terminating

innermost termination and termination coincide for (terms in) orthogonal TRSs
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http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#theorem.7.2.4
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Outline

4. Normalization

Leftmost Outermost Strategy
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leftmost outermost strategy is not normalizing for all orthogonal TRSs

a—b c—cC f(x,b) — b
leftmost outermost ~ f(c,a) — f(c,a) — f(c,a) — ---
leftmost innermost ~ f(c,a) — f(c,a) — f(c,a) — ---
maximal outermost  f(c,a) -~ f(c,b) 4+ b
maximal innermost ~ f(c,a) 4+ f(c,b) # f(c,b) 4+ ---
maximal f(c,a) - f(c,b) > b
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http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.7.2.17
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.7.2.17
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.7.2.17
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.7.2.17

Definitions (Left-Normality)

» term t is left—normal if variables do not precede (in prefix notation) function symbols

» TRS R is left—normal if all left—hand sides of rules in R are left—normal

x+:z) = y:(x+2) not left—-normal + x 1y z
x:y)+z—=x:(y+2) left—normal + : x y z

leftmost outermost strategy is normalizing for orthogonal left—normal TRSs

important result: Combinatory Logic is left—-normal

AM_
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http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.7.2.18
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.7.2.18
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#theorem.7.2.22
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#example.7.2.19

Outline

5. Exercises
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Homework Exercises for June 1

1 Exercise 6.7.

N
Z

Exercise 6.8(a,b).

(@

Exercise 7.1.

e
Q

(@ Exercise 7.8.

N
4

Exercise 7.9.

Exercise 7.6. DA NGNS

(@)
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https://lms.uibk.ac.at/url/RepositoryEntry/6008537088/CourseNode/113202783236284
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#exercise.6.7
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#exercise.6.8
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#exercise.7.1
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#exercise.7.8
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#exercise.7.9
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#exercise.7.6

Outline

6. Further Reading
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Lecture Notes

» Section 1.5
» Section 6.2
» Section 7.1

» Section 7.2

cofinal
hyper-normalization
innermost normalization
innermost rewriting
innermost termination
left—normality

leftmost innermost strategy

leftmost outermost strategy
maximal innermost strategy
maximal outermost strategy
maximal strategy
normalization

outermost rewriting

perpetual

proof term
random descent
relative rewriting
rewrite strategy
src(A)

tgt(A)
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http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#section.1.5
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#section.6.2
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#section.7.1
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#section.7.2
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.1.5.6
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.1.5.3
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.7.2.1
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.7.1.2
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.7.2.2
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.7.2.18
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.7.1.4
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.7.1.4
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.7.1.4
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.7.1.4
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.7.1.7
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.1.5.3
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.7.1.2
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.1.5.9
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#section.6.2
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.1.5.11
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.1.4.11
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.1.5.1
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.6.2.3
http://cl-informatik.uibk.ac.at/teaching/ss26/trs/material/book.pdf#definition.6.2.3
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