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1 (a) s(s(0))
(b) (0+5s(0+5(0))) + (s(s(0)) + (0+0))
(¢) From the tree
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we infer

(tl2[thi[tl22]21]11)[1 = (¢[2[(0 4 s(0))[0 + OJ21]11)[1 = ((s(s(0)) + (0 + 0))[0 + s(0 + 0)]11)[1

= (s(0+s(0+0))+ (0+0))|; = s(0+s(0+0))
and

tl211[tli21)1 = s(0)[0]; = s(0)

Hence (t[2[t|1[t|22]21]11)[1[t[211[t|121]1]12 = (0 + (0 + 0))[s(0)]12 = s(0 + 5(0)).

2 (a) We have the following rewrite sequence from ¢ = s(s(s(0)
)



(b) The following graph shows all reducts of ¢; = s(0) x (0 +s(0)):

Here t3 = (0x(0+s(0)))+(0+s(0)), t5 = s(0)
t7 = (0x5(0)) +5(0), te = 0+ (0+5(0)), ts

o~
[=2]

ty — tg — to

rewrite sequences starting from ¢y:
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— 15
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xs(0), t4 = (0x(0+s(0)))+s(0), t5 = (0xs(0))+(0+s(0)),
= 0+s(0), and t9g = s(0). From this graph we extract 22

t1 =ty = t5 = tr
t1 =ty = t5 >ty — tg
t1 =ty =t >ty > tg — tg

t1 = ts — g
t1 =ty = tg — tg
t1 =ty = tg = tg — 19

t — t3

t =ty — tr

t =ty — b7 — tg

t =ty — tr — tg — tg

t1 =ty — t5 —> tg — tg — to

(¢) By the form of the left-hand sides of the rewrite rules of Ry, every term without + and x is a normal
form, and no ground normal form contains + or x. Hence the set of ground normal forms is simply

T({0,s}) = {0,5(0),5(s(0)), - .. }.



(a) We have

3

5(s(0)) x s(s(0))

with
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(b) There are 224 rewrite sequences from s(s(0)) x s(s(0)) to s(s(s(s(0)))). This can be seen by labeling
the nodes in Figure 3.1 by the number of rewrite sequences to s(s(s(s(0)))), in a bottom-up fashion:

|
84/224\140
NI
SN,
N DRI,
I ]
NI
NI
e

4 (a) Wehave (z-(y~-2)" ) y—=(x-(z” -y~ 7)) -y —y -y — y-y and the normal form y -y is different
from e. Hence the equation (z - (y~ -x)7) - y = e does not belong to the equational theory of the ES

of Exercise 2.32.
(b) We have (z-27)-((y~-(e”-2))"-y7) = e ((y~-(e-x) -y ) ="y -2) -y~ = (@ -y ")y —
(z=-y) y- =z -(y-y)—>a -e—z and (z7 -e)” = 2=~ — x. Since - and «x are different
normal forms, the given equation does not belong to the equational theory of the ES of Exercise 2.32.

(c) Both sides rewrite to z7: (27~ - (x-(z-e)7))” =" (z-(z-27))” = (x-e)” -z~ and z —
=~ — 2~ . Hence the given equation belongs to the equational theory of the ES of Exercise 2.32.
5 (a) We split the proof of the validity of the equation (z+1) T2~ 2 12+ (2x 2+ 1) in HSZ into 3 parts:

11, 11,
1=ttt =i 113

[t]

ty = tog tog =~ tog [t]

t]_ ~ th


http://cl-informatik.uibk.ac.at/teaching/ss25/trs/material/book.pdf#figure.caption.1009
http://cl-informatik.uibk.ac.at/teaching/ss25/trs/material/book.pdf#section*.111
http://cl-informatik.uibk.ac.at/teaching/ss25/trs/material/book.pdf#section*.111
http://cl-informatik.uibk.ac.at/teaching/ss25/trs/material/book.pdf#section*.111

The proof tree II; shows the validity of (x + 1)1 2= (z x x + 2 x 1) + (z + 1):

Bl —7 = P
71y 8 ~ tg
[a] — — [t] — — [a]
[a] t3 =ty t3 =ty tr =~ tg t10 = t4 c
t1 =t to =t ts =t tg =~ t
[t] 1 2 2 R t5 5~ lg 6 11 4]
t1 ~ ts ts ~ t11 [t]
ty ~t11
The proof tree I shows the validity of (x x z+z x 1)+ (x+1) =212+ (x4 (z+1)):
a a
[a] 2] tiy Rt1s  tia =5 %c]
t] t12 = t13 t13 = t16
. t12 ~ t16
tig =~ t1o t17 =115
c r]
tg ~ tlg t4 =~ t4
[c] — —— [a]
t11 = t1g t19 = ta t]
t11 = tag

The proof tree I3 shows the validity of x 124+ (x + (z+ 1)) =2 12+ (x x 2+ 1):

Bt e
[a]t — 17Ntl5~t17N 15 (€]
4] 21 & ta2 22 & ta3
€] to1 = ta3 toa = tay [a]
tos & lo6 log & to7 [t]
tos = to7 .
t12 ~ t12 o7 = o5 €]
too = tas
Here the following abbreviations are used:
ti=(x+1)12 tis=x
to=(@+1)1tlx(x+1)11 tig=ax X
ty=(x+1)11 ty = x 1
t4:.1'+1 tlgsz2+x

ts=(x+1)x(x+1)
te=(x+1)xx+(x+1)x1
tr=(x+1) xx

ts=ax (z+1)

tig=(x12+2)+(x+1)
tao=a12+(x+(x+1))
t21=.’L‘X2

too =ax x14+xx1

tg=xxx+xx1 tog=x+x

tio = (z+1) x 1 tos =1
th=@xzx+axx1l)+(xz+1) tos = x2+1

tig =212 tos = (x+z)+1
tiz=xT14+x11 tor=x+ (x+1)
tu=xz11 togs=x 12+ (xx2+1)

(b) First note that

C=2*+1=(@+1)@z*-z+1) = A@@®> -2 +1)
and
D=zg'+22+1=(@’4+z+1)@*—z+1) = Blz®> —z+1)



and similarly

(C + DV = (A" + B®)¥ (22 — z + 1)*

Since (2 — x4+ 1)¥* = (2% — 2+ 1)*¥ > 1, we obtain the desired

(A7 + BT/ (CY + D)7 = (A” + BYY¥(C* + D"

(c) Consider the algebra A with carrier A = {1,2,3,4,a,b,¢,d,e, f,g,h} and interpretations given in the

following tables:

+
IS

1234abcde fgh

XA

1234abecde fgh Ta

ovipy(z—i) — E AYiBY(E=1) (2 _ 1)v®

1234abcecde fgh

SQ RO QU0 T W

It is straightforward but tedious to check that A is a model of HSZ.

234423d33334
3444343444414
444444444444
444444444444
23440403h334
3444444444414
d344b04b33334
3444343444414
3444h4344304
3444343434314
34443434h344
444444444444

SQ 0O QU0 TR B~ W

1234abcecde fgh
2444b4b44444
3444444444414
4444444444414
abddcbebhd44
b444b4b44444
cbddcbecbdd4di
d444b4b44444
e444h44444h4
f44444444444
g4444444h444
4444444444414

SR OO QU0 TR W

111111111111
24444444f444
3444ed444gdeh
4444444444414
accccccceccccc
b444444444414
cccccecceccceccecce
d444f4444444
ed444444h444
f444444444414
g444h44444h4
h44444444444



